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ËÀÁÎ�ÀÒÎ�ÍÀß �ÀÁÎÒÀ � 1ÖÅËÛÅ ×ÈÑËÀ È Ñ�ÀÂÍÅÍÈß.Âîïðîñû äëÿ ñàìîêîíòðîëÿ:1. �ðóïïûÁèíàðíàÿ àëãåáðàè÷åñêàÿ îïåðàöèÿ, å¼ çàïèñü. Àññîöèàòèâíîñòü, êîììó-òàòèâíîñòü, íåéòàëüíûé è ñèììåòðè÷íûé ýëåìåíòû. Ïîëóãðóïïà. Àääèòèâíàÿè ìóëüòèïëèêàòèâíàÿ çàïèñè. Îïðåäåëåíèå ãðóïïû â àääèòèâíîé è ìóëüòè-ïëèêàòèâíîé çàïèñè. Ïðèìåðû ãðóïï.2. Êîëüöà è ïîëÿÎïðåäåëåíèå êîëüöà, òåëà è ïîëÿ. Ïðèìåðû êîëåö, íå ÿâëÿþùèõñÿ ïîëÿìè,ïðèìåðû ïîëåé.3. Äåëèìîñòü â êîëüöå öåëûõ ÷èñåëÊîëüöà öåëûõ ÷èñåë. Äåëèìîñòü öåëûõ ÷èñåë è å¼ ñâîéñòâà. Òåîðåìà îäåëåíèè ñ îñòàòêîì.4. Àëãîðèòì Åâêëèäà äëÿ öåëûõ ÷èñåëÀëãîðèòì Åâêëèäà äëÿ öåëûõ ÷èñåë. Íàèáîëüøèé îáùèé äåëèòåëü (ÍÎÄ)öåëûõ ÷èñåë è åãî íàõîæäåíèå ñ ïîìîùüþ àëãîðèòìà Åâêëèäà. Ëèíåéíîåâûðàæåíèå ÍÎÄ ÷åðåç èñõîäíûå ÷èñëà.5. Âçàèìíî ïðîñòûå ÷èñëàÎïðåäåëåíèå âçàèìíî ïðîñòûõ ÷èñåë è ñâÿçü ñ ÍÎÄ. Òåîðåìà î äåëèìîñòèïðîèçâåäåíèÿ äâóõ ÷èñåë íà ÷èñëî, âçàèìíî ïðîñòîå ñ îäíèì èç ñîìíîæèòå-ëåé.6. Ïðîñòûå ÷èñëàÎïðåäåëåíèå ïðîñòîãî ÷èñëà. Äåëèìîñòü öåëîãî ÷èñëà íà ïðîñòîå. Òåîðå-ìà Åâêëèäà î áåñêîíå÷íîñòè ìíîæåñòâà ïðîñòûõ ÷èñåë. Îñíîâíàÿ òåîðåìààðè�ìåòèêè.7. Êàíîíè÷åñêîå ðàçëîæåíèå ÷èñëàÊàíîíè÷åñêîå ðàçëîæåíèå ÷èñëà. Íàèìåíüøåå îáùåå êðàòíîå (ÍÎÊ) ÷è-ñåë. Ñâÿçü ìåæäó ÍÎÄ è ÍÎÊ. Íàõîæäåíèå ÍÎÄ è ÍÎÊ ïðè êàíîíè÷åñêîéçàïèñè ÷èñåë.8. ÑðàâíåíèÿÑðàâíåíèå öåëûõ ÷èñåë è îñòàòîê îò äåëåíèÿ íà ìîäóëü. Ñâîéñòâà ñðàâ-íåíèé, íå çàâèñÿùèå îò ìîäóëÿ. Ñâîéñòâà ñðàâíåíèé, ñâÿçàííûå ñ ìîäóëåì.9. Ïîñòðîåíèå êîëüöà êëàññîâ âû÷åòîâÊëàññû âû÷åòîâ è èõ ñâîéñòâà. Îïåðàöèè íà êëàññàõ âû÷åòîâ. Ïðîâåðêààêñèîì êîëüöà.Ï�ÈÌÅ�Û PÅØÅÍÈß È ÎÔÎ�ÌËÅÍÈß ÇÀÄÀ×2



Ïðèìåð 1.Äîêàçàòü, ÷òî öåëîå ÷èñëî a = n3 + 17n + 12 äåëèòñÿ íà 6ïðè ëþáîì íàòóðàëüíîì n.�åøåíèå. ×èñëî a ìîæíî ïðåîáðàçîâàòü ñëåäóþùèì îáðàçîì:
a = n3 + 17n + 12 = n3 − n + 18n + 12 = n(n2 − 1) + 6(3n + 2) =
= (n − 1)n(n + 1) + 6(3n + 2).Èç òð¼õ ïîñëåäîâàòåëüíûõ íàòóðàëüíûõ ÷èñåë îäíî îáÿçàòåëüíî äåëèòñÿíà 2, äðóãîå íà 3. Ñëåäîâàòåëüíî, ïðîèçâåäåíèå (n− 1)n(n + 1) äåëèòñÿ íà 6.Ïîýòîìó è ñóììà (n − 1)n(n + 1) + 6(3n + 2) = a äåëèòñÿ íà 6.Äëÿ ðåøåíèÿ çàäà÷ òàêîãî òèïà ìîæíî èñïîëüçîâàòü ìåòîä ìàòåìàòè÷å-ñêîé èíäóêöèè.Ïðèìåð 2.Äîêàçàòü, ÷òî ïðîèçâåäåíèå ÷åòûð¼õ ïîñëåäîâàòåëüíûõ íà-òóðàëüíûõ ÷èñåë äåëèòñÿ íà 4! .�åøåíèå. Âîçüì¼ì ïðîèçâåäåíèå ÷åòûð¼õ ïîñëåäîâàòåëüíûõ íàòóðàëü-íûõ ÷èñåë, íà÷èíàÿ ñ n:
pn = n(n + 1)(n + 2)(n + 3).1. Ïðè n=1 èìååì p1 = 1 · 2 · 3 · 4 = 4!, êîòîðîå äåëèòñÿ íà 4! .2. Ïðåäïîëîæèì, ÷òî óòâåðæäåíèå âûïîëíåíî äëÿ ëþáîãî n ≤ k.3.Ïîêàæåì, ÷òî óòâåðæäåíèå âåðíî ïðè n = k + 1. Ïðåîáðàçóåì ïðîèçâå-äåíèå pk+1 = (k+1)(k+2)(k+3)(k+4), ïîëó÷åííîå ïðè ïîäñòàíîâêå n = k+1,ñëåäóþùèì îáðàçîì:
pk+1 = (k + 1)(k + 2)(k + 3)k + 4(k + 1)(k + 2)(k + 3) = pk + 4(k + 1)(k +

+ +2)(k + 3).Ïî ïðåäïîëîæåíèþ èíäóêöèè pk = k(k + 1)(k + +2)(k + 3) äåëèòñÿ íà 4!Ïðîèçâåäåíèå òð¼õ ïîñëåäîâàòåëüíûõ íàòóðàëüíûõ ÷èñåë (k+1)(k++2)(k+
+ 3) äåëèòñÿ íà 6. Ñëåäîâàòåëüíî, 4(k + 1)(k + 2)(k + 3) äåëèòñÿ íà 24=4! .Çíà÷èò, ïðîèçâåäåíèå pk+1 äåëèòñÿ íà 4! . Óòâåðæäåíèå äîêàçàíî.Ïðèìåð 3.Âû÷èñëèòü ÍÎÄ(96,165) è âûðàçèòü åãî ÷åðåç èñõîäíûå ÷èñ-ëà.�åøåíèå. Ïðèìåíèì àëãîðèòì Åâêëèäà, ïîñëåäîâàòåëüíî âûïîëíÿÿ äå-ëåíèå ñ îñòàòêîì:

165 = 96 · 1 + 69
96 = 69 · 1 + 27
69 = 27 · 2 + 15
27 = 15 · 1 + 12
15 = 12 · 1 + 3
12 = 3 · 4Ïîñëåäíèé, íå ðàâíûé íóëþ îñòàòîê â àëãîðèòìå Åâêëèäà, ÿâëÿåòñÿ ÍÎÄ,ò. å. ÍÎÄ(96,165)=3. ×òîáû âûðàçèòü ÍÎÄ(96,165) ÷åðåç èñõîäíûå ÷èñëà 963



è 165, äâèãàåìñÿ â àëãîðèòìå Åâêëèäà ñíèçó ââåðõ, âûðàæàÿ ïîñëåäîâàòåëüíîîñòàòêè:
3 = 15 − 12 = 15 − (27 − 15) = 2 · 15 − 27 =
= 2(69 − 27 · 2) − 27 = 2 · 69 − 5 · 27 =
= 2 · 69 − 5(96 − 69) = 7 · 69 − 5 · 96 =
= 7(165 − 96) − 5 · 96 = 7 · 165 − 12 · 96.Èòàê, ÍÎÄ(96,165)=7 · 165 − 12 · 96.Ïðèìåð 4.Íàéòè öåëûå ÷èñëà a è b, åñëè èçêåñòíû ÍÎÄ(a,b)=24 èÍÎÊ(a,b)=2496.�åøåíèå.Ïóñòü a=24m, b=24n. Òàê êàê 24=ÍÎÄ(a,b)=1, òî ÍÎÄ(m,n)=1.Ïóñòü äëÿ îïðåäåë¼ííîñòè m<n. Èñïîëüçóÿ ñâÿçü ÍÎÄ è ÍÎÊ äâóõ ÷èñåë,èìååì
24m·24n

24
= 24mn.Òîãäà mn = 104 = 23 · 13. Òàê êàê m è n âçàèìíî ïðîñòû è m<n, òîâîçìîæíû äâà ñëó÷àÿ:1.m = 1, n = 104. Òîãäàa = 24, b = 2496.2.m = 23, n = 13. Òîãäà a = 192, b = 312.Èòàê, ëèáî a=24, è=2496, ëèáî a=192, b=312.Ïðèìåð 5.Âû÷èñëèòü ÍÎÊ(�275,126,60).�åøåíèå. Çàïèøåì êàíîíè÷åñêèå ðàçëîæåíèÿ èñõîäíûõ ÷èñåë

−275 = −52 · 11, 126 = 2 · 32 · 7, 60 = 22 · 3 · 5.Âûáåðì íàèáîëüøèå ñòåïåíè âñåõ âñòðå÷àþùèõñÿ â ðàçëîæåíèÿõ ïðîñòûõ÷èñåë è ïåðåìíîæèì èõ. Ýòî ïðîèçâåäåíèå äàñò ÍÎÊ. Èòàê, ÍÎÊ = (−
−275, 126, 60) = 22 · 32 · 52 · 7 · 11 = 69300.Ïðèìåð 6.Íàéòè âñå öåëûå ðåøåíèÿ óðàâíåíèÿ:

18x − 42y = −18�åøåíèå. Âûäåëèì íåñêîëüêî ýòàïîâ â ðåøåíèè ýòîé çàäà÷è.1.Óðàâíåíèå èìååò öåëûå ðåøåíèÿ, êîãäà ÷èñëî -18 äåëèòñÿ íàÍÎÄ(52,42). Òàê êàê ÍÎÄ(54,42)=6, òî äàííîå óðàâíåíèå èìååò öåëûå ðå-øåíèÿ.2. �àçäåëèâ îáå ÷àñòè óðàâíåíèÿ íà ÍÎÄ(54,42), ïîëó÷èì ðàâíîñèëüíîåóðàâíåíèå 9x − 7y = −3. Çàìåòèì, ÷òî ÍÎÄ(9,7)=1.3. Ïîäáåð¼ì öåëûå ÷èñëà u è v òàêèì îáðàçîì, ÷òîáû 9u−7v = 1.Íåòðóäíîçàìåòèòü, ÷òî u = −3, v = −4.4.Çàïèøåì îäíî èç ðåøåíèé, óìíîæèâ u è v íà ïðàâóþ ÷àñòü óðàâíåíèÿ
9x − 7y = −3. Ïîëó÷èìx0 = u · (−3) = 9, y0 = v · (−3) = 12.5. Âñå öåëûå ÷èñëà ðåøåíèÿ èñõîäíîãî óðàâíåíèÿ èìåþò âèä: x = x0 −
− −bt, y = y0 + at, ãäå t ∈ Z, a - êîý��èöèåíò ïðè x, b - êîý��èöèåíò ïðè4



y â óðàâíåíèè 9x − 7y = −3. Èòàê, x=9+7t , y=12+9t - âñå öåëûå ðåøåíèÿèñõîäíîãî óðàâíåíèÿ.Ïðèìåð 7.Íàéòè îñòàòîê îò äåëåíèÿ íà 31 ÷èñëà 292929 + 6231.�åøåíèå. Íåîáõîäèìî íàéòè ÷èñëî γ, óäîâëåòâîðÿþùåå äâóì óñëîâèÿì:
0 ≤ γ < 31 è 292929 + 6231 ≡ γ(31). Òàê êàê 29 ≡ −2(31) è 62 = 36 ≡ 5(31),òî 292929 + 6231 ≡ (−2)2929 + 6 · 5115(31).Ïîñêîëüêó (−2)5 = −32 ≡ (−1)(31) è
53 = 125 ≡ 1(31), òî (−2)2929 + 6 · 5115 ≡ (−1)585 · (−2)4 + 138 · 6 · 5(31). Òàêêàê (−1)585 · (−2)4 + 138 · 5 · 6 = −16 + 30 = 14, òî 292929 + 6231 ≡ 14(31).Èòàê, γ = 14. Çàìå÷àíèÿ.1. Ïîñëåäíÿÿ öè�ðà ÷èñëà a ðàâíà îñòàòêó îò äåëåíèÿ | a | íà 10.2. Äâå ïîñëåäíèå öè�ðû ÷èñëà a - ýòî öè�ðû îñòàòêà îò äåëåíèÿ | a | íà100. ÇÀÄÀÍÈß Ê ËÀÁÎ�ÀÒÎ�ÍÎÉ �ÀÁÎÒÅ1.Ïîêàçàòü, ÷òî öåëîå ÷èñëî a äåëèòñÿ íà öåëîå ÷èñëî b.1.1. a = n2 − 1, b = 8, n− íå÷¼òíîå íàòóðàëüíîå ÷èñëî.1.2. a = n(n + 1)(2n − 1), b = 6, n-íàòóðàëüíîå ÷èñëî.1.3. a = n(n2 + 5), b = 6, n - íàòóðàëüíîå ÷èñëî.1.4. a = n(n3 + 2n2 − n + 22), b = 24, n- íàòóðàëüíîå ÷èñëî.1.5. a = (n + 1)(n + 3), b = 8, n - íå÷¼òíîå íàòóðàëüíîå ÷èñëî.1.6. a = (n + 2)(n2 + 4n + 9), b = 6, n - íàòóðàëüíîå ÷èñëî.1.7. a = (n2 − 1)(n2 + 2n + 12), b = 12, n - íàòóðàëüíîå ÷èñëî.1.8. a = (n + 2)(n3 − n + 12), b = 24, n - ÷¼òíîå íàòóðàëüíîå ÷èñëî.1.9. a = (n1)(n2 + n + 12), b = 6, n - íàòóðàëüíîå ÷èñëî.1.10. a = (n + 2)(n3 − n + 12), b = 12, n - íå÷¼òíîå íàòóðàëüíîå ÷èñëî.1.11. a = (n2 + 4n − 5), b = 8, n - íå÷¼òíîå íàòóðàëüíîå ÷èñëî.1.12. a = (n + 2)(n3 − n + 24), b = 24, n - íàòóðàëüíîå ÷èñëî.1.13. a = n2 + 20n + 3, b = 8, n - íå÷¼òíîå íàòóðàëüíîå ÷èñëî.1.14. a = n3 + 5n + 12, b = 6,n - íàòóðàëüíîå ÷èñëî.1.15. a = (n2 − 1)(n + 1)2, b = 8,n - íå÷¼òíîå íàòóðàëüíîå ÷èñëî.2.Íàéòè íåïîëíîå ÷àñòíîå è îñòàòîê îò äåëåíèÿ a íà b.2.1. a = ±761, b = ±13.2.2. a = ±652, b = ±21.2.3. a = ±529, b = ±15.2.4. a = ±632, b = ±18.2.5.a = ±437, b = ±24.2.6. a = ±356, b = ±17. 5



2.7. a = ±543, b = ±19.2.8. a = ±458, b = ±27.2.9. a = ±591, b = ±12.2.10. a = ±653, b = ±14.2.11. a = ±729, b = ±11.2.12. a = ±478, b = ±26.2.13 a = ±825, b = ±13.2.14. a = ±751, b = ±22.2.15. a = ±562, b = ±16.3.Èçâåñòíî äåëèìîå f è íåïîëíîå ÷àñòíîå q. Íàéòè äåëèòåëü è îñòàòîê.3.1. f=-43251 , q=243.3.2. f=31564 , q= �263.3.3. f=-40201 , q= �194.3.4. f=53262 , q= �280.3.5. f=-46707 , q=525.3.6. f=61796 , q= �325.3.7. f=27829 , q= �567.3.8. f=-37654 , q=236.3.9. f=-46524 , q=512.3.10. f=43264 , q= �363.3.11. f=-51067 , q=198.3.12. f=-35266 , q= �203.3.13. f=40053 , q= �426.3.14. f=-36248 , q= �159.3.15. f=-56728 , q=163.4.Ñ ïîìîùüþ àëãîðèòìà Åâêëèäà íàéòè ÍÎÄ(a,b) è âûðàçèòü åãî ÷å-ðåç èñõîäíûå ÷èñëà. Èñïîëüçóÿ ñâÿçü ÍÎÄ è ÍÎÊ äâóõ ÷èñåë, âû÷èñëèòüÍÎÊ(a,b).4.1. a=5544 , b=7644.4.2. a=2585 , b=7975.4.3. a=1188 , b=5080.4.4. a=4704 , b=9100.4.5. a=1296 , b=6600.4.6. a=6188 , b=4709.4.7. a=6125 , b=1190.4.8. a=3069 , b=1881.4.9. a=4968 , b=6678.4.10. a=3120 , b=2325. 6



4.11. a=6252 , b=777.4.12. a=2975 , b=9996.4.13. a=1368 , b=7056.4.14. a=1716 , b=1540.4.15. a=5796 , b=5187.5.Èçâåñòíû ÍÎÄ(a,b) è ÍÎÊ(a,b). Íàéòè a è b.5.1. ÍÎÄ(a,b)=16 , ÍÎÊ(a,b)=1584.5.2. ÍÎÄ(a,b)=15 , ÍÎÊ(a,b)=630.5.3. ÍÎÄ(a,b)=22 , ÍÎÊ(a,b)=3630.5.4. ÍÎÄ(a,b)=19 , ÍÎÊ(a,b)=5187.5.5. ÍÎÄ(a,b)=14 , ÍÎÊ(a,b)=2856.5.6. ÍÎÄ(a,b)=15 , ÍÎÊ(a,b)=6900.5.7. ÍÎÄ(a,b)=30 , ÍÎÊ(a,b)=15660.5.8. ÍÎÄ(a,b)=27 , ÍÎÊ(a,b)=5589.5.9. ÍÎÄ(a,b)=36 , ÍÎÊ(a,b)=6480.5.10. ÍÎÄ(a,b)=12 , ÍÎÊ(a,b)=1872.5.11. ÍÎÄ(a,b)=21 , ÍÎÊ(a,b)=756.5.12. ÍÎÄ(a,b)=26 , ÍÎÊ(a,b)=4914.5.13. ÍÎÄ(a,b)=35 , ÍÎÊ(a,b)=8925.5.14. ÍÎÄ(a,b)=18 , ÍÎÊ(a,b)=4896.5.15. ÍÎÄ(a,b)=14 , ÍÎÊ(a,b)=4410.6.�åøèòü â öåëûõ ÷èñëàõ óðàâíåíèÿ.6.1. 3x + 4y= �13 , 10x - 15y=25.6.2. 2x � 7y= �8 , 14x + 21y= -49.6.3. 5x + 6y=9 , 12x-8y= -24.6.4. x � 7y= 5 , 15x-18y=21.6.5. 13x + 4y= 20 , 22x + 4y= -16.6.6. 14x + 3y= -10 , 12x - 20y= -24.6.7. 15x � 11y= 9 , 6x + 42y= -12.6.8. 10x � 3y= �8 , 26x + 28y= -4.6.9. 16x + 9y= �6 , 27x - 12y= -15.6.10. 29x � 19y= 3 , 30x + 55y= -10.6.11. 17x + 3y= 20 , 8x - 20y= -16.6.12. 13x + 8y= �4 , 21x - 36y= 9.6.13. 4x � 9y= 30 , 24x + 14y= -18.6.14. 6x + 13y= �22 , 15x - 21y= 42.6.15. 7x � 16y= �12 , 32x + 44y= -16.7.Íàéòè êîíè÷åñêèå ðàçëîæåíèÿ öåëûõ ÷èñåë a, b, , à çàòåì ÍÎÄ(a,b,)è ÍÎÊ(b,). 7



7.1. a= 6188 , b=88 , = -320.7.2. a= 4704 , b=96 , = -154.7.3. a= 1716 , b=56 , = -204.7.4. a= �3069, b=112, = 84.7.5. a= 9100 , b=�114 , = 92.7.6. a= 7056 , b=190 , = -68.7.7. a= �1368, b=99 , = 150.7.8. a= �1540, b=105 , = 215.7.9. a= 1296 , b=230 , = -78.7.10. a= 1188 , b= �132 , = -64.7.11. a= �3120 , b=85 , = 100.7.12. a= 4968 , b=104 , = -56.7.13. a= �7644, b=196 , = -76.7.14. a= 1716 , b=�72, = 124.7.15. a= 1288 , b= -144 , = -66.8.Èñïîëüçóÿ ñâîéñòâà ñðàâíåíèé, íàéòè îñòàòîê îò äåëåíèÿ íà b.8.1.a = 178274, b = 22.8.2.a = 550 + 13100, b = 18.8.3. a = 570 + 750, b = 12.8.4.a = 439291, b = 60.8.5.a = 383175, b = 45.8.6. a = 17852, b = 11.8.7. a = 34374, b = 26.8.8.a = 22234, b = 14.8.9. a = 580 + 7100, b = 13.8.10. a = 293175, b = 48.8.11. a = 196198, b = 11.8.12.a = 1240 + 3100, b = 5.8.13. a = 123253, b = 15.8.14.a = 274100, b = 21.8.15. a = 26490, b = 17.9.Íàéòè ïîñëåäíþþ öè�ðó ÷èñëà a èç çàäàíèÿ 8.10.Èñïîëüçóÿ ñâîéñòâà ñðàâíåíèé, äîêàçàòü, ÷òî ÷èñëî  äåëèòñÿ íà÷èñëî d.10.1. c = 2730 + 7, d = 16.10.2. c = 2615 + 1, d = 21.10.3. c = 6045 + 7245, d = 11.10.4. c = 16302 + 9302 + 1, d = 13. 8



10.5. c = 14100 + 5, d = 9.10.6. c = 3803 − 16, d = 11.10.7. c = 2421 · 2112 − 312 · 1721, d = 9.10.8. c = 32143 + 136, d = 13.10.9. c = 10351 + 162, d = 14.10.10. c = 2947 + (−17)47 + 1, d = 13.10.11. c = (−17)91 + 2891, d = 11.10.12. c = 3126 − 15, d = 14.10.13. c = 48153 + 24, d = 22.10.14. c = 4325 + 26, d = 15.10.15. c = 51920 − 27, d = 13.11.Íàéòè äâå ïîñëåäíèå öè�ðû ÷èñëà  èç çàäàíèÿ 10.12.Ñîñòàâèòü òàáëèöó óìíîæåíèÿ è ñëîæåíèÿ â êîëüöå êëàññîâ âû÷å-òîâ Zm, ãäå
m =







n + 2ïðèn ≤ 5,
n − 3ïðè6 ≤ n ≤ 10,
n − 8ïðè11 ≤ n ≤ 15,ãäå n-íîìåð âàðèàíòà.ËÀÁÎ�ÀÒÎ�ÍÀß �ÀÁÎÒÀ �2 .ÊÎÌÏËÅÊÑÍÛÅ ×ÈÑËÀÂîïðîñû äëÿ ñàìîêîíòðîëÿ1. Ïîñòðîåíèå ïîëÿ êîìïëåêñíûõ ÷èñåëÏàðû äåéñòâèòåëüíûõ ÷èñåë, èõ ñëîæåíèå è óìíîæåíèå. Ñâîéñòâà ýòèõîïåðàöèé, íóëåâîé, åäèíè÷íûé, ïðîòèâîïîëîæíûé è îáðàòíûé ýëåìåíòû. Ïî-ëå êîìïëåêñíûõ ÷èñåë. Äåéñòâèòåëüíûå ÷èñëà êàê ïîäïîëå ïîëÿ êîìïëåêñíûõ÷èñåë.2. Äåéñòâèÿ íàä êîìïëåêñíûìè ÷èñëàìè â àëãåáðàè÷íîé �îðìå×èñëî i. Àëãåáðàè÷åñêàÿ �îðìà êîìïëåêñíîãî ÷èñåëà.Ñëîæåíèå, âû÷åòà-íèå, óìíîæåíèå è äåëåíèå. Èçâëå÷åíèå êâàäðàòíîãî êîðíÿ èç êîìïëåêñíîãî÷èñåëà â àëãåáðàè÷åñêîé �îðìå.3. Òðèãîíîìåòðè÷åñêàÿ �îðìà êîìïëåêñíîãî ÷èñåëàÈçîáðàæåíèå êîìïëåêñíûõ ÷èñåë íà ïëîñêîñòè. Ìîäóëü è àðãóìåíò. Óìíî-æåíèå è äåëåíèå êîìïëåêñíûõ ÷èñåë. Ôîðìóëà Ìóàâðà.4. Èçâëå÷åíèå êîðíÿ èç êîìïëåêñíîãî ÷èñåëàÎïðåäåëåíèå êîðíÿ n-é ñòåïåíè. Ôîðìóëà êîðíåé n-é ñòåïåíè èç êîìïëåêñ-íîãî ÷èñåëà. Êîðåíü èç åäèíèöû. Êîðåíü n-é ñòåïåíè èç åäèíèöû äëÿ n ≤ 4.9



Ï�ÈÌÅ�Û �ÅØÅÍÈß È ÎÔÎ�ÌËÅÍÈß ÇÀÄÀ×Ïðèìåð 1.Èçîáðàçèòü íà ïëîñêîñòè è çàïèñàòü â òðèãîíîìåòðè÷åñêîé�îðìå ÷èñëà: 1 + i,−1 + i,−1 − i, 1 − i.�åøåíèå. Äëÿ êàæäîãî êîìïëåêñíîãî ÷èñëà, îòêëàäûâàÿ äåéñòâèòåëü-íóþ ÷àñòü ïî îñè OX, à ìíèìóþ ïî îñè OY, ïîëó÷èì ÷åòûðå òî÷êè
P1(1; 1), P2(−1; 1), P3(−1;−1), P4(1;−1).Âñå ÷åòûðå ÷èñëà èìåþò ðàâíûå ìîäóëè: | OP1 |=| OP2 |=

=| OP3 |=| OP4 |=
√

(±1)2 + (±1)2 =
√

2. Ìîäóëü êîìïëåêñíîãî ÷èñëàa+bi âû÷èñëÿåòñÿ ïî �îðìóëå γ =
√

a2 + b2,ò.å. ðàâåí äëèíå ðàäèóñ-âåêòîðà,ïðîâåä¼ííîãî èç íà÷àëà êîîðäèíàò â òî÷êó, èçîáðàæàþùóþ êîìïëåêñíîå ÷èñ-ëî. Àðãóìåíò êîìïëåêñíîãî ÷èñëà ðàâåí âåëè÷èíå óãëà, îòñ÷èòàííîãî òî îñèOX ïðîòèâ ÷àñîâîé ñòðåëêè äî ðàäèóñ-âåêòîðà, èçîáðàæàþùåãî äàííîå ÷èñ-ëî. Íàõîäèì àðãóìåíòû îñòàëüíûõ êîìïëåêñíûõ ÷èñåë:
arg(−1 + i) = X̂OP2 = π − π

4 = 3π
4 ,

arg(−1 − i) = X̂OP3 = π + π
4 = 5π

4 ,

arg(1 − i) = X̂OP4 = 2π − π
4 = 7π

4 ,Èñïîëüçóÿ íàéäåííûå çíà÷åíèÿ ìîäóëåé è àðãóìåíòîâ êîìïëåêñíûõ ÷èñåë,ïîëó÷àåì Îòâåò:
1 + i =

√
2(cosπ

4 + isinπ
4 ),

−1 + i =
√

2(cos3π
4 + isin3π

4 ),

−1 − i =
√

2(cos5π
4 + isin5π

4 ),

1 − i =
√

2(cos7π
4 + isin7π

4 ).Ïðèìåð 2.Âû÷èñëèòü (−1 + i
√

3)6, 4
√

−1 + i
√

3.�åøåíèå. Ïðåäñòàâèì ÷èñëî −1 + i
√

3 â òðèãîíîìåòðè÷åñêîé �îðìå
γ =| ŌA |=

√

(−1)2 + (
√

3)2 = 2,

arg(−1 + i
√

3) = ϕ.Íî èç ÷åðòåæà âèäèì, ÷òî π
2 ≤ ϕ ≤ π.Òîãäà ϕ = π − π

3 = 2π
3 .Òàêèì îáðàçîì, −1 + i

√
=2(cos2π

3 + isin2π
3 ).Ïë �îðìóëå Ìóàâðà èìååì: (−1 + i

√
3)6 = (2(cos2π

3 +

+isin2π
3 ))6 = 26(cos6·2π

3 + isin6·2π
3 ) =

= 26(cos4π + isin4π) = 64.Äëÿ âû÷èñëåíèÿ êîðíÿ èç êîìïëåêñíîãî ÷èñëà èñïîëüçóåì �îðìóëó
n
√

γ(cosϕ + isinϕ) = n√γ(cosϕ+2πk
n

+

+isinϕ + 2πkn), k = 0, 1, ..., n− 1. Èìååì zk = 4
√

−1 + i
√

3 =

= 4
√

2(cos2π
3 + isin2π

3 ) = 4
√

2(cos
2π

3
+2πk

4 + isin
2π

3
+2πk

4 ), k = 0, 1, 2, 3.10



Ïîëàãàÿ k = 0, 1, 2, 3,ïîëó÷àåì
z0 = 4

√
2(cosπ

6 + isinπ
6 ) =

4
√

2·
√

3
2 + i

4
√

2
2 ,

z1 = 4
√

2(cos2π
3 + isin2π

3 ) = − 4
√

2
2 + i

4
√

2·
√

3
2 ,

z2 = 4
√

2(cos7π
6 + isin7π

6 ) = − 4
√

2·
√

3
2 − i

4
√

2
2 ,

z3 = 4
√

2(cos5π
3 + isin5π

3 ) =
4
√

2
2 − i

4
√

2·
√

3
2 ,Ïðèìåð 3.Âû÷èñëèòü √

1 − i â àëãåáðàè÷åñêîé �îðìå.�åøåíèå. Ïóñòü √
1 − i = x + iy, ãäå x,y - äåéñòâèòåëüíûå ÷èñëà. Òîãäà,âîçâîäÿ îáå ÷àñòè ðàâåíñòâà â êâàäðàò, ïîëó÷èì

1 − i = x2 − y2 + 2xyi.Èç óñëîâèÿ ðàâåíñòâà êîìïëåêñíûõ ÷èñåë èìååì ñèñòåìó óðàâíåíèé îòíî-ñèòåëüíî x è y:
{

x2 − y2 = 1,
2xy = −1,Èç ýòîãî óðàâíåíèÿ âûðàçèì y è ïîäñòàâèì â ïåðâîå óðàâíåíèå:

y = − 1
2x

, (∗)
x2 − 1

4x2 = 1 èëè 4x4−4x2−1
4x2 = 0.�åøàÿ ïîñëåäíåå óðàâíåíèå, íàéä¼ì äâà çíà÷åíèÿ äëÿ x:

x1 =
√

1+
√

2
2 , x2 = −

√

1+
√

2
2 .Ïîäñòàâëÿÿ íàéäåííûå çíà÷åíèÿ â (∗) , ïîëó÷èì

y1 = −
√√

2−1
2 , y2 =

√√
2−1
2 .Èòàê, √1 − i èìååò äâà çíà÷åíèÿ:

z1 =
√

1+
√

2
2 − i

√√
2−1
2 ,

z2 = −
√

1+
√

2
2 + i

√√
2−1
2 .Ïðèìåð 4.Íàéòè äåéñòâèòåëüíûå ÷èñëà x è y èç óðàâíåíèÿ

x+iy
x−iy

= −1+2i
2i+x�åøåíèå. Ïðåîáðàçóåì äàííîå óðàâíåíèå ñëåäóþùèì îáðàçîì:

x+iy
x−iy

− −1+2i
2i+x

= 0
x2+x−4y+i(xy−y)

(x−yi)(2i+x) = 0.Îòñþäà ïîëó÷àåì ñèñòåìó:
{

x2 + x − 4y = 0,
xy − y = 0,Èç âòîðîãî óðàâíåíèÿ ñëåäóåò, ÷òî ëèáî y=0, ëèáî x=1. Åñëè y=0, òî èçïåðâîãî óðàâíåíèÿ ëèáî x=0, ëèáî x=-1.Íî èç îáëàñòè îïðåäåëåíèÿ óðàâíåíèÿ11



ñëåäóåò, ÷òî x è y íå ìîãóò îäíîâðåìåííî ðàâíÿòüñÿ íóëþ. Çíà÷èò, îñòà¼òñÿðåøåíèå x=-1, y=0. Åñëè x=1, òî èç ïåðâîãî óðàâíåíèÿ y = 1
2 . Îòâåò: x=-1,y=0 èëè x=1, y = 1

2
.Ïðèìåð 5.�åøèòü ñèñòåìó óðàâíåíèé:

{

(1 + i)x + (1 − i)y = 1 + i,

(1 − i)x + (1 + i)y = 1 + 3i,�åøåíèå. Âûðàçèì x èç ïåðâîãî óðàâíåíèÿ ñèñòåìû
x = (1+i)−(1−i)y

1+i
= 1 − 1−i

1+i
y = 1 + iy.Ïîäñòàâèì íàéäåííîå çíà÷åíèå âî âòîðîå óðàâíåíèå ñèñòåìû è íàéä¼ìy:

(1 − i)(1 + iy) + (1 + i)y = 1 + 3i,
y(1 + i) = 2i,
y = 2i

1+i
= 1 + i.Òîãäà

x = 1 + i(1 + i) = 1 + i + i2 = iÏðîâåðêà. Ïîäñòàâëÿÿ â èñõîäíóþ ñèñòåìó x=i, y=1+i, ïîëó÷èì âåð-íûå ðàâåíñòâà
(1 + i)i + (1 − i)(1 + i) = i + i2 + 1 − i2 = 1 + i,
(1 − i)i + (1 + i)(1 + i) = i − i2 + 1 + 2i + i2 = 1 + 3i.Îòâåò: x=i, y=1+i.Çàäàíèå ê ëàáîðàòîðíîé ðàáîòå1.Íàéòè z1 + z2, z1 − z2, z1 · z2,

z1

z2
, z2−z̄1

z1+z̄2
.

z1 z21.1.
2 + i, −3 + 2i.1.2. −1 + 3i, 2 − i.1.3. 4 − i, 1 − 3i.1.4. −1 + 4i, 2 − 3i.1.5. 3 − i, −2 + i.1.6. −4 + i, 2 − i.1.7. 1 + 3i, −3 + i.1.8. 4 − i, −3 + 5i.1.9. 2 − 4i, 3 + i.1.10. −3 + 2i, 5 − i. 12



1.11. −2 + 5i, −1 + i.1.12. −4 + 3i, 3 − i.1.13. 5 − 2i, 3 + 4i.1.14. −1 − 2i, 4 − 3i.1.15. 3 − 4i, 2 + i.2.Èçîáðàçèòü íà ïëîñêîñòè êîìïëåêñíûå ÷èñëà z1, z2, z̄1, z̄2,

z1 + z̄2, z2 − z̄1, ãäå z1è z2 - ÷èñëà èç çàäàíèÿ 1.3.Âû÷èñëèòü √
z1 è √

z2 â àëãåáðàè÷åñêîé �îðìå äëÿ ÷èñåë
z1 è z2 èç çàäàíèÿ 1.4.Âû÷èñëèòü4.1. 5(cos10◦ + isin10◦) · 2(cos80◦ − isin280◦)4.2. 3(cos50◦ − isin670◦) · 4(cos290◦ + isin70◦)4.3. (cos220◦+isin140◦)

(cos50◦−isin310◦)4.4. (cos130◦−isin130◦)
(cos40◦+isin40◦)4.5. 2(cosπ

7
+isinπ

7
)

6(cos 8π

7
−isin 6π

7
)4.6. (cos5π

4 − isin5π
4 ) · 7(cos17π

12 − isin17π
12 )4.7. 5(cos109◦ + isin109◦) · 3(cos319◦ − isin319◦)4.8. 3(cos20◦ + isin20◦) · 2(cos200◦ − isin200◦)4.9. (cos80◦−isin80◦)

(cos250◦+isin110◦)4.10. 5(cos4π
3 − isin4π

3 ) · 4(cosπ
3 + isinπ

3 )4.11. 6(cos42◦−isin42◦)
5(cos82◦+isin82◦)4.12. (cosπ

4 − isinπ
4 ) · 3(cos7π

4 + isin7π
4 )4.13. 3(cos110◦−isin110◦)

3(cos140◦−isin140◦)4.14. 7(cos130◦ − isin130◦) · 3(cos320◦ − isin320◦)4.15. 3(cos160◦−isin160◦)
(cos230◦−isin230◦)5.Âû÷èñëèòü5.1. (1 + i)25, 3

√

2 − i
√

12, 4
√
−4, 6

√

1−i√
3+i5.2. (1+i

√
3

1−i
)20, 4

√

−
√

3 + i, 5
√
−32, 8

√

1+i√
3−i5.3. (

√
3 − i)10, 3

√
i, 4

√
−1 + i, 6

√

1−i

1+i
√

35.4. (
√

3
2 − 1

2i)
100, 6

√
2, 4

√
1 − i, 4

√

−1+i

1−i
√

35.5. (−1 + i
√

3)20, 3
√
−27, 6

√√
12 − 2i, 3

√

8+24i
3−i5.6. (1−i

√
3

1−i
)12, 5

√
−1, 3

√
2 − 2i, 4

√

− 18
1+i

√
313



5.7. (
√

3+i
1−i

)30, 6
√

64, 4
√

i − 1, 3
√

27−54i
2+i5.8. (2 − i

√
12)20, 4

√
8i, 3

√
3 − 3i, 6

√√
3i−1
1+i5.9. ( i−1

2−i
√

12
)45, 3

√
−27i, 5

√
i − 1, 8

√

i−
√

3
1−i5.10. (

√
3−i

1+i
)4, 5

√
−1, 4

√√
2 −

√
2i, 6

√

1+i
√

3
i−15.11. (

√
2i −

√
2)24, 3

√
−64, 5

√
−3 + 3i, 4

√

i
√

3−1
i−15.12. (2i −

√
12)16, 5

√
−2, 3

√

1 + i
√

3, 4
√

3+i
4−12i5.13. (

√
2

2 − i
√

2
2 )20, 3

√
−6i, 4

√

−
√

12 − 2i, 5
√

16
1−i

√
35.14. (

√
3

3
− 1

3
i)10, 4

√
−16, 5

√
−5 − 5i, 3

√

2−i
1+2i5.15. (1

2 − 1√
12

i)12, 3
√
−8, 4

√

1√
2
i − 1√

2
, 5

√

− 20
1+i6.�åøèòü óðàâíåíèÿ:6.1.x2 − (2 + i)x + (−1 + 7i) = 0, x2 − 4x + 5 = 0.6.2.x2 − 3x + 4 = 0, x2 − (3 − 2i)x + (5 − 5i) = 0.6.3.(2 + i)x2 − (5 − i)x + (2 − 2i) = 0, 2x2 − 3x + 5 = 0.6.4.x2 + (2i − 7)x + (13 − i) = 0, x2 + 3x + 6 = 0.6.5.x2 − (1 + i)x + 6 + 3i = 0, 3x2 − 2x + 3 = 0.6.6.x2 − 5x + 4 + 10i = 0,−x2 + x − 1 = 0.6.7.−x2 + 2x − 2 = 0, (1− i)x2 + (5 − i)x + 4 + 2i = 0.6.8.(3 + i)x2 + (1 − i)x − 6i) = 0, x2 + x + 2 = 0.6.9.3x2 − 2x + 4 = 0, 4x2 + (4 − 3i)x − 4 − 3i = 0.6.10.−2x2 + 3x − 2 = 0, x2 + 2ix − 1 − i = 0.6.11.4x2 + 12x + 8 − i = 0, 3x2 + 5x + 3 = 0.6.12.4x2 − 4x + 1 + i = 0, 2x2 − 4x + 5 = 0.6.13.x2 − 2x + 5 = 0, 2x2 + (2 + 2i)x + 2 + i = 0.6.14.x2 + 3x + 5 = 0, x2 + (2 − i)x + 1 − i = 0.6.15.x2 + (2 + i)x + 1 + i) = 0, x2 + 5x + 7 = 0.7.Ñîñòàâèòü êâàäðàòíûå óðàâíåíèÿ ñ äåéñòâèòåëüíûìè êîý��èöèåí-òàìè, êîðíÿìè êîòîðûõ ÿâëÿþòñÿ êîìïëåêñíûå ÷èñëà z1 è z̄1, z2 è z̄2, ãäå

z1 è z2 - ÷èñëà èç çàäàíèÿ 1.8.Íàéòè äåéñòâèòåëüíûå ÷èñëà x è y èç óðàâíåíèÿ | x + iy | +x + yi =
= 1 + (n − 7)i, ãäå n- íîìåð âàðèàíòà.9.�åøèòü ñèñòåìó óðàâíåíèé

{

(3 − i)x + (4 + i)y = n − 6 + 6i,
(n + 2i)x − (2 + 3i)y = 5 + 4i,14



ãäå n - íîìåð âàðèàíòà.
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ËÀÁÎ�ÀÒÎ�ÍÀß �ÀÁÎÒÀ �1��ÓÏÏÛ, ÊÎËÜÖÀ, ÏÎËßÂîïðîñû òåîðèè1. Áèíàðíàÿ àëãåáðàè÷åñêàÿ îïåðàöèÿ.2. Àññîöèàòèâíîñòü è êîììóòàòèâíîñòü îïåðàöèè.3. Íåéòðàëüíûé è ñèììåòðè÷íûé ýëåìåíòû.4. Ïîëóãðóïïà, ìîíîèä è èõ ïðèìåðû.5. Îïðåäåëåíèå ãðóïïû.6. Àáåëåâà ãðóïïà. Êîíå÷íàÿ ãðóïïà, åå ïîðÿäîê. Áåñêîíå÷íàÿ ãðóïïà.7. Ìóëüòèïëèêàòèâíàÿ ãðóïïà.8. Àääèòèâíàÿ ãðóïïà, ïðèìåðû.9. Ïîäãðóïïû è èõ ïðèìåðû.10. Îïðåäåëåíèå êîëüöà, ïðèìåðû êîëåö.11. Àääèòèâíàÿ ãðóïïà êîëüöà, ìóëüòèïëèêàòèâíàÿ ïîëóãðóïïà êîëüöà.Êîëüöî ñ åäèíèöåé. Êîììóòàòèâíîå êîëüöî.12. Ñâîéñòâà êîëåö.13. Îïðåäåëåíèå ïîëÿ, ïðèìåðû ïîëåé.14. Äåëèòåëè íóëÿ.15. Õàðàêòåðèñòèêà ïîëÿ.16. Êîíå÷íûå è áåñêîíå÷íûå ïîëÿ è èõ ïðèìåðû.Ïðèìåðû ðåøåíèÿ çàäà÷Ïðèìåð 1. Áóäåò ëè ãðóïïîé ìíîæåñòâî íåíóëåâûõ äåéñòâèòåëüíûõ÷èñåë ñ îïåðàöèåé a ∗ b = 2ab ?�åøåíèå. Äëÿ ëþáûõ ÷èñåë a, b ∈ R# ýëåìåíò a ∗ b = 2ab òàêæå ïðè-íàäëåæèò R# ò.å. îïåðàöèÿ * âî ìíîæåñòâå R# ÿâëÿåòñÿ àëãåáðàè÷åñêîé.Ïðîâåðèì âûïîëíåíèå óñëîâèé â îïðåäåëåíèè ãðóïïû.1) Àññîöèàòèâíîñòü îïåðàöèè:
(a ∗ b) ∗ c = (2ab) ∗ c = 2(2ab)c = 4abca ∗ (b ∗ c) = a ∗ (2bc) = 2a(2bc) = 4abc,ò.å. (a ∗ b) ∗ c = a ∗ (b ∗ c)2) Ïóñòü ∈ R# è ÿâëÿåòñÿ íåéòðàëüíûì ýëåìåíòîì â R# îòíîñèòåëü-íî îïåðàöèè *. Òîãäà äëÿ ëþáîãî ýëåìåíòà a ∈ R# a ∗ n = n ∗ a = a, îòêóäà

{

2an = a, åñëè x < k;
2na = a, åñëè x > k.5 16



Íåòðóäíî çàìåòèòü, ÷òî ðåøåíèåì ñèñòåìû áóäåò ÷èñëî n = 1
n
.3) Ïóñòü b ∈ R# è ÿâëÿåòñÿ ñèììåòðè÷íûì ýëåìåíòîì äëÿ ýëåìåíòà

a ∈ R#. Òîãäà a ∗ b = b ∗ a = 1
2, îòêóäà

{

2ab = 1
2, åñëè x < k;

2ba = 1
2
, åñëè x > k.�åøåíèåì ýòîé ñèñòåìû áóäåò ÷èñëî b = 1

4a
, ò.å. ýëåìåíòîì ñèììåò-ðè÷íûì ýëåìåíòó a ∈ R# â àëãåáðàè÷åñêîé ñèñòåìå (R#, ∗) áóäåò ýëåìåíò

1
4a
. Òàêèì îáðàçîì, ìíîæåñòâî R# ñ äàííîé îïåðàöèåé * ÿâëÿåòñÿ ãðóïïîé.Áîëåå òîãî, òàê îïåðàöèÿ * êîììóòàòèâíà a ∗ b = 2ab = 2ba = b ∗ a, òîãðóïïà àáåëåâà.Ïðèìåð 2. Áóäåò ëè ìíîæåñòâî M = {a = b

√
2 | a, b ∈ Q} ñ îáû÷íû-ìè îïåðàöèÿìè ñëîæåíèÿ è óìíîæåíèÿ äåéñòâèòåëüíûõ ÷èñåë êîëüöîì,ïîëåì?�åøåíèå. Ïîêàæåì ïðåæäå âñåãî, ÷òî â ìíîæåñòâå M ñëîæåíèå èóìíîæåíèå ÿâëÿþòñÿ áèíàðíûìè àëãåáðàè÷åñêèìè îïåðàöèÿìè:

(a + b
√

2) + (c + d
√

2) = (a + b) + (b + d)
√

2 ∈ M,

(a + b
√

2) + (c + d
√

2) = (ac + 2bd) + (ad + bc)
√

2 ∈ Mäëÿ ëþáûõ ÷èñåë (a + b
√

2), (c + d
√

2) ∈ M.Ïðîâåðèì âûïîëíåíèå óñëîâèé â îïðåäåëåíèÿõ êîëüöà è ïîëÿ.1) Àññîöèàòèâíîñòü ñëîæåíèÿ âî ìíîæåñòâå R ñëåäóåò èç àññîöèà-òèâíîñòè ñëîæåíèÿ âî ìíîæåñòâå R âñåõ äåéñòâèòåëüíûõ ÷èñåë.2) Íóëåâûì ýëåìåíòîì âî ìíîæåñòâå M áóäåò ÷èñëî 0 + 0
√

2 ∈ M .3) Ýëåìåíòîì, ïðîòèâîïîëîæíûì ýëåìåíòó (a + b
√

2) âî ìíîæåñòâå
M áóäåò ýëåìåíò (−a − b

√
2).4) Êîììóòàòèâíîñòü ñëîæåíèÿ âî ìíîæåñòâå M ñëåäóåò èç êîììó-òàòèâíîñòè ñëîæåíèÿ âî ìíîæåñòâå R âñåõ äåéñòâèòåëüíûõ ÷èñåë.5) Àññîöèàòèâíîñòü óìíîæåíèÿ âî ìíîæåñòâå M ñëåäóåò èç àññîöèà-òèâíîñòè óìíîæåíèÿ âî ìíîæåñòâå R âñåõ äåéñòâèòåëüíûõ ÷èñåë.6) Êîììóòàòèâíîñòü óìíîæåíèÿ è âûïîëíåíèå çàêîíîâ äèñòðèáóòèâ-íîñòè òàêæå ñëåäóþò èç âûïîëíåíèÿ ñîîòâåòñòâóþùèõ ñâîéñòâ âî ìíî-æåñòâå R âñåõ äåéñòâèòåëüíûõ ÷èñåë.Òåì ñàìûì äîêàçàíî, ÷òî ìíîæåñòâî M ÿâëÿåòñÿ êîëüöîì.7) Åäèíè÷íûì ýëåìåíòîì âî ìíîæåñòâå M ÿâëÿåòñÿ ÷èñëî 1 + 0

√
2 .òàê êàê 17



(a + b
√

2), (1 + 0
√

2) = (a + b
√

2).8) Ïóñòü (a + b
√

2) ∈ M#. Ýòî îçíà÷àåò, ÷òî a2 + b2 6= 0 , ò.å. a è bîäíîâðåìåííî íå ðàâíû íóëþ. Ïóñòü x + y
√

2 ∈ M è ÿâëÿåòñÿ ýëåìåíòîì,îáðàòíûì äëÿ ýëåìåíòà a + b
√

2. Òîãäà
(a + b

√
2)(x + y

√
2) = 1 + 0

√
2, (a + b

√
2)(x + y

√
2) = 1,îòêóäà (x + y

√
2) = 1

(a+b
√

2)
= a−b

√
2

(a+b
√

2)(a−b
√

2)
= a−b

√
2

a2−2b2 = a
a2−2b2 + b

2b2−a2

√
2 ∈ M ,òàê êàê a

a2−2b2 ,
b

2b2−a2 ∈ Q, è a2 − 2b2 6= 0.Òàêèì îáðàçîì, êàæäûé íåíóëåâîé ýëåìåíò (a+ b
√

2) èç ìíîæåñòâà Mèìååò â M îáðàòíûé ýëåìåíò a
a2−2b2 + b

2b2−a2

√
2.Ñëåäîâàòåëüíî, ìíîæåñòâî M ÿâëÿåòñÿ ïîëåì.ÇÀÄÀÍÈß Ê ËÀÁÎ�ÀÒÎ�ÍÎÉ �ÀÁÎÒÅ1.Áóäåò ëè ìíîæåñòâî A ñ îïåðàöèåé * ïîëóãðóïïîé, ìîíîèäîì?1.1. A = N, a ∗ b = 2(a + b) ∀a, b ∈ N1.2. A = Z, a ∗ b = a − b + 1 ∀a, b ∈ Z1.3. A = Q, a ∗ b = 2a + b ∀a, b ∈ Q1.4. A = R, a ∗ b = 4ab ∀a, b ∈ R1.5. A = N, a ∗ b = ab ∀a, b ∈ N1.6. A = Z, a ∗ b = a + b − 2 ∀a, b ∈ Z1.7. A = Q, a ∗ b = 3(a + b) ∀a, b ∈ Q1.8. A = R, a ∗ b = a+b

3 ∀a, b ∈ R1.9. A = N, a ∗ b =
√

ab ∀a, b ∈ N1.10. A = Z, a ∗ b = −(a + b) ∀a, b ∈ Z1.11. A = Q, a ∗ b = (a + b)2 ∀a, b ∈ Q1.12. A = R, a ∗ b = −2ab ∀a, b ∈ R1.13. A = N, a ∗ b = a2 + b2 ∀a, b ∈ N1.14. A = Z, a ∗ b = a + b2 ∀a, b ∈ Z1.15. A = Q, a ∗ b = ab
2 ∀a, b ∈ Q
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2.Áóäåò ëè ìíîæåñòâî - ñ óêàçàííîé îïåðàöèåé - ãðóïïîé, àáåëåâîé ãðóï-ïîé?2.1. M = Q#, a ∗ b = 5ab∀a, b ∈ M2.2. M = {−1; 1}, a ∗ b = ab ∀a, b ∈ M2.3. M = {2k|k ∈ Z}, a ∗ b = a + b ∀a, b ∈ M2.4. M = {2k + 1|k ∈ Z}, a ∗ b = ab ∀a, b ∈ M2.5. M = { m
2k+1

|m ∈ Z, k ∈ N}, a ∗ b = a + b ∀a, b ∈ M2.6. M = { m
2k+1|m ∈ Z#, k ∈ N}, a ∗ b = ab ∀a, b ∈ M2.7. M = {c + d

√
3|c, d ∈ Z}, a ∗ b = a + b ∀a, b ∈ M2.8. M = Q#, a ∗ b = 3ab ∀a, b ∈ M2.9. M = {c + d

√
3|c ∈ Q#d ∈ Q}, a ∗ b = ab ∀a, b ∈ M2.10. M = Z2 = {(a, b)|a, b ∈ Z}, (a ∗ b) ∗ (c ∗ d) = (a + c, b +

+ d) ∀(a, b), (c, d) ∈ M2.11. M = {(a, b)|a ∈ R#, b ∈ R}, (a ∗ b) ∗ (c ∗ d) =
= (ac, bd) ∀(a, b), (c, d) ∈ M2.12. M = Q#, a ∗ b = −2ab ∀a, b ∈ M2.13. M = {3k|k ∈ Z}, a ∗ b = a + b ∀a, b ∈ M2.14. M = {c − d

√
2|c, d ∈ Z} a ∗ b = a + b ∀a, b ∈ M2.15. M = {c − d

√
2|c ∈ Q#, d ∈ Q} a ∗ b = ab ∀a, b ∈ M
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3.ßâëÿþòñÿ ëè ñëåäóþùåå ìíîæåñòâî àääèòèâíîé èëè ìóëüòèïëèêà-òèâíîé ãðóïïîé?3.1. M = { a
2k−1 |a ∈ Z, k ∈ N}3.2. M = {a + b

√
2|a, b ∈ Q}3.3. M = {a + b

√
3|a ∈ Q#, b ∈ Q}3.4. M = { a

3k−1 |a ∈ Z, k ∈ N}3.5. M = {2k − 1|k ∈ Z}3.6. M = {2k|k ∈ Z}3.7. M = { a
2k−1 |a ∈ Z#, k ∈ N}3.8. M = {a − b

√
3|a, b ∈ Z}3.9. M = {− a

3k−1 |a ∈ Z#, k ∈ N}3.10. M = {−a + b
√

2|a, b ∈ Z}3.11. M = {2k − 1|k ∈ Z}3.12. M = {3k|k ∈ Z}3.13. M = {−a + b
√

3|a ∈ Q#, b ∈ Q}3.14. M = {2k + 1|k ∈ R \ {−1
2}}3.15. M = {2k − 1|k ∈ R \ {−1
2}}
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4.Áóäåò ëè ìíîæåñòâî - ñ óêàçàííûìè îïåðàöèÿìè ñëîæåíèÿ è óìíî-æåíèÿ êîëüöîì?4.1. K = {a + b
√

5|a, b ∈ Q} , ñëîæåíèå è óìíîæåíèå äåéñòâèòåëüíûõ÷èñåë.4.2. K = {(a+b)|a, b ∈ R}, (a, b)+(c, d) = (a+c, b+d), (a, b)(c, d) = (ac, bd).4.3. K = { a
2k−1 |a ∈ Z, k ∈ N}, ñëîæåíèå è óìíîæåíèå äåéñòâèòåëüíûõ÷èñåë.4.4. K = R , ñëîæåíèå äåéñòâèòåëüíûõ ÷èñåë, óìíîæåíèå: a ∗ b = 2ab.4.5. K = {a + b

√
3|a, b ∈ Q} , ñëîæåíèå è óìíîæåíèå äåéñòâèòåëüíûõ÷èñåë.4.6. K = {a − b

√
2|a, b ∈ Q} , ñëîæåíèå è óìíîæåíèå äåéñòâèòåëüíûõ÷èñåë.4.7. K = {(a, b)|a, b ∈ Q}, (a, b) + (c, d) = (ad), (a, b)(c, d) = (ac, bd).4.8. K = { a

3k−1 |a ∈ Z, k ∈ N}, ñëîæåíèå è óìíîæåíèå äåéñòâèòåëüíûõ÷èñåë.4.9. K = {(a, 0)|a ∈ R}, (a, 0) + (b, 0) = (a + b, 0), (a, 0)(b, 0) = (ab, 0).4.10. K = {− a
4k−1 |a ∈ Z, k ∈ N} , ñëîæåíèå è óìíîæåíèå äåéñòâèòåëü-íûõ ÷èñåë.4.11. K = {a− b

√
3|a, b ∈ Q} , ñëîæåíèå è óìíîæåíèå äåéñòâèòåëüíûõ÷èñåë.4.12. K = {a− b

√
5|a, b ∈ Q} , ñëîæåíèå è óìíîæåíèå äåéñòâèòåëüíûõ÷èñåë.4.13. K = {(0, b)|b ∈ R}, (0, a) + (0, b) = (0, a + b), (0, a)(0, b) = (0, ab).4.14. K = { a

5k−1 |a ∈ Z, k ∈ N} , ñëîæåíèå è óìíîæåíèå äåéñòâèòåëüíûõ÷èñåë.4.15. K = {− a
2k−1 |a ∈ Z, k ∈ N} , ñëîæåíèå è óìíîæåíèå äåéñòâèòåëü-íûõ ÷èñåë.
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5.ßâëÿåòñÿ ëè ìíîæåñòâî P ñ óêàçàííûìè îïåðàöèÿìè ñëîæåíèÿ èóìíîæåíèÿ ïîëåì?5.1. P = {(a, b) | a, b ∈ R}, (a, b)+(c, d) = (a+c, b+d), (a, b)(c, d) = (ac, bd).5.2. P = { a
2k+1 | a ∈ Z, k ∈ N} , ñëîæåíèå è óìíîæåíèå äåéñòâèòåëüíûõ÷èñåë.5.3. P = R , ñëîæåíèå äåéñòâèòåëüíûõ ÷èñåë, óìíîæåíèå: a ∗ b = 2ab.5.4. P = {a+ b

√
5 | a, b ∈ Q} , ñëîæåíèå è óìíîæåíèå äåéñòâèòåëüíûõ÷èñåë.5.5. P = {(a, 0) | a ∈ R}, (a, 0) + (b, 0) = (a + b, 0), (a, 0)(b, 0) = (ab, 0).5.6. P = {(0, b) | b ∈ R}, (0, a) + (0, b) = (0, a + b), (0, a)(0, b) = (0, ab).5.7. P = Q , ñëîæåíèå ðàöèîíàëüíûõ ÷èñåë, óìíîæåíèå: a ∗ b = −3ab.5.8. P = {a+ b

√
2 | a, b ∈ Q} , ñëîæåíèå è óìíîæåíèå äåéñòâèòåëüíûõ÷èñåë.5.9. P = { a

4k−1 | a ∈ Z, k ∈ N} , ñëîæåíèå è óìíîæåíèå äåéñòâèòåëü-íûõ ÷èñåë.5.10. P = {a+b
√

3 | a, b ∈ Q} , ñëîæåíèå è óìíîæåíèå äåéñòâèòåëüíûõ÷èñåë.5.11. P = { a
3k−1 | a ∈ Z, k ∈ N} , ñëîæåíèå è óìíîæåíèå äåéñòâèòåëü-íûõ ÷èñåë.5.12. P = { a
5k−1 | a ∈ Z, k ∈ N} , ñëîæåíèå è óìíîæåíèå äåéñòâèòåëü-íûõ ÷èñåë.5.13. P = {− a

2k−1 | a ∈ Z, k ∈ N} , ñëîæåíèå è óìíîæåíèå äåéñòâè-òåëüíûõ ÷èñåë.5.14. P = {(a, b) | a, b ∈ R}, (a, b) + (c, d) = (a, d), (a, b)(c, d) = (ac, bd).5.15. P = {a−b
√

3 | a, b ∈ Q} , ñëîæåíèå è óìíîæåíèå äåéñòâèòåëüíûõ÷èñåë.

22



ÄÎÏÎËÍÈÒÅËÜÍÛÅ ÇÀÄÀ×È1.Ïðèâåäèòå ïðèìåð ïîëóãðóïïû, êîòîðàÿ íå ÿâëÿåòñÿ ìîíîèäîì.2.Ïðèâåäèòå ïðèìåð êîëüöà, êîòîðîå íå ÿâëÿåòñÿ ïîëåì.3.Ïîñòðîèòü ïîëå èç òðåõ ýëåìåíòîâ. Êàêîâà õàðàêòåðèñòèêà ýòîãîïîëÿ.4.Äîêàæèòå, ÷òî ìíîæåñòâî H = {f1(x) = x, f2(x) = x−1
x+1 , f3(x) =

= − 1
x
, f4(x) = −x+1

x−1} ñ îïåðàöèåé óìíîæåíèÿ * ,ÿâëÿåòñÿ ãðóïïîé, åñëè
(fi ∗ fj)(x) = fi(fj(x)) ∀i, j ∈ {1, 2, 3, 4, }, ∀x ∈ R \ {−1, 0, 1}.5.Äîêàæèòå, ÷òî ìíîæåñòâî �óíêöèé H = {x, 1−x, 1

x
, 1

1−x
, − x

1−x
, −

−1−x
x
}, îïðåäåëåííûõ íà R \ {0, 1} , ÿâëÿåòñÿ ãðóïïîé îòíîñèòåëüíî êîì-ïîçèöèè �óíêöèé, (ñì. ïðåäûäóùóþ çàäà÷ó).6.Ïóñòü P (X) - ìíîæåñòâî âñåõ ïîäìíîæåñòâ çàäàííîãî ìíîæåñòâà

X. Îïðåäåëèì îïåðàöèè ñëîæåíèÿ è óìíîæåíèÿ ñëåäóþùèì îáðàçîì: A +
+B = (A∪B)\(A∩B), A∗B = A∩B ∀A, B ∈ P (X). Áóäåò ëè ìíîæåñòâî
P (X) êîëüöîì, ïîëåì?
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ËÀÁÎ�ÀÒÎ�ÍÀß �ÀÁÎÒÀ � 3.Ïåðåñòàíîâêè.Âîïðîñû äëÿ ñàìîêîíòðîëÿ.1.Ñèììåòðè÷åñêàÿ ãðóïïà.Âçàèìíî îäíîçíà÷íîå îòîáðàæåíèå (áèåêöèÿ) ìíîæåñòâà. Ïåðåñòàíîâ-êà. Óìíîæåíèå ïåðåñòàíîâîê è åãî ñâîéñòâà. Îáðàòíàÿ ïåðåñòàíîâêà è å¼íàõîæäåíèå. ×èñëî ïåðåñòàíîâîê èç n ñèìâîëîâ.2.�àçëîæåíèå ïåðåñòàíîâîê â ïðîèçâåäåíèå íåçàâèñèìûõ öèêëîâè â ïðîèçâåäåíèå òðàíñïîçèöèé.Öèêë äëèíû k, åãî çàïèñü. Çàâèñèìûå è íåçàâèñèìûå öèêëû. Óìíîæå-íèå öèêëîâ. �àçëîæåíèå ïåðåñòàíîâêè â ïðîèçâåäåíèå íåçàâèñèìûõ öèêëîâ.Òðàíñïîçèöèÿ. �àçëîæåíèå öèêëà â ïðîèçâåäåíèå òðàíñïîçèöèé. �àçëîæå-íèå ïåðåñòàíîâêè â ïðîèçâåäåíèå òðàíñïîçèöèé.3.Çíàê ïåðåñòàíîâêè.Ôîðìóëà çíàêà ïåðåñòàíîâêè. ×åòíûå è íå÷åòíûå ïåðåñòàíîâêè. Çíàêòðàíñïîçèöèè è òîæäåñòâåííîé ïåðåñòàíîâêè. Ìóëüòèïëèêàòèâíîñòüçíàêà. Çíàê îáðàòíîé ïåðåñòàíîâêè. Âû÷èñëåíèå çíàêà ïåðåñòàíîâêè.4. Çíàêîïåðåìåííàÿ ãðóïïà.×¼òíûå ïåðåñòàíîâêè è ñâîéñòâà èõ óìíîæåíèÿ. ×èñëî ÷¼òíûõ ïåðå-ñòàíîâîê ñòåïåíè n.Ïðèìåðû ðåøåíèÿ è î�îðìëåíèÿ çàäà÷.Ïðèìåð 1.Äàíû ïåðåñòàíîâêè
α =

(

1 2 3 4 5 6
2 1 5 3 4 6

)

,

β =
(

1 2 3 4
)

, ïðèíàäëåæàùèå ñèììåòðè÷åñêîé ãðóïïå S6 ñòåïåíè 6.à) Âû÷èñëèòü α−1,β−2,αβ. á) �àçëîæèòü αβ â ïðîèçâåäåíèå òðàíñïîçèöèé.â) Âû÷èñëèòü çíàê ïåðåñòàíîâêè (αβ)−1.�åøåíèå. à) Äëÿ íàõîæäåíèÿ α−1 íåîáõîäèìî â ïåðåñòàíîâêå α ïîìå-íÿòü ìåñòàìè ñòðîêè, à çàòåì ïåðåñòàâèòü ñòîëáöû òàê, ÷òîáû ïåðâàÿñòðîêà áûëà óïîðÿäî÷åíà ïî âîçðàñòàíèþ
α−1 =

(

1 2 3 4 5 6
2 1 5 3 4 6

)−1

=

(

2 1 5 3 4 6
1 2 3 4 5 6

)

=

(

1 2 3 4 5 6
2 1 4 5 3 6

)
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×òîáû âû÷èñëèòü β−2, ïåðåéä¼ì ê òàáëè÷íîé çàïèñè ïåðåñòàíîâêè β.Òàê êàê β ∈ S6, òî
β = (1234) = (1234)(5)(6) =

(

1 2 3 4 5 6
2 3 4 1 5 6

)

.Òåïåðü âû÷èñëèì β−2 :

β−2 = (β−1)2 =

(

1 2 3 4 5 6
2 3 4 1 5 6

)−1

·
(

1 2 3 4 5 6
2 3 4 1 5 6

)−1

=

=

(

2 3 4 1 5 6
1 2 3 4 5 6

)

·
(

2 3 4 1 5 6
1 2 3 4 5 6

)

=

(

1 2 3 4 5 6
4 1 2 3 5 6

)2

=

=

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓
4 1 2 3 5 6
↓ ↓ ↓ ↓ ↓ ↓
3 4 1 2 5 6 =

=

(

1 2 3 4 5 6
3 4 1 2 5 6

)

Âû÷èñëèì αβ :

αβ =

(

1 2 3 4 5 6
2 1 5 3 4 6

) (

1 2 3 4 5 6
2 3 4 1 5 6

)

=













1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓
2 3 4 1 5 6
↓ ↓ ↓ ↓ ↓ ↓
1 5 3 2 4 6













=

=

(

1 2 3 4 5 6
1 5 3 2 4 6

)

.á) Ïåðåñòàíîâêà αβ =

(

1 2 3 4 5 6
1 5 3 2 4 6

) ïåðåâîäèò 1 → 1, 2 → 5 →

4 → 2, 3 → 3, 6 → 6, ïîýòîìó (

1 2 3 4 5 6
1 5 3 2 4 6

)

= (1)(254)(3)(6)−
−ðàçëîæåíèå ïåðåñòàíîâêè αβ â ïðîèçâåäåíèå íåçàâèñèìûõ öèêëîâ.×òîáû ïðåäñòàâèòü ïåðåñòàíîâêó αβ â âèäå ïðîèçâåäåíèÿ òðàíñïîçè-öèé, êàæäûé öèêë äëèíû áîëüøå 2 ðàçëîæèì â ïðîèçâåäåíèå òðàíñïîçèöèé:
(254) = (24)(25) è αβ = (1)(24)(25)(3)(6).Îïóñêàÿ öèêëû äëèíû 1, ïîëó÷èì ðàçëîæåíèå αβ â ïðîèçâåäåíèå òðàíñ-ïîçèöèé, ò.å.

αβ = (24)(25).â) Çíàê ïåðåñòàíîâêè âû÷èñëèì ïî �îðìóëå
sgnτ = (−1)n − c,ãäå n - ñòåïåíü ïåðåñòàíîâêè τ, à  - ÷èñëî å¼ íåçàâèñèìûõ öèêëîâ.25



Òàê êàê (αβ)−1 =

(

1 2 3 4 5 6
1 5 3 2 4 6

)−1

=

(

1 5 3 2 4 6
1 2 3 4 5 6

)

=

=

(

1 2 3 4 5 6
1 4 3 5 2 6

)

= (1)(245)(3)(6), òî =4. Ïîñêîëüêó ïåðåñòàíîâêè
α è β ïðèíàäëåæàò S6, òî (αβ)−1 ∈ S6, ò.å. n=6.Òàêèì îáðàçîì, sgn(αβ)−1 = (−1)6−4 = (−1)2 = 1, ò.å. ïåðåñòàíîâêà
(αβ)−1 ÷¼òíàÿ.Ïðèìåð 2.Íå ïðèáåãàÿ ê òàáëè÷íîé çàïèñè, âû÷èñëèòü β−1, β−2, β−2τ,ãäå β = (1234) ∈ S6 è τ = (2356) ∈ S6.�åøåíèå. Âîçüì¼ì ïåðåñòàíîâêó α = (4321), â êîòîðîé öè�ðû èç ïå-ðåñòàíîâêè β ðàñïîëîæåíû â îáðàòíîì ïîðÿäêå. Ïîêàæåì, ÷òî β−1 = α.Äåéñòâèòåëüíî, βα = [(1234)(5)(6)][(4321)(5)(6)] =

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓
4 1 2 3 5 6
↓ ↓ ↓ ↓ ↓ ↓
1 2 3 4 5 6

=

= (1)(2)(3)(4)(5)(6) = ε, αβ = [(4321)(5)(6)][(1234)(5)(6)] =

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓
2 3 4 1 5 6
↓ ↓ ↓ ↓ ↓ ↓
1 2 3 4 5 6

=

= (1)(2)(3)(4)(5)(6) = ε, ò.å. βα = αβ = ε, ãäå ε−òîæäåñòâåííàÿ ïåðåñòà-íîâêà. Ïîýòîìó α = β−1.Âû÷èñëèì β−2. Òàê êàê β−2 = (β−1)2, òî èìååì
β−2 = [(4321)(5)(6)][(4321)(5)(6)] =

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓
4 1 2 3 5 6
↓ ↓ ↓ ↓ ↓ ↓
3 4 1 2 5 6

= (13)(24)(5)(6).

Íàéä¼ì β−2τ

β−2τ = [(13)(24)(5)(6)][(2356)(1)(4)] =

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓
1 3 5 4 6 2
↓ ↓ ↓ ↓ ↓ ↓
3 1 5 2 6 4

= (135642).

Îòâåò: β−1 = (4321)(5)(6), β−2 = (13)(24)(5)(6), β−2τ = (135642).26



Ïðèìåð 3.Íàéòè α50, åñëè α =

(

1 2 3 4 5 6
5 6 1 3 4 2

)

.�åøåíèå. Íàéä¼ì íàèìåíüøåå íàòóðàëüíîå ÷èñëî n òàêîå, ÷òî αn = ε,ãäå ε−òîæäåñòâåííàÿ ïåðåñòàíîâêà.
α2 =

(

1 2 3 4 5 6
5 6 1 3 4 2

) (

1 2 3 4 5 6
5 6 1 3 4 2

)

=

(

1 2 3 4 5 6
4 2 5 1 3 6

)

,

α3 = α·α2 =

(

1 2 3 4 5 6
5 6 1 3 4 2

)(

1 2 3 4 5 6
4 2 5 1 3 6

)

=

(

1 2 3 4 5 6
3 6 4 5 1 2

)

,

α4 = α·α3 =

(

1 2 3 4 5 6
5 6 1 3 4 2

)(

1 2 3 4 5 6
3 6 4 5 1 2

)

=

(

1 2 3 4 5 6
1 2 3 4 5 6

)

=

= ε.Çíà÷èò, n=4 . Òîãäà
α50 = α4·12+2 = (α4)12 · α2 = ε12 · α2 = α2 =

(

1 2 3 4 5 6
4 2 5 1 3 6

)

.Ïðèìåð 4.Ïðè êàêèõ i, j, k ïåðåñòàíîâêà α =

(

2 5 k 3 6 1
i j 3 5 1 4

) íå÷¼ò-íàÿ?�åøåíèå. Çàìåòèì, ÷òî â êàæäîé ñòðîêå ïåðåñòàíîâêè âñå öè�ðûäîëæíû áûòü ðàçëè÷íûìè. Òàê êàê α−ïåðåñòàíîâêà ñòåïåíè 6, òî â ïåðâîéñòðîêå k=4, à âî âòîðîé ñòðîêå äëÿ i è j âîçìîæíû äâà ñëó÷àÿ.1-é ñëó÷àé: i=2, j=6. Òîãäà ïåðåñòàíîâêà α èìååò âèä
α =

(

2 5 4 3 6 1
2 6 3 5 1 4

)

=

(

1 2 3 4 5 6
4 2 5 3 6 1

)

.Òàê êàê α = (14356) öèêë äëèíû 5, òî α−÷¼òíàÿ ïåðåñòàíîâêà.s 2-é ñëó÷àé: i=6, j=2. Òîãäà
α =

(

2 5 4 3 6 1
6 2 3 5 1 4

)

=

(

1 2 3 4 5 6
4 6 5 3 2 1

)

= (143526).Ñëåäîâàòåëüíî, ïåðåñòàíîâêà α íå÷¼òíàÿ.Îòâåò: i=6, j=2, k=4.Ïðèìåð 5.Íàéòè ïåðåñòàíîâêó α èç ðàâåíñòâà
(135)(23)α =

(

1 2 3 4 5
4 2 1 3 5

)

.
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�åøåíèå. Ïåðåñòàíîâêà (135)(23) ÿâëÿåòñÿ ïðîèçâåäåíèåì çàâèñèìûõöèêëîâ. Ïðåäñòàâèì ýòó ïåðåñòàíîâêó â òàáëè÷íîé çàïèñè. Äëÿ ýòîãî ïðå-æäå ïåðåìíîæèì öèêëû.
(135)(23) = (1325) =

(

1 2 3 4 5
3 5 2 4 1

)

.Èòàê,
(

1 2 3 4 5
3 5 2 4 1

)

α =

(

1 2 3 4 5
4 2 1 3 5

)

.Òîãäà
(

1 2 3 4 5
3 5 2 4 1

)−1 (

1 2 3 4 5
3 5 2 4 1

)

α =

(

1 2 3 4 5
3 5 2 4 1

)−1 (

1 2 3 4 5
4 2 1 3 5

)

,îòêóäà
α =

(

1 2 3 4 5
3 5 2 4 1

)−1 (

1 2 3 4 5
4 2 1 3 5

)

=

(

1 2 3 4 5
5 3 1 4 2

) (

1 2 3 4 5
4 2 1 3 5

)

=

=

(

1 2 3 4 5
4 3 5 1 2

)

.Çàäàíèå ê ëàáîðàòîðíîé ðàáîòå.1.Âû÷èñëèòü α−1, αβ, βα, β−2, (αβ)2, (βα)−1.1.1. α =

(

1 2 3 4 5 6 7 8
2 8 1 3 5 7 6 4

), β =

(

1 2 3 4 5 6 7 8
7 4 2 1 8 5 3 6

)

.1.2. α =

(

1 2 3 4 5 6 7 8
3 8 7 6 5 4 2 1

), β =

(

1 2 3 4 5 6 7 8
6 1 7 3 5 8 4 2

)

.1.3. α =

(

1 2 3 4 5 6 7 8 9
4 3 2 7 1 6 5 9 8

), β =

(

1 2 3 4 5 6 7 8 9
9 4 2 3 7 1 6 5 8

)

.1.4. α =

(

1 2 3 4 5 6 7 8 9
5 7 1 4 6 8 2 3 9

), β =

(

1 2 3 4 5 6 7 8 9
3 4 9 2 1 6 8 5 7

)

.1.5. α =

(

1 2 3 4 5 6 7 8 9
2 8 1 6 3 7 4 9 5

), β =

(

1 2 3 4 5 6 7 8 9
5 3 2 1 4 8 9 7 6

)

.1.6. α =

(

1 2 3 4 5 6 7 8 9
6 9 3 2 7 5 1 8 4

), β =

(

1 2 3 4 5 6 7 8 9
7 6 1 8 4 2 9 5 3

)

.1.7. α =

(

1 2 3 4 5 6 7 8
7 1 5 2 3 6 8 4

), β =

(

1 2 3 4 5 6 7 8
8 7 1 2 3 5 4 6

)

.1.8. α =

(

1 2 3 4 5 6 7 8 9
8 5 7 3 6 1 9 2 4

), β =

(

1 2 3 4 5 6 7 8 9
4 8 2 5 1 7 6 3 9

)
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1.9. α =

(

1 2 3 4 5 6 7 8 9
6 2 8 1 3 7 4 9 5

), β =

(

1 2 3 4 5 6 7 8 9
9 5 1 2 4 8 7 6 3

).1.10. α =

(

1 2 3 4 5 6 7 8
6 4 1 5 7 8 2 3

), β =

(

1 2 3 4 5 6 7 8
7 1 6 3 5 4 8 2

).1.11. α =

(

1 2 3 4 5 6 7 8 9
3 4 2 9 6 7 1 5 8

), β =

(

1 2 3 4 5 6 7 8 9
7 3 6 5 4 1 2 9 8

).1.12. α =

(

1 2 3 4 5 6 7 8
7 5 8 3 2 1 6 4

), β =

(

1 2 3 4 5 6 7 8
3 2 4 7 6 1 5 8

).1.13. α =

(

1 2 3 4 5 6 7 8 9
4 1 3 7 6 5 2 9 8

), β =

(

1 2 3 4 5 6 7 8 9
6 4 9 1 3 7 5 8 2

).1.14. α =

(

1 2 3 4 5 6 7 8 9
4 3 8 2 9 5 7 1 6

), β =

(

1 2 3 4 5 6 7 8 9
7 1 9 5 4 2 6 8 3

).1.15. α =

(

1 2 3 4 5 6 7 8 9
5 7 4 2 1 6 3 9 8

), β =

(

1 2 3 4 5 6 7 8 9
9 1 6 3 7 4 5 2 8

).2.Çàïèñàòü ïåðåñòàíîâêè α, β, αβ, βα èç çàäàíèÿ 1 â âèäå ïðîèçâåäåíèÿíåçàâèñèìûõ öèêëîâ è â âèäå ïðîèçâåäåíèÿ òðàíñïîçèöèé. Êàêîâà ÷¼òíîñòüýòèõ ïåðåñòàíîâîê?3.Çàïèñàòü â âèäå òàáëèöû ïåðåñòàíîâêè σ è τ .3.1. σ = (143)(25)(679), τ = (214)(345)(56)(13).3.2. σ = (13245)(15)(246), τ = (137)(65)(49).3.3. σ = (235)(147)(68), τ = (3567)(15)(364).3.4. σ = (31)(14)(2561), τ = (357)(62)(18).3.5. σ = (12356)(479), τ = (4356)(627)(145).3.6. σ = (32)(257)(4316), τ = (431)(267)(89).3.7. σ = (146)(245)(36), τ = (3564)(127).3.8. σ = (125)(439)(68), τ = (143)(3526)(125).3.9. σ = (26)(6371)(145), τ = (25)(437)(69).3.10. σ = (139)(27)(64), τ = (2594)(142)(659).3.11. σ = (12)(25)(5437)(13), τ = (14)(357)(62).3.12. σ = (156)(4392), τ = (172)(289)(7814).3.13. σ = (4513)(279), τ = (1354)(324)(672).3.14. σ = (157)(645)(213), τ = (124)(387)(65).3.15. σ = (263)(17)(89), τ = (145)(3467)(562).4.Âû÷èñëèòü σ−1, τ−1, στ , τσ, (τσ)−1, íå ïðèáåãàÿ ê òàáëè÷íîé çàïèñè.5.Íàéòè íàèìåíüøèå íàòóðàëüíûå ÷èñëà n è m, ïðè êîòîðûõ αn = βm =
= ε, ãäå α, β� ïåðåñòàíîâêè èç çàäàíèÿ 1, ε� òîæäåñòâåííàÿ ïåðåñòàíîâêà.Íàéòè α100 è β150.6.Îïðåäåëèòü ÷¼òíîñòü ïåðåñòàíîâîê σ, τ , σ−1, στ , τσ, τ 2σ, τστ .29



7.Ïðè êàêèõ çíà÷åíèÿõ i, j, k ïåðåñòàíîâêà γ ÷¼òíàÿ? Ïðè êàêèõ çíà÷å-íèÿõ i.j,k ïåðåñòàíîâêà χ íå÷¼òíàÿ?7.1. γ =

(

1 2 3 4 5 6
i 3 j 12 6 k

), χ =

(

2 i 4 3 k 1 7
1 5 3 j 4 2 6

).7.2. γ =

(

1 2 3 4 5 6 7
3 i 1 j k 4 2

), χ =

(

i 3 4 5 j 6 5
7 1 k 4 3 2 1

).7.3. γ =

(

1 2 3 4 5 6 7
j k 1 3 i 7 5

), χ =

(

1 3 7 i k 2 4
j 2 7 6 5 1 4

).7.4. γ =

(

1 2 3 4 5 6 7 8
i 2 5 3 j k 4 7

), χ =

(

2 i j 6 4 1
k 1 4 3 2 5

).7.5. γ =

(

1 2 3 4 5 6 7
k i 1 7 j 5 4

), χ =

(

3 k 4 i 1 6 7
1 4 2 5 6 7 j

).7.6. γ =

(

1 2 3 4 5 6 7 8
2 i 4 8 j k 1 3

), χ =

(

1 k j 2 4 7 5
i 1 7 6 4 2 5

).7.7. γ =

(

1 2 3 4 5 6 7
7 i 2 j 1 4 k

), χ =

(

5 i 2 k 3 1
1 j 4 2 5 6

).7.8. γ =

(

1 2 3 4 5 6 7 8
i 3 j k 2 1 4 5

), χ =

(

6 2 k 1 i 3
j 1 4 5 2 3

).7.9. γ =

(

1 2 3 4 5 6 7 8 9
j 3 1 i k 2 9 4 7

), χ =

(

5 k j 1 4 3
i 1 5 6 2 4

).7.10. γ =

(

1 2 3 4 5 6 7 8
3 i j 2 k 1 8 6

), χ =

(

6 2 j k 1 3 7
i 5 4 3 7 1 2

).7.11. γ =

(

1 2 3 4 5 6 7
i 2 1 j 4 5 k

), χ =

(

5 k 4 i 1 2
1 j 3 2 6 4

).7.12. γ =

(

1 2 3 4 5 6
i 3 j k 4 1

), χ =

(

4 2 i k 1 7 6
j 1 4 5 3 7 2

).7.13. γ =

(

1 2 3 4 5 6 7
i 1 k 7 6 j 4

), χ =

(

5 i j 1 3 2
k 2 1 4 3 6

).7.14. γ =

(

1 2 3 4 5 6 7 8
2 i 1 3 k j 8 6

), χ =

(

6 i k 1 2 7 4
1 j 3 5 4 2 6

).7.15. γ =

(

1 2 3 4 5 6 7
6 j i 1 k 4 3

), χ =

(

4 3 i k 1 5
j 1 2 5 4 3

).8.Íàéòè ïåðåñòàíîâêè λ è µ èç ðàâåíñòâ αλβ = σ, σµα = tau, ãäå α è
β� ïåðåñòàíîâêè èç çàäàíèÿ 1, σ, τ� ïåðåñòàíîâêè èç çàäàíèÿ 3.
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ËÀÁÎ�ÀÒÎ�ÍÀß �ÀÁÎÒÀ � 4.Ìàòðèöû è äåéñòâèÿ íàä íèìè.Âîïðîñû äëÿ ñàìîêîíòðîëÿ.1. Ìàòðèöû è äåéñòâèÿ íàä íèìè.
k×l - Ìàòðèöà. Ñòðîêè è ñòîëáöû, èõ çàïèñü. �àâåíñòâî äâóõ ìàòðèö.Êâàäðàòíàÿ ìàòðèöà, äèàãîíàëè. Åäèíè÷íàÿ ìàòðèöà. Ñëîæåíèå ìàòðèöè óìíîæåíèå ìàòðèö íà ÷èñëî, îñíîâíûå ñâîéñòâà. Íóëåâàÿ ìàòðèöà. Ïðî-òèâîïîëîæíàÿ ìàòðèöà.2. Óìíîæåíèå ìàòðèö.Ïðîèçâåäåíèå ñòðîêè íà ñòîëáåö. Óìíîæåíèå ìàòðèö è åãî ñâîéñòâà.Óìíîæåíèå íà åäèíè÷íóþ ìàòðèöó. Äèñòðèáóòèâíîñòü óìíîæåíèÿ ìà-òðèö îòíîñèòåëüíî ñëîæåíèÿ.3.Òðàíñïîíèðîâàíèå.Òðàíñïîíèðîâàíèå ìàòðèö è åãî ñâîéñòâà.4. Ýëåìåíòàðíûå ïðåîáðàçîâàíèÿ ìàòðèö.Ýëåìåíòàðíûå ïðåîáðàçîâàíèÿ ìàòðèö 1-ãî è 2-ãî ðîäà. Ïåðåñòàíîâêàñòðîê ìàòðèöû. Ñòóïåí÷àòàÿ ìàòðèöà è ïðèâåäåíèå ïðîèçâîëüíîé ìà-òðèöû ê ñòóïåí÷àòîìó âèäó ñ ïîìîùüþ ýëåìåíòàðíûõ ïðåîáðàçîâàíèé.5. Ñèñòåìû ëèíåéíûõ óðàâíåíèé è ìåòîä �àóññà.Ñèñòåìû ëèíåéíûõ óðàâíåíèé, å¼ íåèçâåñòíûå, êîý��èöèåíòû è ñâî-áîäíûå ÷ëåíû. Ìàòðèöà ñèñòåìû, ðàñøèðåííàÿ ìàòðèöà. Ìàòðè÷íàÿ çà-ïèñü ñèñòåìû, ñòîëáåö íåèçâåñòíûõ, ñòîëáåö ñâîáîäíûõ ÷ëåíîâ. �åøåíèÿñèñòåìû ëèíåéíûõ óðàâíåíèé. Ñîâìåñòíàÿ è íåñîâìåñòíàÿ ñèñòåìà. Ýëå-ìåíòàðíûå ïðåîáðàçîâàíèÿ ñèñòåìû ëèíåéíûõ óðàâíåíèé. �àâíîñèëüíûå ñè-ñòåìû. Ñòóïåí÷àòàÿ ñèñòåìà. �åøåíèå ñèñòåìû ëèíåéíûõ óðàâíåíèé ìå-òîäîì �àóññà.Ïðèìåðû ðåøåíèÿ è î�îðìëåíèÿ çàäà÷.Ïðèìåð 1.Âû÷èñëèòü

2A − BC,åñëè
A =

(

−2 1
1 −3

)

, B =

(

3 0 2
0 1 2

)

, C =





1 −2
2 −1
−1 1



 .�åøåíèå. Ïåðåìíîæèì ìàòðèöû B è C31



BC =

(

3 0 2
0 1 2

)





1 −2
2 −1
−1 1



 =

=

(

3 · 1 + 0 · 2 + 2 · (−1) 3 · (−2) + 0 · (−1) + 2 · 1
0 · 1 + 1 · 2 + 2 · (−1) 0 · (−2) + 1 · (−1) + 2 · 1

)

=

(

1 −4
0 1

)

.Òàê êàê
2A = 2

(

−2 1
1 −3

)

=

(

−4 2
2 −6

)

,òî
2A − BC =

(

−2 2
2 −6

)

−
(

1 −4
0 1

)

=

(

−5 6
2 −7

)

.Îòâåò: 2A − BC =

(

−5 6
2 −7

)

.Ïðèìåð 2.�åøèòü ñèñòåìó ìàòðè÷íûõ óðàâíåíèé














2X − Y =

(

0 1
−1 0

)

,

3X + 2Y =

(

1 −2
0 1

)

,�åøåíèå. Óìíîæèì ïåðâîå óðàâíåíèå íà 2 è ñëîæèì ñî âòîðûì
4X − 2Y + 3X + 2Y = 2

(

0 1
−1 0

)

+

(

1 −2
0 1

)

,

7X =

(

1 −0
−2 1

)

.

X =

(

1
7

0
−2

7
1
7

)

.Èç ïåðâîãî óðàâíåíèÿ ñèñòåìû
Y = 2X −

(

0 1
−1 0

)

= 2

(

1
7 0
−2

7
1
7

)

−
(

0 1
−1 0

)

=

(

2
7 −1
3
7

2
7

)

.Îòâåò:
X =

(

1
7 0
−2

7
1
7

)

, Y =

(

2
7 −1
3
7

2
7

)

.32



Ïðèìåð 3.Íàéòè ìàòðèöû
X =

(

x −y

−y x

)óäîâëåòâîðÿþùèå óðàâíåíèþ f(X) = 0, åñëè f(x) = x2 − 4x + 3.�åøåíèå. Íàéä¼ì çíà÷åíèå òð¼õ÷ëåíà f(x) îò X

f(X) = X2 − 4X1 + 3X0 =

(

x −y

−y x

) (

x −y

−y x

)

− 4

(

x −y

−y x

)

+

+ 3

(

1 0
0 1

)

=

(

x2 + y2 −xy

−xy x2 + y2

)

−
(

4x −4y
−4y 4x

)

+

(

3 0
0 3

)

=

=

(

x2 + y2 − 4x + 3 −2xy + 4y
−2xy + 4y x2 + y2 − 4x + 3

), Òîãäà èç ðàâåíñòâà
(

x2 + y2 − 4x + 3 −2xy + 4y
−2xy + 4y x2 + y2 − 4x + 3

)

=

(

0 0
0 0

)ïîëó÷àåì ñèñòåìó óðàâíåíèé
{

x2 + y2 − 4x + 3 = 0,
−2xy + 4y = 0Èç âòîðîãî óðàâíåíèÿ y(−2x + 4 = 0) ñëåäóåò, ÷òî ëèáî y = 0, ëèáî

x = 2.Åñëè y = 0, òî èç ïåðâîãî óðàâíåíèÿ ñèñòåìû ïîëó÷àåì
x2 − 4x + 3 = 0,îòêóäà x1 = 1, x2 = 3.Åñëè x = 2, òî èç ïåðâîãî óðàâíåíèÿ

y2 = 1èëè y1 = 1, y2 = −1.Îòâåò:
X1 =

(

1 0
0 1

)

, X2 =

(

3 0
0 3

)

, X3 =

(

2 −1
−1 2

)

, X4 =

(

2 1
1 2

)

.Ïðèìåð 4. �åøèòü ñèñòåìó ëèíåéíûõ óðàâíåíèé ìåòîäîì �àóññà.






2x1 − 3ix2 + x3 = 3
−3x1 + (1 − i)x2 + ix3 = i − 3
4x1 + x2 − 2ix3 = 4 − 2i33



�åøåíèå. Âûïèøåì ðàñøèðåííóþ ìàòðèöó ñèñòåìû ñ ïîìîùüþ ýëå-ìåíòàðíûõ ïðåîáðàçîâàíèé ñòðîê ïðèâåä¼ì å¼ ê ñòóïåí÷àòîìó âèäó




2 −3i 1 3
−3 1 − i i i − 3
4 1 −2i 4 − 2i



 ∼





2 −3i 1 3
0 2 − 11i 3 + 2i 3 + 2i
0 1 + 6i −2 − 2i −2 − 2i



 .Ìû êî âòîðîé ñòðîêå, óìíîæåííîé íà 2, ïðèáàâèëè ïåðâóþ, óìíîæåí-íóþ íà 3; ê òðåòüåé ñòðîêå ïðèáàâèëè ïåðâóþ, óìíîæåííóþ íà -2.Òåïåðü ê òðåòüå ñòðîêå, óìíîæåííîé íà -2+11i, ïðèáàâèëè âòîðóþ,óìíîæåííóþ íà 1+6i. Ïîëó÷èì ìàòðèöó




2 −3i 1 3
0 2 − 11i 3 + 2i 3 + 2i
0 0 17 + 2i 17 + 2i



 ,êîòîðàÿ ÿâëÿåòñÿ ìàòðèöåé ñòóïåí÷àòîãî âèäà. Çàïèøåì ñèñòåìó, ñîîò-âåòñòâóþùóþ ýòîé ìàòðèöå.






2x1 − 3ix2 + x3 = 3,
(2 − 11i)x2 + (3 + 2i)x3 = 3 + 2i,
(17 + 2i)x3 = 17 + 2iÏðåîáðàçîâàííàÿ ñèñòåìà èìååò òðè óðàâíåíèÿ ñ òðåìÿ íåèçâåñòíûìè è,çíà÷èò, åäèíñòâåííîå ðåøåíèå.Èç òðåòüåãî óðàâíåíèÿ ñèñòåìû x3 = 1. Ïîäñòàâëÿÿ x3 = 1 âî âòîðîåóðàâíåíèå, íàéä¼ì x2 = 0. Èç ïåðâîãî óðàâíåíèÿ x1 = 1.Ïðîâåðêà.

2 · 1− 3i · 0 + 1 = 3, (−3) · 1 + (1− i) · 0 + i · 1 = i− 3, 4 · 1 + 0− 2i · 1 = 4− 2i.Îòâåò: x1 = 1, x2 = 0, x3 = 1.Çàäàíèå ê ëàáîðàòîðíîé ðàáîòå.1.Âû÷èñëèòü AB, BA, CB, CAB è çíà÷åíèå ìíîãî÷ëåíà f(x) = x3−5x2+
+ 2x + 4 îò ìàòðèöû B.1.1.

A =





2 0 i

−1 2 3
2i 1 1



 , B =





1 2 −3
−2 −4 10
−1 −2 7



 , C =









1 −2 4
3 2 1
−1 4 0
0 2 3









.34



1.2.
A =





0 1 −2
−2 0 i − 1
1 −i −1



 , B =





2 1 −1
−6 −3 6
−4 −2 5



 , C =









2 1 −2
3 2 0
−1 1 4
2 2 1









.1.3.
A =





1 0 2
i −1 4
2 −2 i



 , B =





−3 2 0
1 −4 1
−2 −2 1



 , C =









−1 4 3
2 1 5
−5 1 4
3 0 2









.1.4.
A =





−2 3 1
0 2i 1
1 2 i



 , B =





1 2 3
−3 −2 1
−2 0 4



 , C =









4 3 1
2 1 0
−3 2 1
1 4 3









.1.5.
A =





−3 0 1 − i

0 2 3
−1 −i −1



 , B =





4 3 0
−5 2 1
−1 5 1



 , C =









−2 1 3
3 2 0
−1 4 2
5 1 6









.1.6.
A =





3 1 −1
−2 0 i

2 i 3



 , B =





5 7 −1
2 0 −3
3 7 2



 , C =









1 4 −3
2 0 2
−3 1 1
−1 2 4









.1.7.
A =





4 0 5
−2 1 3i
−i 1 −1



 , B =





4 −3 5
1 2 6
3 −5 1



 , C =









2 −1 4
−3 0 2
1 4 3
−2 4 5









.35



1.8.
A =





−1 3 i

0 2 −1
i −2 −8



 , B =





0 −2 1
−1 1 2
1 −3 −1



 , C =









2 −1 4
5 1 6
−1 0 2
4 1 5









.1.9.
A =





−1 2 4
0 5 1

1 − i 1 4



 , B =





−3 2 0
2 1 −1
−1 3 −1



 , C =









4 3 −1
2 1 0
−1 5 1
5 6 3









.1.10.
A =





−2 1 i

1 2 0
−i 1 2



 , B =





−4 3 2
−1 2 0
−3 1 2



 , C =









3 −1 2
−1 2 1
0 4 3
5 2 1









.1.11.
A =





3 −4 1
i 0 5
−1 1 i − 1



 , B =





−1 2 3
2 0 1
1 2 4



 , C =









1 4 3
−2 1 1
5 6 3
4 2 0









.1.12.
A =





i 3 1
−2 1 3
1 5 2i



 , B =





−2 1 3
4 5 3
2 6 6



 , C =









2 1 3
−3 4 5
4 1 0
3 2 1









.1.13.
A =





3 1 −2
i 3 2
−2 4i 0



 , B =





−4 2 1
3 0 2
−1 2 3



 , C =









−2 1 3
3 0 2
4 5 1
1 5 −1









.36



1.14.
A =





−3 2 0
i 4 3
2 1 1 − i



 , B =





−1 2 0
0 1 3
1 −1 3



 , C =









1 4 3
−2 1 0
5 5 2
5 1 2









.1.15.
A =





1 4 −3i
2 1 0
−3 i 5



 , B =





3 −2 1
−2 1 0
1 −1 1



 , C =









2 −1 3
−3 4 3
5 2 1
1 0 1









.

2.�åøèòü ìàòðè÷íîå óðàâíåíèå
5X + 3A − 2tB = (2A − 3B)t,ãäå A, B−ìàòðèöû èç çàäàíèÿ 1.3.Íàéòè 2×2−ìàòðèöû X =

(

z w

w z

) íàä ïîëåì C, óäîâëåòâîðÿþùèåóðàâíåíèþ f(X) = 0.3.1. f(x) = x2 + x + 1.3.2. f(x) = 2x2 − x + 2.3.3. f(x) = x2 + 2x + 5.3.4. f(x) = 3x2 + x + 1.3.5. f(x) = −2x2 + 3x − 2.3.6. f(x) = −x2 + x − 2.3.7. f(x) = 5x2 + 3x + 2.3.8. f(x) = x2 + 3x + 4.3.9. f(x) = 2x2 − 3x + 5.3.10. f(x) = 3x2 − 2x + 1.3.11. f(x) = 4x2 + 3x + 2.3.12. f(x) = −2x2 + 3x − 4.3.13. f(x) = 6x2 + 2x + 1.3.14. f(x) = 5x2 − 2x + 2.3.15. f(x) = −3x2 + x − 2.4.Ïðèâåñòè ìàòðèöû A, B, C èç çàäàíèÿ 1 ê ñòóïåí÷àòîìó âèäó.5.�åøèòü ñèñòåìû ëèíåéíûõ óðàâíåíèé ìåòîäîì �àóññà.37



5.1. 













2x1 − x2 + x3 = 4
x1 − 2x2 + x3 = 0
3x1 − 3x2 + 2x3 = 4
6x1 − 4x2 + 3x3 = 6







x1 − 2ix2 + x3 = 1 − i

−2x1 + x2 − x3 = 0
−x1 + (1 − 2i)x2 = 1 − i5.2. 













x1 − x2 + x3 = 4
3x1 − 2x2 − x3 = 2
2x1 − x2 − 2x3 = −2
5x1 − 3x2 − 3x3 = 1







2x1 − x2 + (i − 4)x3 = 1
x1 + ix2 + x3 = i + 2
3x1 + (i − 1)x2 + ix3 = i + 35.3. 













3x1 − x2 + x3 = −4
4x1 + 2x3 = 2
x1 + x2 + x3 = 6
5x1 + x2 + 3x3 = 5







−x1 + x2 − 2ix3 = 4 − 2i
2x1 − 2ix2 + x3 = 0
x1 + (4 − 2i)x2 + (4 − 2i)x3 = 4 − 2i5.4. 













x1 − x2 + 2x3 = 0
3x1 + x2 − x3 = 2
−2x1 − 2x2 + 3x3 = −2
5x1 + 3x2 − 4x3 = 5







3x1 + ix2 − (1 + i)x3 = 2
−2x1 + x2 + 3ix3 = i

x1 + (1 + i)x2 + (2i − 1)x3 = 2 + i5.5. 













x1 − x2 + 2x3 = 4
2x1 − x2 + 3x3 = 2
x1 + x3 = 4
3x1 − x2 + 4x3 = 4







3x1 + 2x2 − ix3 = 4
−2x1 + (i − 2)x2 + x3 = 4i
x1 + ix2 + (1 − i)x3 = 1 + 4i5.6. 













5x1 + x2 − x3 = 0
3x1 − 2x2 = 3
2x1 + 3x2 − x3 = −3
x1 − 5x2 + x3 = 4







x1 + 2x2 − 2ix3 = i + 4
−3x1 − ix2 + 2x3 = 4 − i

−2x1 + (2 − i)x2 + (2 − 2i)x3 = 55.7. 













2x1 − x2 + x3 = 0
4x1 − 2x2 + x3 = 2
−2x1 + x2 = −2
6x1 − 3x2 + 2x3 = 3







3x1 − x2 + 2ix3 = 4
2x1 + ix2 − x3 = −4 + 2i
x1 − (1 + i)x2 + (1 + 2i)x3 = 8 − 2i5.8. 













3x1 + 2x2 − x3 = 1
4x1 + 3x2 = 2
−x1 − x2 − x3 = −1
7x1 + 5x2 − x3 = 2







−2x1 + ix2 + (3 − 3i)x3 = 2
3x1 + x2 − 3x3 = i − 2
x1 + (1 + i)x2 − 3ix3 = i5.9. 













x1 − x2 + 3x3 = 1
2x1 − x2 + x3 = −2
−x1 + 2x3 = 3
3x1 − 2x2 + 4x3 = 3







−x1 + 2x2 − (2 − 3i)x3 = i

2x1 − ix2 − 3ix3 = 1
x1 + (2 − i)x2 − 2x3 = 1 + i
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5.10. 













x1 − x2 + x3 = 2
−3x1 + 2x2 = 1
−2x1 + x2 + x3 = 3
5x1 − 3x2 − x3 = 7







−2x1 + x2 − (2 + i)x3 = 4
3x1 − 2x2 + x3 = 1 − 2i
x1 − x2 − (1 + i)x3 = 5 − 2i5.11. 













3x1 − x2 + x3 = 1
4x1 + 3x2 = 2
−x1 − 4x2 + x3 = −1
2x1 − 5x2 + 2x3 = 2







x1 − 3ix2 + 2x3 = 2 − i

−2x1 + 3x2 − ix3 = 1
−x1 + (3 − 3i)x2 + (2 − i)x3 = 3 − i5.12. 













x1 − x2 + 3x3 = 1
3x1 − 3x2 + x3 = 2
−2x1 + 2x2 + 2x3 = −1
5x1 − 5x2 − x3 = 4







2x1 − x2 + (1 − i)x3 = 2
−3x1 + ix2 + 2x3 = 4 − i

−x1 + (i − 1)x2 + (3 − i)x3 = 6 − i5.13. 













−2x1 + 3x2 − 4x3 = 1
5x1 − x2 + x3 = 2
3x1 + 2x2 − 3x3 = 3
x1 + 5x2 − 7x3 = 5







−3x1 + 2ix2 + ix3 = 1 + 2i
2x1 − ix2 + x3 = 1
−x1 + ix2 + (1 + i)x3 = 2 + 2i5.14. 













−2x1 + x2 − x3 = −3
3x1 − 2x2 = 2
x1 − x2 − x3 = −1
4x1 − 3x2 − x3 = 1







−x1 + x2 + (1 + 2i)x3 = 3i
4x1 − 2ix2 − 2ix3 = 1 + i

3x1 + (1 − 2i)x2 + x3 = 1 + 4i5.15. 













−3x1 + x2 − 2x3 = 2
4x1 − x2 − x3 = 0
x1 − 3x3 = 2
5x1 − x2 − 4x3 = 3







2x1 − 3x2 + ix3 = 2 − 3i
−4x1 + ix2 − (1 + i)x3 = −2
−2x1 + (i − 3)x2 − x3 = −3i6.Ìàòðèöû A è B íàçûâàþòñÿ ïåðåñòàíîâî÷íûìè, åñëè AB = BA. Íàé-òè âñå ìàòðèöû ñ äåéñòâèòåëüíûìè ýëåìåíòàìè, ïåðåñòàíîâî÷íûå ñ ìà-òðèöåé A.6.1.

A =

(

1 1
0 1

)

.6.2.
A =

(

1 −1
0 1

)

.6.3.
A =

(

2 −1
1 −1

)

.6.4.
A =

(

−1 1
1 1

)

.39



6.5.
A =

(

−1 2
1 1

)

.6.6.
A =

(

0 1
−1 1

)

.6.7.
A =

(

0 −1
1 1

)

.6.8.
A =

(

−1 1
2 1

)

.6.9.
A =

(

−2 1
−1 1

)

.6.10.
A =

(

0 −1
1 2

)

.6.11.
A =

(

−1 3
2 1

)

.6.12.
A =

(

1 −2
3 −1

)

.6.13.
A =

(

−1 1
3 1

)

.6.14.
A =

(

−3 1
1 −2

)

.6.15.
A =

(

−1 2
1 0

)

.
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ËÀÁ�ÀÒÎ�ÍÀß �ÀÁÎÒÀ � 5ÎïðåäåëèòåëèÂîïðîñû äëÿ ñàìîêîíòðîëÿ1.Ôîðìóëà îïðåäåëèòåëÿÔîðìóëà îïðåäåëèòåëÿ: ÷èñëî ñëàãàåìûõ â ïðàâîé ÷àñòè �îðìóëû, ÷èñ-ëî ñîìíîæèòåëåé â êàæäîì ñëàãàåìîì, ïðåäñòàâèòåëè ñòðîê è ñòîëá-öîâ, çíàê ñëàãàåìîãî. Îïðåäåëèòåëè âòîðîãî è òðåòüåãî ïîðÿäêà. Îïðåäå-ëèòåëü òðåóãîëüíîé ìàòðèöû. Îïðåäåëèòåëü ìàòðèöû ñ íóëåâîé ñòðîêîéèëè ñòîëáöîì.2.Ñâîéñòâà îïðåäåëèòåëåéÄåéñòâèÿ íàä ìàòðèöåé, íå ìåíÿþùåå å¼ îïðåäåëèòåëü (òðàíñïîíèðîâà-íèå, óìíîæåíèå ñòðîêè íà ÷èñëî è ïðèáàâëåíèå ê äðóãîé ñòðîêå). Ñâîéñòâàîïðåäåëèòåëåé, ñâÿçàííûå ñ ïðîïîðöèîíàëüíûìè ñòðîêàìè, ïåðåñòàíîâêîéñòðîê, óìíîæåíèå ñòðîêè íà ÷èñëî, ðàçëîæåíèå ñòðîêè â ñóììó.3.Îïðåäåëèòåëü êëåòî÷íûõ ìàòðèöÂû÷èñëåíèå îïðåäåëèòåëåé êëåòî÷íûõ ìàòðèö (

A C

O B

), (

A O

C B

),
(

O A

B C

), (

C A

B O

), ãäå A è B � êâàäðàòíûå ìàòðèöû ïîðÿäêîâ n è m.4. Îïðåäåëèòåëü ïðîèçâåäåíèÿ ìàòðèöÄîêàçàòåëüñòâî ìóëüòèïëèêàòèâíîñòè îïðåäåëèòåëÿ.5. Ìèíîðû è àëãåáðàè÷åñêèå äîïîëíåíèÿÌèíîð ýëåìåíòà ìàòðèöû è àëãåáðàè÷åñêîå äîïîëíåíèå. Ëåììà îá îïðå-äåëèòåëå ìàòðèöû, ó êîòîðîé âñå ýëåìåíòû � ñòðîêè, êðîìå ìîæåò áûòüîäíîãî, ðàâíû íóëþ. Âû÷èñëåíèå îïðåäåëèòåëÿ ðàçëîæåíèåì ïî ñòðîêå. �à-âåíñòâî íóëþ ñóììû ïðîèçâåäåíèé ýëåìåíòîâ ñòðîêè íà àëãåáðàè÷åñêèå äî-ïîëíåíèÿ ê ýëåìåíòàì äðóãîé ñòðîêè.6.Ôîðìóëà îáðàòíîé ìàòðèöûÎïðåäåëåíèÿ îáðàòíîé è îáðàòèìîé ìàòðèöû. Åäèíñòâåííîñòü îáðàò-íîé ìàòðèöû. Ìàòðèöà, îáðàòíàÿ ê ïðîèçâåäåíèþ îáðàòèìûõ ìàòðèö.Ïðèñîåäèí¼ííàÿ ìàòðèöà. Ïðîèçâåäåíèå ìàòðèöû è ïðèñîåäèí¼ííîé. Ôîð-ìóëà îáðàòíîé ìàòðèöû. Íåâûðîæäåííàÿ ìàòðèöà. Êðèòåðèé îáðàòèìî-ñòè êâàäðàòíîé ìàòðèöû.7.Íàõîæäåíèå îáðàòíîé ìàòðèöû ñ ïîìîùüþ ýëåìåíòàðíûõ ïðå-îáðàçîâàíèé 41



Ýëåìåíòàðíûå ìàòðèöû. Ñâÿçü ýëåìåíòàðíûõ ïðåîáðàçîâàíèé ñ óìíî-æåíèåì íà ýëåìåíòàðíûå ìàòðèöû. Âû÷èñëåíèå îáðàòíîé ìàòðèöû ñ ïî-ìîùüþ ýëåìåíòàðíûõ ïðåîáðàçîâàíèé.8.Îïðåäåëèòåëü ÂàíäåðìîíäàÎïðåäåëåíèå îïðåäåëèòåëÿ Âàíäåðìîíäà è ñïîñîá åãî âû÷èñëåíèÿ.Ïðèìåðû ðåøåíèÿ è î�îðìëåíèÿ çàäà÷Ïðèìåð1 Âûáðàòü i, j, k òàêèì îáðàçîì, ÷òîáû ñëîãàåìîå a4i, a2k, a32, a4jâõîäèëî â ðàçâ¼ðíóòîå âûðàæåíèå îïðåäåëèòåëÿ ÷åòâ¼ðòîãî ïîðÿäêà ñî çíà-êîì "ìèíóñ".�åøåíèå Òàê êàê ñëàãàåìîå ðàçâ¼ðíóòîãî âûðàæåíèÿ îïðåäåëèòåëÿïðåäñòàâëÿåò ñîáîé ïðîèçâåäåíèå ýëåìåíòîâ, âçÿòûõ ïî îäíîìó èç êàæ-äîé ñòðîêè è êàæäîãî ñòîëáöà, òî â ñëàãàåìîì a4i, a2k, a32, a4j ïåðâûå èí-äåêñû èñ÷åðïûâàþòñÿ ÷åòûðüìÿ öè�ðàìè: 1,2,3,4. Ïîñêîëüêó öè�ðû 1,2,3,4ïðèñóòñòâóþò, òî j=1.Çíàê ñëàãàåìîãî a4i, a2k, a32, a4j ðàâåí çíàêó ïåðåñòàíîâêè
α =

(

4 2 3 4
i k 2 4

)

=

(

1 2 3 4
4 k 2 i

)òàê êàê öè�ðû íèæíåé ñòðîêè ïåðåñòàíîâêè íå ïðåâûøàåò 4 è âñå ðàçëè÷-íû, òî èìååò ìåñòî äâà ñëó÷àÿ:
1)k = 3; i = 1; 2)k = 1; i = 3.�àññìîòðèì ýòè ñëó÷àè.

1)α =

(

1 2 3 4
4 3 2 1

)

= (14)(23)

sgnα = (−1)4−2 = (−1)2 = 1ò.å. ïåðåñòàíîâêà α èìååò çíàê "ïëþñ".
2)α = (

(

1 2 3 4
4 1 2 3

)

= (1432)

sgnα = (−1)4−1 = (−1)3 = −1ò.å. ïåðåñòàíîâêà α èìååò çíàê "ìèíóñ".Òàêèì îáðàçîì, ïðè j = 1, i = 3, k = 1 ñëàãàåìîå a4i, a2k, a32, aj4 âõîäÿòâ ðàçâ¼ðíóòîå âûðàæåíèå îïðåäåëèòåëÿ ÷åòâ¼ðòîãî ïîðÿäêà ñî çíàêîì ñîçíàêîì "ìèíóñ".Îòâåò: i = 3, j = 1, k = 1 42



Ïðèìåð 2.Âû÷èñëèòü îïðåäåëèòåëèa) ∣

∣

∣

∣

57823 −23251
56823 −22251

∣

∣

∣

∣

, b) ∣

∣

∣

∣

∣

∣

1 2 4
1 5 25
1 −1 1

∣

∣

∣

∣

∣

∣�åøåíèå. a) Âû÷òåì èç ïåðâîé ñòðîêè îïðåäåëèòåëÿ âòîðóþ. Òîãäà
∣

∣

∣

∣

57823 −23251
56823 −22251

∣

∣

∣

∣

=

∣

∣

∣

∣

1000 −1000
56823 −22251

∣

∣

∣

∣

= 1000

∣

∣

∣

∣

1 −1
56823 −22251

∣

∣

∣

∣

=

1000(−22251 + 56823) = 1000 · 34572 = 34572000b) Äàííûé îïðåäåëèòåëü ÿâëÿåòñÿ îïðåäåëèòåëåì Âàíäåðìîíäà, òàê êàê
∣

∣

∣

∣

∣

∣

1 2 4
1 5 25
1 −1 1

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

1 2 22

1 5 52

1 −1 (−1)2

∣

∣

∣

∣

∣

∣Ïîýòîìó ∣

∣

∣

∣

∣

∣

1 2 22

1 5 52

1 −1 (−1)2

∣

∣

∣

∣

∣

∣

= (5 − 2)(−1− 2)(−1 − 5) = 54Ïðèìåð 3Âû÷èñëèòü îïðåäåëèòåëü, ïðèâåäÿ åãî ê òðåóãîëüíîìó âèäó.
∣

∣

∣

∣

∣

∣

2 −1 −2
−1 −2 1
−1 1 2

∣

∣

∣

∣

∣

∣�åøåíèå. Ïîìåíÿåì ìåñòàìè ïåðâóþ è âòîðóþ ñòðîêè îïðåäåëèòåëÿ.Îò ýòîãî ïðåîáðàçîâàíèÿ çíàê îïðåäåëèòåëÿ èçìåíèòñÿ íà ïðîòèâîïîëîæ-íûé, ò.å.
∣

∣

∣

∣

∣

∣

2 −1 −2
−1 −2 1
−1 1 2

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

−1 −2 1
2 −1 −2
−1 1 2

∣

∣

∣

∣

∣

∣Èçâåñòíî, ÷òî åñëè âñå ýëåìåíòû íåêîòîðîé ñòðîêè óìíîæèòü íà ÷èñ-ëî è ñëîæèòü ñ ýëåìåíòàìè äðóãîé ñòðîêè, òî çíà÷åíèå îïðåäåëèòåëÿ íåèçìåíèòñÿ. Ïðèìåíÿÿ òîëüêî ýòî ïðåîáðàçîâàíèå, ïðèâåä¼ì îïðåäåëèòåëüê òðåóãîëüíîìó âèäó.
−

∣

∣

∣

∣

∣

∣

−1 −2 1
2 −1 −2
−1 1 2

∣

∣

∣

∣

∣

∣

= −

∣

∣

∣

∣

∣

∣

−1 −2 1
0 −5 0
0 3 1

∣

∣

∣

∣

∣

∣

= −

∣

∣

∣

∣

∣

∣

−1 −2 1
0 −5 0
0 0 1

∣

∣

∣

∣

∣

∣Ìû âî âòîðîé ñòðîêå ïðèáàâèëè ïåðâóþ, óìíîæåííóþ íà 2, à ê òðåòüåéïðèáàâèëè ïåðâóþ, óìíîæåííóþ íà (-1). Çàòåì ê òðåòüåé ñòðîêå ïðèáà-âèëè âòîðóþ, óìíîæåííóþ íà 3
5
, è ïîëó÷èëè îïðåäåëèòåëü òðåóãîëüíîãîâèäà. 43



Òàê êàê îïðåäåëèòåëü òðåóãîëüíîãî âèäà ðàâåí ïðîèçâåäåíèþ ýëåìåíòîâ,ñòîÿùèõ íà ãëàâíîé äèàãîíàëè, òî
∣

∣

∣

∣

∣

∣

2 −1 −2
−1 −2 1
−1 1 2

∣

∣

∣

∣

∣

∣

= −

∣

∣

∣

∣

∣

∣

−1 −2 1
0 −5 0
0 0 1

∣

∣

∣

∣

∣

∣

= −(−1)(−5) · 1 = −5.Îòâåò: −5.Çàìå÷àíèå. ×àñòî áûâàåò ïîëåçíî ïðè âû÷èñëåíèè îïðåäåëèòåëÿ ïðè-âåñòè åãî ê îïðåäåëèòåëþ êëåòî÷íîé ìàòðèöû ñ ïîìîùüþ ïðåîáðàçîâàíèéèç ïðèìåðà 3.Ïðèìåð 4. Íàéòè ìàòðèöó, îáðàòíóþ ê ìàòðèöå A ñ ïîìîùüþ àëãå-áðàè÷åñêèõ äîïîëíåíèé.
A =









1 1 −1 2
2 −1 0 −1
0 2 1 −1
−1 2 0 1







. �åøåíèå. Äëÿ íàõîæäåíèÿ îáðàòíîé ìàòðèöû âîñïîëüçóåìñÿ �îðìó-ëîé
A−1 = 1

detA
·









A11 A21 A31 A41

A12 A22 A32 A42

A13 A23 A33 A43

A14 A24 A34 A44







Âû÷èñëèì detA è àëãåáðàè÷åñêèå äîïîëíåíèÿ Aij è ïîäñòàâèì èõ â �îð-ìóëó.
detA =

∣

∣

∣

∣

∣

∣

∣

∣

1 1 −1 2
2 −1 0 −1
0 2 1 −1
−1 2 0 1

∣

∣

∣

∣

∣

∣

∣

∣

= (−1)(−1)1+3 ·

∣

∣

∣

∣

∣

∣

2 −1 −1
0 2 −1
−1 2 1

∣

∣

∣

∣

∣

∣

+

1 · (−1)3+3 ·

∣

∣

∣

∣

∣

∣

1 1 2
2 −1 −1
−1 2 1

∣

∣

∣

∣

∣

∣

= (2 · 2 · 1 + 0 · 2 · (−1) + (−1)(−1)(−1)− (−

−1) · 2 · (−1) − 0 · (−1) · 1 − 2 · 2(−1))+ (1 · (−1) · 1 + 2 · 2 · 2 + 1 · (−1) · (−
−1) − 2 · (−1) · (−1) − 2 · 1 · (−1)− −2 · 1 · 1) = −5 + 6 = 1.Çäåñü îïðåäåëèòåëü ÷åòâ¼ðòîãî ïîðÿäêà ìû ðàçëîæèì ïî ýëåìåíòàìòðåòüåãî ñòîëáöà, òàê êàê â ýòîì ñòîëáöå íàèáîëüøåå ÷èñëî íóëåé. Îïðå-äåëèòåëè òðåòüåãî ïîðÿäêà âû÷èñëåíû ïî ïðàâèëó Ñàððþñà.

A11 = (−1)1+1

∣

∣

∣

∣

∣

∣

−1 0 −1
2 1 −1
2 0 1

∣

∣

∣

∣

∣

∣

= (−1)2 · 1 · (−1)2+2 ·
∣

∣

∣

∣

−1 −1
2 1

∣

∣

∣

∣

= 1,44



A12 = (−1)1+2

∣

∣

∣

∣

∣

∣

2 0 −1
0 1 −1
−1 0 1

∣

∣

∣

∣

∣

∣

= (−1)3 · 1 · (−1)2+2 ·
∣

∣

∣

∣

2 −1
−1 1

∣

∣

∣

∣

= −1.
A13 = 5, A14 = 3, A21 = −1, A22 = 2, A23 = −9, A24 = −5,A31 = 1,

A32 = −1,A33 = 6, A34 = 3, A41 = −2, A42 = 3, A43 = −13, A44 = −7.
A−1 =

∣

∣

∣

∣

∣

∣

∣

∣

1 1 −1 2
−1 2 −1 3
5 −9 6 −13
3 −5 3 −7

∣

∣

∣

∣

∣

∣

∣

∣. Íåòðóäíî ïðîâåðèòü, ÷òî A · A−1 = A−1 · A = E, ò.å. A−1� îáðàòíàÿìàòðèöà äëÿ ìàòðèöû A.Îòâåò: A−1 =

∣

∣

∣

∣

∣

∣

∣

∣

1 1 −1 2
−1 2 −1 3
5 −9 6 −13
3 −5 3 −7

∣

∣

∣

∣

∣

∣

∣

∣Ïðèìåð 5.Ñ ïîìîùüþ ýëåìåíòàðíûõ ïðåîáðàçîâàíèé íàéòè ìàòðèöó,îáðàòíóþ ìàòðèöå A. Ñäåëàòü ïðîâåðêó.
A =

∣

∣

∣

∣

∣

∣

1 1 −1
2 1 0
−1 0 1

∣

∣

∣

∣

∣

∣�åøåíèå. Çàïèøåì ìàòðèöó A|E, ãäå E� åäèíè÷íàÿ ìàòðèöà, è ïðå-îáðàçîâàâ å¼ ñ ïîìîùüþ ýëåìåíòàðíûõ ïðåîáðàçîâàíèé ñòðîê òàêèì îáðà-çîì, ÷òîáû ïîëó÷èëàñü ìàòðèöà âèäà E|B. ìàòðèöà B áóäåò îáðàòíîé êìàòðèöå A.
(A|E) =





1 1 −1 1 0 0
2 1 0 0 1 0
−1 0 1 0 0 1









1 1 −1 1 0 0
0 −1 2 −2 1 0
0 1 0 1 0 1



Ìû îñòàâèì ïåðâóþ ñòðîêó áåç èçìåíåíèé, êî âòîðîé ïðèáàâèëè ïåð-âóþ, óìíîæåííóþ íà (−2), ê òðåòüåé ïðèáàâèëè ïåðâóþ. Òåïåðü ê òðåòüåéñòðîêå ïðèáàâèì âòîðóþ. Ïîëó÷èì ìàòðèöó




1 1 −1 1 0 0
0 −1 2 −2 1 0
0 0 2 −1 1 1



Â ýòîé ìàòðèöå óìíîæèì òðåòüþ ñòðîêó íà 1
2. Çàòåì ïðèáàâèì òðå-òüþ ñòðîêó, óìíîæåííóþ íà (−2), êî âòîðîé, à òàêæå ñëîæèì ïåðâóþ èòðåòüþ ñòðîêè. 45







1 1 −1 1 0 0
0 −1 2 −2 1 0
0 0 2 −1 1 1









1 1 0 1
2

1
2

1
2

0 −1 2 −1 0 −1
0 0 1 −1

2
1
2

1
2



 Îñòà¼òñÿ ê ïåðâîéñòðîêå ïðèáàâèòü âòîðóþ, à âòîðóþ ñòðîêó óìíîæèòü íà (−1). Ïîëó÷èììàòðèöó




λ 0 0 −1
2

1
2

−1
2

0 1 0 1 0 1
0 0 1 −1

2
1
2

1
2



 = (E|B).Ñëåäîâàòåëüíî,
B =





−1
2

1
2

−1
2

1 0 1
−1
2

1
2

1
2



Ïðîâåðêà. Ïîêàæåì, ÷òî B = A−1, ò.å. B ÿâëÿåòñÿ ìàòðèöåé, îáðàò-íîé ê ìàòðèöå A. äëÿ ýòîãî íóæíî ïðîâåðèòü âûïîëíåíèå ðàâåíñòâ AB =
= BA = E.

AB =





1 1 −1
2 1 0
−1 0 1









−1
2

1
2

−1
2

1 0 1
−1
2

1
2

1
2



 =





−1
2 + 1 + 1

2
1
2 + 0 − 1

2
−1
2 + 1 − 1

2
−1 + 1 + 0 1 + 0 + 0 −1 + 1 + 0
−1
2 + 0 − 1

2
−1
2 + 0 + 1

2
1
2 + 0 + 1

2





=





1 0 0
0 1 0
0 0 1



 = E.
BA =





−1
2

1
2

−1
2

1 0 1
−1
2

1
2

1
2









1 1 −1
2 1 0
−1 0 1



 =





−1
2 + 1 + 1

2
−1
2 + 1

2 + 0 1
2 + 0 − 1

2
1 + 0 − 1 1 + 0 + 0 −1 + 0 + 1
−1
2 + 1 − 1

2
−1
2 + 1

2 + 0 1
2 + 0 + 1

2





=





1 0 0
0 1 0
0 0 1



 = E.Îòâåò:
A−1 =





−1
2

1
2

−1
2

1 0 1
−1
2

1
2

1
2
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Çàäàíèå ê ëàáîðàòîðíîé ðàáîòå1. Âûáðàòü çíà÷åíèÿ i,j,k òàê, ÷òîáû ïðîèçâåäåíèå m âõîäèëî â ðàçâ¼ð-íóòîå âûðàæåíèå îïðåäåëèòåëÿ øåñòîãî ïîðÿäêà ñî çíàêîì "ìèíóñ".1.1. m = a2ia41aj3a5ka12a64.1.2. m = aj3a14a5iak1a26a45.1.3. m = a32ai1a46a1ja2ka63.1.4. m = a62ai1a4ja25a5ka34.1.5. m = a4iaj2a36ak5a61a53.1.6. m = aija13a4ka62a54a31.1.7. m = a2ia32aj6ak5a51a63.1.8. m = a16ai3a4jak1a25a32.1.9. m = a44a2jak3a65ai6a31.1.10. m = a26a3ja1ka55a64ai1.1.11. m = a11a2ia63a4kaj6a34.1.12. m = ai6a2ja3ka13a34a62.1.13. m = a15ai2aj4a51a36a2k.1.14. m = a23a4kaj6a5ia11a34.1.15. m = a42ai5a66a3ja1ka51.2.Âû÷èñëèòü îïðåäåëèòåëè ìàòðèö A,B,C.2.1. A =

(

3i −1
2 3i

)

B =

(

13547 13647
28423 28523

)

C =





3i −1 2
4 0 3 − i

1 3 1



2.2. A =

(

2 − i 1
2 i

)

B =

(

23528 43621
24528 44621

)

C =





i − 1 2 2
−3 4i 0
1 −2 −i



2.3. A =

(

3 − i 2i
−1 −1

)

B =

(

10159 6523
11259 7623

)

C =





i 2 i − 1
3 5 4i
1 1 2



2.4. A =

(

−1 2 + i

3i i + 1

)

B =

(

12253 17829
12363 17839

)

C =





4 − i 2 3 + i

−3 −2 1 − i

1 i 1



2.5. A =

(

6 − i 8
−2i 1

)

B =

(

21351 −22351
16273 −17273

)

C =





4i 3 + i 1
−5 2 − i 1
7i −1 −1



2.6.
A =

(

4i 3 + 2i
5 −5 + i

)

B =

(

−13297 26153
−13397 26253

)

C =





5 7i −1 + i

2 0 −3
−2 i 1 − i
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2.7.
A =

(

8i 9 − i

−1 3i + 2

)

B =

(

17324 −11526
27324 −21526

)

C =





4i −3 5 + 2i
1 2 6 − i

−1 i −1



2.8.
A =

(

−3 − i 2
1 i + 6

)

B =

(

14326 15326
−95623 −96623

)

C =





0 −2 − i 1 + i

−i 1 2 + i

−1 i 2 + 3i



2.9.
A =

(

4 + i 6 − i

9i 2

)

B =

(

−35201 26731
35211 −26741

)

C =





3i 2 + i 0
2 − 3i 1 6 − i

1 i −1



2.10.
A =

(

−7 + i 6i
6 − i 7

)

B =

(

27802 28802
11935 12935

)

C =





−4 3 + 2i 2i
−i 2 0
−2 0 2i



2.11.
A =

(

5 − 2i −2
−i 4 + 3i

)

B =

(

17932 25113
13932 21113

)

C =





−i 2 3 + 2i
2 0 −i

2i 2 2 − i



2.12.
A =

(

6 − i 7 + 2i
8i 1

)

B =

(

33253 −16821
31253 −14821

)

C =





−1 − 2i 2i 0
0 1 − 3i 3
i −1 1 + i



2.13.
A =

(

−4i 2 + 3i
−1 1 + 2i

)

B =

(

71815 −23526
71805 −23516

)

C =





0 2i 1 − 3i
1 2 2i
1 3 + i 3 − i



2.14.
A =

(

3i − 1 2
i 2i + 3

)

B =

(

84434 −84534
12796 −12896

)

C =





1 −2i 1 − i

3 2 −1 + i

2 6i −i



2.15.
A =

(

−4 + 3i 2i
5 − i −3

)

B =

(

66437 41432
−66337 −41332

)

C =





i i + 1 2 − 3i
1 −2 0
4i −3 5 + i
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3.Âû÷èñëèòü îïðåäåëèòåëè ìàòðèö F è H ïðèâåäåíèåì èõ ê òðåóãîëü-íîìó âèäó.3.1. F =









1 1 −1 2
2 3 −3 7
−3 −3 2 −4
1 2 −3 6









H =













1 0 2 3 1
2 1 3 4 −2
−1 0 0 1 3
0 1 −1 0 3
1 1 2 −1 3













3.2. F =









−2 1 1 1
−4 1 5 4
0 −1 4 0
−2 0 5 2









H =













−2 3 1 4 0
1 −2 4 3 1
1 0 1 −3 4
3 2 1 6 −4
3 1 5 2 0













3.3. F =









−1 −1 0 2
−2 −1 3 3
3 3 −1 −2
−1 0 2 6









H =













−3 4 4 5 6
1 −1 0 1 4
−2 1 4 3 −2
0 3 1 4 5
1 −1 4 3 2













3.4. F =









1 −1 1 0
2 −1 −1 5
−3 3 −2 −1
1 0 −1 5









H =













−2 0 1 3 5
2 1 4 3 5
1 1 −1 2 4
0 1 5 3 2
3 −1 4 5 0













3.5. F =









1 1 2 −1
−3 −4 −3 8
2 2 3 −4
1 0 4 3









H =













4 3 0 1 3
−1 −1 2 4 5
3 0 1 −1 0
2 −1 1 0 1
0 1 1 4 5













3.6. F =









1 −2 1 1
3 −5 5 6
−2 4 −3 2
1 −1 2 7









H =













1 3 −2 0 1
0 1 5 3 1
2 2 −3 0 1
−3 1 4 3 5
4 −1 0 1 −1













3.7. F =









−1 1 0 1
−2 4 1 −1
3 −3 1 −1
−1 3 2 1









H =













0 1 5 3 2
4 3 −1 2 0
1 4 3 2 0
−1 5 6 0 1
2 4 −3 0 1
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3.8. F =









1 −1 2 0
2 0 5 3
−3 3 −5 −2
1 1 4 2









H =













−4 3 2 0 1
−1 1 0 2 1
0 1 5 3 2
2 1 −4 4 3
3 −3 0 1 2













3.9. F =









−2 1 1 1
−4 1 −3 1
2 −1 0 5
2 −2 −1 9









H =













−1 4 3 5 2
2 1 5 3 0
−3 4 5 0 1
0 1 5 −3 2
4 5 −1 1 0













3.10. F =









1 −1 −1 −2
−1 0 3 5
2 −2 3 0
1 −2 0 6









H =













−2 1 3 5 0
1 4 3 −1 2
0 1 5 0 2
−3 2 4 1 1
5 −3 2 0 1













3.11. F =









2 1 0 −1
−2 0 3 0
4 2 1 −4
2 2 4 −3









H =













−3 1 4 3 5
0 1 5 3 2
1 −1 0 1 2
2 3 5 6 1
−4 3 4 2 1













3.12. F =









1 1 −3 −1
−2 0 7 5
3 3 −8 −4
1 3 −1 2









H =













−1 4 3 2 −1
3 −2 1 4 3
−4 2 1 5 0
0 1 3 2 −1
2 1 5 3 −4













3.13. F =









1 2 −1 3
−2 −5 5 −4
3 6 −4 13
1 1 1 10









H =













2 4 4 3 5
−1 −1 3 0 1
0 1 2 −1 0
3 2 4 5 1
4 −3 1 0 2













3.14. F =









−2 1 3 4
4 −1 −1 −9
2 −1 −2 0
−2 2 9 6









H =













−3 1 4 5 −1
−3 −4 2 1 3
0 −1 1 5 −3
3 −2 1 5 1
1 1 −2 1 3
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3.15. F =









−1 1 4 5
1 0 −6 −4
2 −2 −9 −7
−1 2 1 10









H =













4 3 −1 2 1
−3 −4 2 1 3
0 −1 2 1 4
1 −1 0 1 3
2 4 1 −3 0











4. Âû÷èñëèòü:à) îïðåäåëèòåëü ìàòðèöû C èç çàäàíèÿ 2 ðàçëîæåíèåì ïî ýëåìåíòàìâòîðîãî ñòîëáöà;á) îïðåäåëèòåëü ìàòðèöû F èç çàäàíèÿ 3 ðàçëîæåíèåì ïî ýëåìåíòàìòðåòüåé ñòðîêè.5.Íàéòè ÷ëåíû îïðåäåëèòåëÿ, ñîäåðæàùèå x2 è x3.
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5.1 ∣

∣

∣

∣

∣

∣

∣

∣

5x 1 2 3
x x 1 2
1 2 x 3
x 1 2 x

∣

∣

∣

∣

∣

∣

∣

∣

5.2. ∣

∣

∣

∣

∣

∣

∣

∣

x 1 2 3
1 x 3 2
3 1 x 2
5 3 1 x

∣

∣

∣

∣

∣

∣

∣

∣

5.3. ∣

∣

∣

∣

∣

∣

∣

∣

2x x 1 2
1 x 1 −1
3 2 x 1
1 1 1 x

∣

∣

∣

∣

∣

∣

∣

∣

5.4. ∣

∣

∣

∣

∣

∣

∣

∣

1 x 2 1
x −1 1 0
2 −1 x 1
1 1 −1 x

∣

∣

∣

∣

∣

∣

∣

∣

5.5. ∣

∣

∣

∣

∣

∣

∣

∣

3x −1 1 1
2 x −2 1
1 x −1 3
0 1 3 x

∣

∣

∣

∣

∣

∣

∣

∣

5.6. ∣

∣

∣

∣

∣

∣

∣

∣

−x −1 x 2
1 −x 3 0
2 1 1 0
−1 4 x 3

∣

∣

∣

∣

∣

∣

∣

∣

5.7. ∣

∣

∣

∣

∣

∣

∣

∣

1 x −x 4
x 1 −1 2
1 x 3 0
0 4 −x 2

∣

∣

∣

∣

∣

∣

∣

∣

5.8. ∣

∣

∣

∣

∣

∣

∣

∣

−2 1 x −1
x 1 2 x

0 x 3 0
1 −1 x 1

∣

∣

∣

∣

∣

∣

∣

∣

5.9. ∣

∣

∣

∣

∣

∣

∣

∣

3x −1 2 0
1 x −1 2
3 x −2 x

1 0 1 −x

∣

∣

∣

∣

∣

∣

∣

∣

5.10. ∣

∣

∣

∣

∣

∣

∣

∣

−1 x 1 2
3 1 x −1
0 2 1 x

1 −1 x 3

∣

∣

∣

∣

∣

∣

∣

∣

5.11. ∣

∣

∣

∣

∣

∣

∣

∣

−1 x −2 0
x 1 4 3
2 1 x 0
0 1 x 3

∣

∣

∣

∣

∣

∣

∣

∣

5.12. ∣

∣

∣

∣

∣

∣

∣

∣

−2 1 x 4
x 3 1 0
−1 x 3 2
0 1 4 x

∣

∣

∣

∣

∣

∣

∣

∣

5.13. ∣

∣

∣

∣

∣

∣

∣

∣

2x −1 x 3
4 −x 2 3

−112 4 1
x 2 1 3

∣

∣

∣

∣

∣

∣

∣

∣

5.14. ∣

∣

∣

∣

∣

∣

∣

∣

−3 1 4 x

2 x −1 0
x 3 2 1
3 0 x 1

∣

∣

∣

∣

∣

∣

∣

∣

5.15. ∣

∣

∣

∣

∣

∣

∣

∣

4x −2 3 1
0 x 2 1
x 3 0 1
4 −1 x 3

∣

∣

∣

∣

∣

∣

∣
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6. Âû÷èñëèòü îïðåäåëèòåëü ïîðÿäêà n.6.1. ∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 2 3 · · · n − 1 n

1 3 3 · · · n − 1 n

1 2 5 · · · n − 1 n

· · ·
1 2 3 · · · 2n − 3 n

1 2 3 · · · n − 1 2n − 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

6.2. ∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 2 2 · · · 2
2 2 2 · · · 2
2 2 3 · · · 2
· · ·
2 2 2 · · · n

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

6.3. ∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

−a1 a1 0 · · · 0 0
0 −a2 a2 · · · 0 0
0 0 −a3 · · · 0 0
· · ·
0 0 0 · · · −an−1 an−1

1 1 1 · · · 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

6.4. ∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

x a a · · · a

a x a · · · a

a a x · · · a

· · ·
a a a · · · x

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

6.5. ∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 1 1 · · · 1 1
1 0 x · · · x x

1 x 0 · · · x x

· · ·
1 x x · · · 0 x

1 x x · · · x 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

6.6. ∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 1 1 · · · 1 1
1 0 2 · · · 2 2
1 2 0 · · · 2 2
· · ·
1 2 2 · · · 0 2
1 2 2 · · · 2 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

6.7. ∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 2 3 4 · · · n − 1 n

−1 x 0 0 · · · 0 0
· · ·
0 0 0 0 · · · x 0
0 0 0 0 · · · −1 x

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

6.8. ∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 1 1 · · · 1
1 a1 0 · · · 0
1 0 a2 · · · 0
· · ·
1 0 0 · · · an−1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

6.9. ∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 + a1 1 1 · · · 1
1 1 + a2 1 · · · 1
1 1 1 + a3 · · · 1
· · ·
1 1 1 · · · 1 + an 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

6.10. ∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

2 1 0 0 · · · 0
1 2 1 0 · · · 0
0 1 2 1 · · · 0
· · ·
0 0 0 0 · · · 2

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣
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6.11. ∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 · · · 0 0
3 1 0 · · · 0 0
0 3 1 · · · 0 0
· · ·
0 0 0 · · · 1 0
0 0 0 · · · 3 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

6.12. ∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 1 1 · · · 11
1 1 0 · · · 0 0
1 0 1 · · · 0 0
· · ·
1 0 0 · · · 1 0
1 0 0 · · · 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

6.13. ∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 2 3 · · · n

0 1 2 · · · n − 1
0 0 1 · · · n − 2
· · ·
0 0 0 · · · 2
n n − 1 n − 2 · · · 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

6.14. ∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 1 1 · · · 1 1
1 0 1 · · · 1 1
1 1 0 · · · 1 1
· · ·
1 1 1 · · · 0 1
1 1 1 · · · 1 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

6.15. ∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 1 1 · · · 1 1
−1 0 1 · · · 1 1
−1 −1 0 · · · 1 1
· · ·
−1 −1 −1 · · · 0 1
−1 −1 −1 · · · −1 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣7. Èñïîëüçóÿ �îðìóëû îïðåäåëèòåëåé êëåòî÷íûõ ìàòðèö, ðåøèòü óðàâ-íåíèå
∣

∣

∣

∣

∣

∣

∣

∣

1 1 j j

−1 3 − x2 3 3
i i 5 5
−i −i 6 x2 − 3

∣

∣

∣

∣

∣

∣

∣

∣

= 0ãäå i,j � ÷èñëà, âû÷èñëåííûå â çàäàíèè 1.8. Âû÷èñëèòü îïðåäåëèòåëü Âàíäåðìîíäà
∣

∣

∣

∣

∣

∣

1 1 1
n − 1 n n + 1

(n − 1)2 n2 (n + 1)2

∣

∣

∣

∣

∣

∣ãäå n� íîìåð âàðèàíòà.9.Íàéòè ìàòðèöû, îáðàòíûå ìàòðèöàì A, C èç çàäàíèÿ 2 è ìàòðèöåF èç çàäàíèÿ 3, ñ ïîìîùüþ àëãåáðàè÷åñêèõ äîïîëíåíèé.10. Íàéòè ìàòðèöû, îáðàòíûå ìàòðèöàì A èç çàäàíèÿ 2 è F èç çàäà-íèÿ 3 ñ ïîìîùüþ ýëåìåíòàðíûõ ïðåîáðàçîâàíèé.
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ËÀÁÎ�ÀÒÎ�ÍÀß �ÀÁÎÒÀ � 6Ñèñòåìû ëèíåéíûõ óðàâíåíèé.Âîïðîñû äëÿ ñàìîêîíòðîëÿ.1. Ïðàâèëî ÊðàìåðàÎïðåäåëåíèå êðàìåðîâñêîé ñèñòåìû ëèíåéíûõ óðàâíåíèé, ÷èñëî å¼ ðåøå-íèé. Ïðàâèëî Êðàìåðà íàõîæäåíèÿ ðåøåíèÿ ñèñòåì ëèíåéíûõ óðàâíåíèé.Ìàòðè÷íûé ñïîñîá íàõîæäåíèÿ ñèñòåì ëèíåéíûõ óðàâíåíèé.2. �àíã ìàòðèöûÌèíîð r-ãî ïîðÿäêà. Ëåììà î ìèíîðàõ (r + 1)-ãî ïîðÿäêà. Îïðåäåëåíèåðàíãà ìàòðèöû. Ýëåìåíòàðíîå ïðåîáðàçîâàíèå ìàòðèöû è å¼ ðàíã. �àíãñòóïåí÷àòîé ìàòðèöû. Âû÷èñëåíèå ðàíãà ìàòðèöû ñ ïîìîùüþ ýëåìåíòàð-íûõ ïðåîáðàçîâàíèé.3. Òåîðåìà Êðîíåêåðà-Êàïåëëè.Äîêàçàòåëüñòâî òåîðåìû Êðîíåêåðà-Êàïåëëè. �ëàâíûå è ñâîáîäíûåíåèçâåñòíûå. Àëãîðèòìû íàõîæäåíèÿ ðåøåíèé ñèñòåì ëèíåéíûõ óðàâíå-íèé.4. Îäíîðîäíûå ñèñòåìû ëèíåéíûõ óðàâíåíèé.Îïðåäåëåíèå îäíîðîäíîé ñèñòåìû ëèíåéíûõ óðàâíåíèé, å¼ ñîâìåñò-íîñòü. Òåîðåìà î ñóùåñòâîâàíèé íåíóëåâûõ ðåøåíèé îäíîðîäíîé ñèñòåìûè å¼ ñëåäñòâèÿ.Ïðèìåðû ðåøåíèé è î�îðìëåíèÿ çàäà÷.Ïðèìåð 1 Äàíà ñèñòåìà ëèíåéíûõ óðàâíåíèé.














2x1 + 3x2 + x3 = 4
2x1 + x2 + 3x3 = 0
3x1 + 2x2 + x3 = 1
x1 − x2 = −3Ïðîâåðèòü, ñîâìåñòíà ëè ýòà ñèñòåìà è â ñëó÷àå ñîâìåñòíîñòè ðå-øèòü å¼: à) ìàòðè÷íûì ìåòîäîì, á) ìåòîäîì �àóññà.�åøåíèå. Ñîâìåñòíîñòü äàííîé ñèñòåìû ïðîâåðèì ïî òåîðåìûÊðîíåêåðà-Êàïåëëè. Ñ ïîìîùüþ ýëåìåíòàðíûõ ïðåîáðàçîâàíèé íàéä¼ì ðàíãìàòðèöû.

A =









2 3 1
2 1 3
3 2 1
1 −1 0







äàííîé ñèñòåìû è ðàíã ðàñøèðåííîé ìàòðèöû55



B =









2 3 1 4
2 1 3 0
3 2 1 1
1 −1 0 −3







Áóäåì ïðåîáðàçîâûâàòü ðàñøèðåííóþ ìàòðèöó
B =









2 3 1 4
2 1 3 0
3 2 1 1
1 −1 0 −3









∼









1 −1 0 −3
2 3 1 4
2 1 3 0
3 2 1 1









∼









1 −1 0 −3
0 5 1 10
0 3 3 6
0 5 1 10









∼









1 −1 0 −3
0 5 1 10
0 0 1 2
0 0 0 0









∼









1 −1 0 −3
0 1 1 20
0 5 1 10
0 0 0 0









∼









1 −1 0 −3
0 1 1 2
0 0 −4 0
0 0 0 0









.Òàê êàê ÷èñëî íåíóëåâûõ ñòðîê â ñòóïåí÷àòîì âèäå ìàòðèö A è B ðàâíî3, òî ðàíãè ìàòðèö A è B ðàâíû (rangA = rangB = 3). Çíà÷èò, èñõîäíàÿñèñòåìà ñîâìåñòíà. Òàêêàê ðàíãè ìàòðèö A è B ðàâíû ÷èñëó íåèçâåñòíûõ, òî ñèñòåìà èìååòåäèíñòâåííîå ðåøåíèå.à) Äëÿ ðåøåíèÿ ñèñòåìû ìàòðè÷íûì ìåòîäîì âûäåëèì â ñèñòåìå ÷èñ-ëî óðàâíåíèé, ðàâíîå ðàíãó ìàòðèöû, òàêèì îáðàçîì, ÷òîáû îïðåäåëèòåëüèç êîý��èöèåíòîâ ïðè íåèçâåñòíûõ â âûáðàííûõ óðàâíåíèÿõ áûë îòëè÷åíîò íóëÿ. Ýòèì óñëîâèÿì óäîâëåòâîðÿþò óðàâíåíèÿ






x1 − x2 = −3
2x1 + x2 + 3x3 = 0
3x1 + 2x2 + x3 = 1òàê êàê îïðåäåëèòåëü

∣

∣

∣

∣

∣

∣

1 −1 0
2 1 3
3 2 1

∣

∣

∣

∣

∣

∣

= −12 6= 0Ýòó ñèñòåìó ìîæíî çàïèñàòü â ìàòðè÷íîì âèäå AX = B, ãäå
A =





1 −1 0
2 1 3
3 2 1



, X =





x1

x2

x3



, B =





−3
0
1



.�åøåíèå ñèñòåìû â ìàòðè÷íîé �îðìå èìååò âèä X = A1B.Òàê êàê
A−1 =

−1

12





−5 1 −3
7 1 −3
1 −5 3
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òî
A−1 = −1

12





−5 1 −3
7 1 −3
1 −5 3



 ·





−3
0
1



 =





−1
2
0



.Çíà÷èò x1 = −1, x2 = 2, x3 = 0.á) Äëÿ ðåøåíèÿ ñèñòåìû ìåòîäîì �àóññà âîñïîëüçóåìñÿ ïîëó÷åííîéñòóïåí÷àòîé ìàòðèöåé
B =









1 −1 0 −3
0 1 1 2
0 0 −4 0
0 0 0 0







. Çàïèøåì ñèñòåìó, ñîîòâåòñòâóþùóþ ýòîé ìàòðèöå.






x1 − x2 = −3
x2 + x3 = 2
−4x3 = 0Èç òðåòüåãî óðàâíåíèÿ íàéä¼ì x3 = 0. Ïîäñòàâëÿÿ åãî âî âòîðîå óðàâ-íåíèå, ïîëó÷èì x2 = 2. Èç ïåðâîãî óðàâíåíèÿ x1 = −1.Ïðîâåðêà .















2 · (−1) + 3 · 2 + 0 = 4
2 · (−1) + 2 + 3 · 0 = 0
3 · (−1) + 2 · 2 + 0 = 1
−1 − 2 = −3Îòâåò: x1 = −1, x2 = 2, x3 = 0.Ïðèìåð 2.Äàíà ñèñòåìà ëèíåéíûõ óðàâíåíèé







x1 − x2 + 2x3 − x4 = 2
−2x1 + x2 − x3 + 3x4 = 3
−3x1 − 2x2 + 3x3 − 4x4 = −1Èññëåäîâàòü ñèñòåìó íà ñîâìåñòíîñòü è â ñëó÷àå ñîâìåñòíîñòè ðå-øèòü:à) ìåòîäîì �àóññà á)ïî ïðàâèëó Êðàìåðà.�åøåíèå. Âû÷èñëèì ðàíã ðàñøèðåííîé ìàòðèöû

B =





1 −1 2 −1 2
−2 1 −1 3 3
3 −2 3 −4 −1



 ∼





1 −1 2 −1 2
0 −1 3 1 7
0 1 −3 −1 −7



 ∼




1 −1 2 −1 2
0 −1 3 1 7
0 0 0 0 0



.Ñëåäîâàòåëüíî, rangA = rangB = 2. Ñèñòåìà ñîâìåñòíà. Òàê êàê ÷èñëîíåèçâåñòíûõ áîëüøå ðàíãà ìàòðèö A è B, òî ñèñòåìà èìååò áåñêîíå÷íî57



ìíîãî ðåøåíèé.à) Äëÿ ðåøåíèÿ ñèñòåìû ìåòîäîì �àóññà âîñïîëüçóåìñÿ ñòóïåí÷àòîéìàòðèöåé. Çàïèøåì ñèñòåìó, ñîîòâåòñòâóþùóþ ýòîé ìàòðèöå.
{

x1 − x2 + 2x3 − x4 = 2
−x2 + 3x3 + x4 = 7Â ñòóïåí÷àòîé ìàòðèöå




1 −1 2 −1
0 −1 3 1
0 0 0 0



Âûáèðàåì íåíóëåâîé ìèíîð D ïîðÿäêà, ðàâíîãî ðàíãó ìàòðèöû A. Â êà-÷åñòâå D ìîæíî âçÿòü ìèíîð
D =

∣

∣

∣

∣

1 −1
0 −1

∣

∣

∣

∣

= −1 6= 0,ñîñòàâëåííûé èç êîý��èöèåíòîâ ïðè x2, x1. Òîãäà x1, x2� ãëàâíûå íåèç-âåñòíûå, êîòîðûå ìû âûðàçèì ÷åðåç îñòàëüíûå� ñâîáîäíûå íåèçâåñòíûå.Äëÿ ýòîãî îñòàâèì ãëàâíûå íåèçâåñòíûå ñëåâà, à ñâîáîäíûå ïåðåíåñ¼ì âïðà-âî.
{

x1 − x2 = −2x3 + x4 + 2
−x2 = −3x3 + x4 + 7Òîãäà
{

x1 = −5 + x3 + 2x4

x2 = −7 + 3x3 + x4

x3, x4� ëþáûå ÷èñëà.á) Â ìàòðèöå ñèñòåìû
A =





1 −1 2 −1
−2 1 −1 3
3 −2 3 −4



âûáåðåì íåíóëåâîé ìèíîð D ïîðÿäêà 2=rangA. Ïóñòü ìèíîð
D =

∣

∣

∣

∣

−1 −1
1 3

∣

∣

∣

∣

= −2 6= 0. ñîñòàâëåí èç êîý��èöèåíòîâ ïðè x2, x4 â ïåðâîì è âòîðîì óðàâíåíè-ÿõ. Òîãäà x2, x4 � ãëàâíûå íåèçâåñòíûå. Îñòàâèì â ñèñòåìå óðàâíåíèÿ,ñîîòâåòñòâóþùèå ñòðîêàì ìèíîðà D, è îñòàâèì â ëåâîé ÷àñòè óðàâíåíèéãëàâíûå íåèçâåñòíûå. Ïîëó÷èì êðàìåðîâñêóþ ñèñòåìó58



{

−x2 − x4 = 2 − x1 − 2x3

x2 + 3x4 = 3 + 2x1 + x3Ïî �îðìóëàì Êðàìåðà
x2 = ∆1

∆ , x4 = ∆2

∆ , ãäå ∆ = D = −2,
∆1 =

∣

∣

∣

∣

2 − x1 − 2x3 −1
3 + 2x1 + x3 3

∣

∣

∣

∣

= 9 − x1 − 5x3.
∆2 =

∣

∣

∣

∣

−1 2 − x1 − 2x3

1 3 + 2x1 + x3

∣

∣

∣

∣

= −5 − x1 + x3.íàõîäèì
x2 = −9

2 + 1
2x1 + 5

2x3, x4 = 5
2 + 1

2x1 − 1
2x3,

x1, x2 �ëþáûå ÷èñëà.Ïðèìåð 3.Èññëåäîâàòü ñèñòåìó íà ñîâìåñòíîñòü è íàéòè ðåøåíèÿ âçàâèñèìîñòè îò çíà÷åíèé λ:






x1 − λx2 + x3 = 1
2x1 − 3x2 + 2x3 = −2
−3x1 + x2 − λ · x3 = 0�åøåíèå. Ïðåîáðàçóåì ðàñøèðåííóþ ìàòðèöó B ñèñòåìû.

B =





1 −λ 1 1
2 −3 2 −2
−3 1 −λ 0



 ∼





1 −λ 1 1
0 −3 + 2λ 0 −4
0 1 − 3λ 3 − λ 3



Åñëè −3 + 2λ = 0 (ò.å. λ = 3
2
), òî

B ∼





1 −3
2 1 1

0 0 0 −4
0 −7

2
3
2 3



 ∼





1 −3
2 1 1

0 −7
2

3
2 3

0 0 0 −4



Â ýòîì ñëó÷àå ðàíã ìàòðèöû A ñèñòåìû óðàâíåíèé ðàâåí äâóì, à ðàíãðàñøèðåííîé ìàòðèöû B ðàâåí 3. Ïî òåîðåìå Êðîíåêåðà-Êàïåëëè ñèñòåìàíåñîâìåñòíà.Ïóñòü λ 6= 3
2. Òîãäà

B ∼





1 −λ 1 1
0 −3 + 2λ 0 −4
0 0 (−3 + 2λ) · (3 − λ) −6λ − 5



Åñëè λ = 3, òî
B ∼





1 −3 1 1
0 3 0 −4
0 0 0 −23



Òîãäà rangA = 2, rangB = 3. Ñèñòåìà íåñîâìåñòíà.59



Åñëè λ 6= 3, òî rangA = rangB = 3. Ñèñòåìà ñîâìåñòíà è èìååòåäèíñòâåííîå ðåøåíèå , êîòîðîå íàéä¼ì èç ñèñòåìû






x1 − λx2 + x3 = 1
(−3 + 2λ)x2 = −4
(−3 + 2λ) · (3 − λ)x3 = −6λ − 5

x3 = −6−λ−5
(−3+2λ)·(3−λ), x2 = −4

−3+2λ
, x1 = 2λ2+3λ−4

(−3+2λ)·(3−λ).Îòâåò: ñèñòåìà íå ñîâìåñòíà ïðè λ = 3
2 èëè λ = 3, ïðè λ 6= 3

2 è λ 6= 3ñèñòåìà èìååò åäèíñòâåííîå ðåøåíèå
x3 = −6−λ−5

(−3+2λ)·(3−λ), x2 = −4
−3+2λ

, x1 = 2λ2+3λ−4
(−3+2λ)·(3−λ).Çàäàíèå ê ëàáîðàòîðíîé ðàáîòå.1.Èññëåäîâàòü ñèñòåìû íà ñîâìåñòíîñòü è ðåøèòü äâóìÿ ñïîñîáàìè:à) ïî ïðàâèëó Êðàìåðà;á)ìàòðè÷íûì ìåòîäîì.1.1. 













x1 + x2 − x3 − x4 = 3
2x1 + x2 + 2x3 − 3x4 = 6
3x1 − x2 + x3 − 2x4 = 4
x1 + 2x2 + 3x3 − 3x4 = 6







3x1i + x2 − x3 = −1
2x1 − ix2 + 2x3 = i − 2
−x1 + 3x2 − ix3 = 31.2. 













x1 + 2x2 − 2x3 + x4 = 5
2x1 + x2 + 3x3 + 2x4 = 3
3x1 − 4x2 + x3 − 3x4 = 2
4x1 + x2 + 3x3 + x4 = 6







2x1 − x2 − ix3 = −2 − 2i
−x1 + 2ix2 + 3x3 = −3
3x1 − ix2 + x3 = −11.3. 













x1 + 2x2 + 3x3 − x4 = 1
2x1 + 3x2 − 4x3 + 4x4 = −6
3x1 − 4x2 + 2x3 + x4 = 16
2x1 − 3x2 + x3 − 4x4 = 11







(2 − i)x1 + x2 − x3 = −1 − i

x1 − (2 + i)x3 = 1 − 2i
3x1 − x2 + 2ix3 = −11.4. 













2x1 + 3x2 − 3x3 + x4 = 0
x1 − 4x2 + 5x3 − 2x4 = −8
3x1 + 4x2 − 3x3 − 4x4 = −6
x1 + x2 + 2x3 − 3x4 = −4







(1 − i)x1 − 2x2 = −1 − i

x1 − 2x2 + ix3 = 0
3x1 − ix2 + 2x3 = 2 − 3i1.5. 













3x1 + 4x2 + 3x3 − 4x4 = 12
4x1 + 5x2 − 3x3 + 4x4 = 2
2x1 + 3x2 − 4x3 + 2x4 = −2
x1 + 2x2 + 3x3 − x4 = 7







x1i − x2 + (1 − i)x3 = 1 − i

2x1 + ix2 − 3x3 = i − 3
−3x1 + x2 − (2 + i)x3 = −3 − 4i
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1.6. 













x1 + x2 + 2x3 − 3x4 = 4
x1 + 3x2 − x4 = 6
2x1 − 2x2 + 3x3 = −6
3x1 + 5x2 − 3x3 + 2x4 = 5







−2x1 + 3ix2 − x3 = −1
−ix1 + x2 − 2x3 = −4 − 2i
3x1 − ix2 + x3 = 41.7. 













3x1 + x2 − 2x3 + x4 = 16
x1 + 3x2 + 2x3 + 3x4 = 6
2x1 + x2 − x3 + 2x4 = 9
x2 + 5x3 − 4x4 = −13







−2ix1 + x2 − x3 = −3i
x1 + (1 − 2i)x2 + 2x3 = −1 − i

2x1 − ix2 + 2x3 = 11.8. 













x1 + 2x2 − 2x3 + 4x4 = 16
x1 + 3x2 + 2x3 + 3x4 = 6
2x1 + x2 − x3 + 2x4 = 9
x2 + 5x3 − 4x4 = −13







(1 − 2i)x1 + x2 − x3 = −1 − i

x1 − (1 − i)x2 + 2x3 = 1 + i

−3x1 + x2 − (2 + i)x3 = 2i1.9. 













2x1 + 5x2 + x3 + 3x4 = 0
4x1 + 6x2 + 3x3 + 5x4 = −3
4x1 + x2 − x3 + x4 = −4
2x1 − 3x2 + 3x3 + 2x4 = −7







2x1i − x2 + (1 − i)x3 = 3
x1 − (1 + 2i)x2 = 2 + 2i
−2x1 + 4x2 − ix3 = −6 − 2i1.10. 













2x1 + 5x2 + 4x3 + x4 = −7
x1 + 3x2 + 2x3 + x4 = −4
2x1 + x2 − x3 − 3x4 = 2
−3x1 − x2 + 4x3 − x4 = −6







x1 − 4ix2 + x3 = −4
ix1 − 2x2 − 3x3 = 3 + i

−2x1 + (1 − 2i)x3 = 3 − 2i1.11. 













2x1 + 2x2 − x3 + x4 = 3
4x1 + 3x2 − x3 + 2x4 = 3
−x1 + 5x2 − 3x3 + 4x4 = 14
3x1 + 2x2 − 2x3 + 2x4 = 3







(2 + i)x1 − x2 + 2x3 = −2 − 3i
x1 − 4ix2 + ix3 = i + 2
−2x1 + x2 − (1 − i)x3 = 3 + 2i1.12. 













2x1 + 3x2 − x3 + 5x4 = 8
x1 + x2 + 5x3 + 2x4 = 2
2x1 + x2 + 3x3 + 2x4 = −1
x1 + x2 + 3x3 − 2x4 = 4







(−1 + i)x1 + 2x2 − x3 = 3i − 2
x1 − (i + 2)x2 + 2x3 = 2 − 2i
−3x1 + x2 − 4ix3 = −101.13. 













2x1 + x2 + 4x3 − 4x4 = 3
x1 + 3x2 − 6x3 + 2x4 = −13
3x1 − 2x2 + 2x3 − 2x4 = 4
2x1 − x2 + 2x3 = 5







(i + 2)x1 − 2x2 + 3x3 = −2 − 3i
2x1 − (2i + 1)x2 = −1 − 2i
−3x1 + 2x2 − (1 − 2i)x3 = 4 + i1.14. 













3x1 + 4x2 + 3x3 − 4x4 = 11
4x1 + 5x23x3 + x4 = −6
2x1 + 3x2 − 4x3 + 2x4 = −9
x1 + 2x2 + 3x3 − x4 = 6







−ix1 + 2x2 − 3x3 = −2 − 4i
2x1 − (1 − i)x2 + ix3 = 2 − i

x1 − ix2 + 4x3 = 1 + 5i
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1.15. 













x1 + x2 − x3 − x4 = 1
2x1 + x2 + 3x3 + 2x4 = 4
3x1 − 4x2 + x3 − 3x4 = −8
x1 + 2x2 + 3x3 − x4 = −2







(3 − i)x1 − x2 + 4x3 = −1 − 4i
x1 − ix2 + x3 = −2i
−2x1 + 2x2 − (1 − i)x3 = 3 + i2.Èññëåäîâàòü ñèñòåìó íà ñîâìåñòíîñòü è ðåøèòü òðåìÿ ñïîñîáàìè :à)ìåòîäîì �àóññàá) ïî ïðàâèëó Êðàìåðàâ)ìàòðè÷íûì ìåòîäîì2.1. 





3x1 + 2x2 − 4x3 = 8
2x1 + 4x2 − 5x3 = 7
x1 − 2x2 + x3 = 1

2.2. 





x1 + x2 + x3 = 1
x1 − x2 + 2x3 = −5
2x1 + 3x3 = −42.3. 





2x1 − x2 + 4x3 = 6
3x1 − x2 + x3 = −4
5x1 − 2x2 + 5x3 = 2

2.4. 





3x1 − 3x2 + 2x3 = 2
4x1 − 5x2 + 2x3 = 1
x1 − 2x2 = −12.5. 





3x1 + 2x2 − 4x3 = 8
2x1 + 4x2 − 5x3 = 1
5x1 + 6x2 − 9x3 = 9

2.6. 





3x1 + x2 + 2x3 = −3
2x1 + 2x2 + 5x3 = 5
5x1 + 3x2 + 7x3 = 22.7. 





4x1 − 7x2 − 2x3 = 1
2x1 − 3x2 − 4x3 = 6
2x1 − 4x2 + 2x3 = −5

2.8. 





5x1 − 9x2 − 4x3 = 6
x1 − 7x2 − 5x3 = 1
4x1 − 2x2 + x3 = 52.9. 





x1 − 5x2 + x3 = 3
3x1 + 2x2 − x3 = 7
4x1 − 3x2 = 10

2.10. 





5x1 − 5x2 − 4x3 = −3
x1 − x2 + 5x3 = 1
4x1 − 4x2 − 9x3 = −42.11. 





7x1 − 2x2 − x3 = 2
6x1 − 4x2 − 5x3 = 3
x1 + 2x2 + 4x3 = −1

2.12. 





4x1 − 3x2 + x3 = 3
x1 + x2 − x3 = 4
3x1 − 4x2 + 3x3 = −12.13. 





3x1 + x2 + 2x3 = 1
2x1 + 2x2 − 3x3 = 9
x1 − x2 + 5x3 = −8

2.14. 





6x1 + 3x2 − 5x3 = 2
9x1 + 4x2 − 7x3 = 3
3x1 + x2 − 2x3 = 12.15. 





2x1 + 3x2 + 4x3 = 5
x1 + x2 + 5x3 = 4
3x1 + 4x2 + 9x3 = 93. Èññëåäîâàòü ñèñòåìû íà ñîâìåñòíîñòü. Ñîâìåñòíóþ ñèñòåìó ðå-øèòü ìåòîäîì �àóññà.3.1. 





−3x1 + 2x2 = −8
5x1 + 4x2 + 3x3 = 15
2x1 + x2 + x3 = 6







2ix1 − x2 + (1 − i)x3 = 2
−x1 + x2 + ix3 = −3 + i

(−1 + 2i)x1 + x3 = 4
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3.2. 





3x1 − 4x2 + x3 = −10
2x1 + 5x3 = 3
−x1 + x2 − x3 = 2







ix1 − x2 + 3x3 = −1
2x1 − 3x2 + ix3 = i

(2 + i)x1 − 5x2 + (3 + i)x3 = −33.3. 





−2x1 + x2 + 3x3 = 7
x1 + 2x2 = −2
−x1 + x2 + 2x3 = 4







x1 − 2ix2 + 3x3 = 2
−ix1 + x2 − (1 − i)x3 = −2i
(1 − i)x1 + (1 − 2i)x2 + (2 + i)x3 = 53.4. 





−x1 + 2x2 + 4x3 = −8
5x2 + x3 = −6
−x1 + x2 + 4x3 = −7







−x1 + (1 − 2i)x3 = −4
2x1 − x2 + x3 = 2i
−3x1 + x2 − 2ix3 = 03.5. 





−x1 + 3x2 + 7x3 = −5
2x2 − x3 = 3
x1 − 2x2 − 8x3 = 7







x1 − 2ix2 + x3 = −3
−ix1 + 2x2 = −3 + i

(1 + i)x1 − (2 + 2i)x2 + x3 = 43.6. 





4x1 + 5x3 = −10
−2x1 + 2x2 + 3x3 = −5
−5x1 + x2 − x3 = 3







−2x1 + x2 − (1 + i)x3 = 2i
−x1 + ix2 − x3 = 4
−x1 + (1 − i)x2 − ix3 = 23.7. 





3x1 + x2 − x3 = −4
−2x1 + x3 = 4
2x1 + 7x2 + 3x3 = 11







3x1 − 2ix2 + 3x3 = 1 − i

−x1 + 4ix2 − 4x3 = 2 + i

2x1 + 2ix2 − x3 = 53.8. 





−3x1 + x3 = 3
2x2 + 3x3 = 2
−x1 − x2 − x3 = 0







4x1 − ix2 + (1 − i)x3 = 2
ix1 + x2 = −i

(1 + i)x1 + (1 − i)x2 + (1 − i)x3 = 53.9. 





−2x1 + 3x2 + x3 = 6
2x2 + x3 = 2
x1 + 2x2 + x3 = 0







ix1 − (2 + i)x2 − x3 = −1
2ix1 − 2x2 + 3x3 = 4i
ix1 + ix2 + 4x3 = 33.10. 





x1 + 2x3 = −1
3x1 − x2 + 4x3 = −5
2x1 − 2x2 + x3 = −6







x1 − 4ix2 + (1 + i)x3 = 2 + i

−3x1 + x2 − ix3 = 2 + 2i
4x1 − (1 + 4i)x2 + x3 = 43.11. 





4x1 − 4x2 + 5x3 = 13
x1 + 2x2 + 6x3 = 10
−x1 + x2 − x3 = −3







2x1 − x2 + (3i − 1)x3 = 4 + i

−x1 + 4x2 − ix3 = 2
3x1 − 5x2 + (4i − 1)x3 = 33.12. 





x1 + 2x2 + 3x3 = 3
−3x1 − 2x2 + x3 = 5
x1 + x2 + x3 = 0







−x1 + 2ix2 − (1 + i)x3 = 2 − i

3x1 − 4x2 + ix3 = 4
2x1 + (2i − 4)x2 − x3 = 33.13. 





−x1 + 2x2 + 2x3 = 5
−3x1 + 4x3 = 13
x1 − 2x2 − x3 = −5







4x1 − 2ix2 + ix3 = 1 − 2i
−x1 + (4 + 2i)x2 = −3
3x1 + 4x2 + ix3 = 43.14. 





3x1 − x2 + 2x3 = −2
4x1 + 3x3 = −1
x1 + 3x2 + x3 = 3







−3x1 + x2 − (1 − i)x3 = 2
2x1 − 4x2 + ix3 = 3 − i

−x1 − 3x2 − (1 − 2i)x3 = 463



3.15. 





−3x1 + 2x2 = 8
2x1 + x2 − x3 = −4
x1 + x2 − 2x3 = −6







ix1 + 2x2 − 3x3 = 1 − i

(1 − i)x1 + 4x3 = 2i
x1 + 2x2 + x3 = 54.�åøèòü îäíîðîäíóþ ñèñòåìó:4.1. 





3x1 − x2 + 2x3 = 0
x1 + x2 + x3 = 0
x1 + 3x2 + 3x3 = 0

4.2. 





x1 + 3x2 + 2x3 = 0
2x1 − x2 + 3x3 = 0
3x1 + 2x2 + 5x3 = 04.3. 





4x1 − x2 + 10x3 = 0
x1 + 2x2 − x3 = 0
3x1 − 3x2 + 3x3 = 0

4.4. 





2x1 + 5x2 + x3 = 0
4x1 + 6x2 + 3x3 = 0
x1 − x2 − 2x3 = 04.5. 





3x1 − x2 − 3x3 = 0
2x1 + 3x2 + x3 = 0
x1 + x2 + 3x3 = 0

4.6. 





x1 − x2 + 2x3 = 0
2x1 + x2 − 3x3 = 0
3x1 − x3 = 04.7. 





2x1 − x2 − 5x3 = 0
x1 + 2x2 − 3x3 = 0
5x1 + x2 + 4x3 = 0

4.8. 





5x1 − 5x2 + 4x3 = 0
3x1 + x2 + 3x3 = 0
2x1 − 6x2 + x3 = 04.9. 





x1 + 3x2 − x3 = 0
2x1 + 5x2 − 2x3 = 0
x1 + x2 + 5x3 = 0

4.10. 





x1 − 2x2 + x3 = 0
3x1 + 3x2 + 5x3 = 0
4x1 + x2 + 6x3 = 04.11. 





2x1 + x2 − 3x3 = 0
x1 + 2x2 − 4x3 = 0
x1 − x2 + x3 = 0

4.12. 





6x1 + 5x2 − 4x3 = 0
x1 + x2 − x3 = 0
3x1 + 4x2 + 3x3 = 04.13. 





4x1 + x2 + 4x3 = 0
3x1 − 2x2 − x3 = 0
7x1 − x2 + 3x3 = 0

4.14. 





8x1 + x2 − 3x3 = 0
x1 + 5x2 + x3 = 0
4x1 − 7x2 + 2x3 = 04.15. 





2x1 + 4x2 − 3x3 = 0
x1 − 3x2 + 2x3 = 0
3x1 + x2 + x3 = 05Èññëåäîâàòü ñèñòåìó è íàéòè ðåøåíèÿ â çàâèñèìîñòè îò çíà÷åíèéïàðàìåòðà λ:







x1 + (n − 7)x2 + x3 = 1
x1 + λx2 + x3 = −1
(n − 8)x1 + x2 + λx3 = 1ãäå n� íîìåð âàðèàíòà.
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ËÀÁÎ�ÀÒÎ�ÍÀß �ÀÁÎÒÀ �7ÌÍÎ�Î×ËÅÍÛÂîïðîñû äëÿ ñàìîêîíòðîëÿ1. ÏÎÑÒ�ÎÅÍÈÅ ÊÎËÜÖÀ ÌÍÎ�Î×ËÅÍÎÂÏîñëåäîâàòåëüíîñòè, èõ ñëîæåíèå, óìíîæåíèå. Ïðîâåðêà àêñèîì êîëü-öà. Ââåäåíèå ïåðåìåííîãî x. Çàïèñü ìíîãî÷ëåíà ïî âîçðàñòàþùèì è óáûâà-þùèì ñòåïåíÿì x. Ñòåïåíü ìíîãî÷ëåíà. Ñòåïåíü ñóììû è ïðîèçâåäåíèÿìíîãî÷ëåíîâ.2. ÄÅËÅÍÈÅ Ñ ÎÑÒÀÒÊÎÌ Â ÊÎËÜÖÅ ÌÍÎ�Î×ËÅÍÎÂÄîêàçàòåëüñòâî òåîðåìû î äåëåíèè ñ îñòàòêîì. Íåïîëíîå ÷àñòíîå,îñòàòîê.3. ÀË�Î�ÈÒÌ ÅÂÊËÈÄÀ ÄËß ÌÍÎ�Î×ËÅÍÎÂÄåëèìîñòü ìíîãî÷ëåíîâ è åå ñâîéñòâà. Íàèáîëüøèé îáùèé äåëèòåëü èåãî íàõîæäåíèå ñ ïîìîùüþ àëãîðèòìà Åâêëèäà.4. ÂÛ�ÀÆÅÍÈÅ ÍÀÈÁÎËÜØÅ�Î ÎÁÙÅ�Î ÄÅËÈÒÅËß×Å�ÅÇ ÈÑÕÎÄÍÛÅ ÌÍÎ�Î×ËÅÍÛÄîêàçàòåëüñòâî òåîðåìû î âûðàæåíèè ÍÎÄ ÷åðåç èñõîäíûå ìíîãî÷ëå-íû. Âçàèìíî ïðîñòûå ìíîãî÷ëåíû. Ñëåäñòâèå òåîðåìû äëÿ âçàèìíî ïðî-ñòûõ ìíîãî÷ëåíîâ. Òåîðåìà î äåëèìîñòè ïðîèçâåäåíèÿ äâóõ ìíîãî÷ëåíîâ íàìíîãî÷ëåí, âçàèìíî ïðîñòîé ñ îäíèì èç ñîìíîæèòåëåé.5. ÍÅÏ�ÈÂÎÄÈÌÛÅ ÌÍÎ�Î×ËÅÍÛÎïðåäåëåíèå íåïðèâîäèìîãî ìíîãî÷ëåíà. Çàâèñèìîñòü íåïðèâîäèìîñòèîò ïîëÿ. Ñâîéñòâà íåïðèâîäèìûõ ìíîãî÷ëåíîâ. Îäíîçíà÷íîñòü ðàçëîæå-íèÿ íà íåïðèâîäèìûå ìíîæèòåëè â êîëüöå ìíîãî÷ëåíîâ. Êàíîíè÷åñêîå ðàç-ëîæåíèå ìíîãî÷ëåíà è íàõîæäåíèå ÍÎÄ.6. Ï�ÎÈÇÂÎÄÍÀß ÌÍÎ�Î×ËÅÍÀÎïðåäåëåíèå ïðîèçâîäíîé ìíîãî÷ëåíà è åå âû÷èñëåíèå. Êðàòíîñòüíåïðèâîäèìîãî ìíîæèòåëÿ è åå ïîíèæåíèå ïðè äè��åðåíöèðîâàíèè. ÍÎÄìíîãî÷ëåíà è ïðîèçâîäíîé.7. ÊÎ�ÍÈ ÌÍÎ�Î×ËÅÍÀÎïðåäåëåíèå êîðíÿ ìíîãî÷ëåíà. Òåîðåìà Áåçó. Êðàòíîñòü êîðíÿ è åå ïî-íèæåíèå ïðè äè��åðåíöèðîâàíèè. ×èñëî êîðíåé ìíîãî÷ëåíà è åãî ñòåïåíü.Îòñóòñòâèå êðàòíûõ êîðíåé ìíîãî÷ëåíà.8. ÑÕÅÌÀ �Î�ÍÅ�À9. ÌÍÎ�Î×ËÅÍÛ ÍÀÄ ÏÎËÅÌ ÊÎÌÏËÅÊÑÍÛÕ ×ÈÑÅËÎïðåäåëåíèå àëãåáðàè÷åñêè çàìêíóòîãî ïîëÿ. Òåîðåìà �àóññà è åå ñëåä-ñòâèÿ. Íåïðèâîäèìûå ìíîãî÷ëåíû íàä ïîëåì êîìïëåêñíûõ ÷èñåë. ÔîðìóëûÂèåòà. 65



10. ÌÍÎ�Î×ËÅÍÛ ÍÀÄ ÏÎËÅÌ ÄÅÉÑÒÂÈÒÅËÜÍÛÕ ×È-ÑÅËÒåîðåìà î ñîïðÿæåííîñòè êîìïëåêñíûõ êîðíåé ìíîãî÷ëåíà ñ äåéñòâè-òåëüíûìè êîý��èöèåíòàìè è åå ñëåäñòâèÿ. �àçëîæåíèå ìíîãî÷ëåíà íàìíîæèòåëè.

66



Ï�ÈÌÅ�Û �ÅØÅÍÈß È ÎÔÎ�ÌËÅÍÈß ÇÀÄÀ×Ïðèìåð 1. Â êîëüöå Z5[x] íàéòè ÷àñòíîå q(x) ïðè äåëåíèè f(x) = x4 +
+ 2x3 − 3x2 − 4x − 1 íà g(x) = x3 + x2 − x − 1. Óêàçàòü îñòàòîê r(x).�åøåíèå. Íàïîìíèì, ÷òî êîëüöî Z5 ñîñòîèò èç ýëåìåíòîâ 0, 1, 2, 3,
4. Ìíîãî÷ëåíû f(x) è g(x) ìîæíî çàïèñàòü ñëåäóþùèì îáðàçîì:

f(x) = x4 + 2x3 + 2x2 + x + 4,
g(x) = x3 + x2 + 4x + 4.�àçäåëèì f(x) íà g(x):_x4 +2x3 +2x2 + x +4 x3 +x2 + 4x+4

x4 + x3 +4x2 +4x x +1_ x3 +3x2 +2x+4
x3 + x2 +4x+4

2x2 +3xÑëåäîâàòåëüíî, f(x) = g(x)q(x)+ r(x), ãäå ÷àñòíîå q(x) = x+1, à îñòà-òîê r(x) = 2x2 + 3x.Îòâåò: q(x) = x + 1, r(x) = 2x2 + 3x. Ïðèìåð 2. Íàéòè ÍÎÄ ìíîãî-÷ëåíîâ f(x) = 3x4 + 8x3 + 6x2 + 3x − 2 è g(x) = 3x4 − x3 − 9x2 − 3x + 2 èâûðàçèòü åãî ÷åðåç ýòè ìíîãî÷ëåíû.�åøåíèå. Èñïîëüçóåì àëãîðèòì Åâêëèäà. Äåëèì f(x) íà g(x) ñ îñòàò-êîì: _ 3x4 + 8x3 + 6x2 + 3x+ 2 3x2−x3 − 9x2− 3x+2
3x4− x3 − 9x2 − 3x+ 2 4

9x3 + 15x2 + 6x− 4Äàëåå äåëèì g(x) íà ïåðâûé îñòàòîê:_ 3x4 − x3 − 9x2 − 3x + 2 9x3 + 15x2 +6x− 4

3x4 + 5x3 + 2x2 − 4

3
x

1

3
x − 2

3_ − 6x3− 11x2− 5

3
x+ 2

− 6x3− 10x2− 4x +
8

3

− x2 +
7

3
x− 2

3
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Òåïåðü äåëèì ïåðâûé îñòàòîê íà âòîðîé:_ 9x3 + 15x2 + 6x − 4 −x2 +
7

3
x− 2

3
9x3 − 21x2 + 6x − 9x− 36_ 36x2 − 4

36x2− 84x+ 24
84x− 28Äåëèì âòîðîé îñòàòîê íà òðåòèé:_−x2 +

7

3
x− 2

3
84x − 28

−x2 +
1

3
x − 1

84
x+

1

42_ 2x − 2

3

2x − 2

3
0Èòàê, ïîñëåäíèé îòëè÷íûé îò íóëÿ îñòàòîê, ò.å. ÍÎÄ(f(x), g(x)) ðà-âåí 84x − 28. Íàéäåì òåïåðü åãî ïðåäñòàâëåíèå ÷åðåç f(x) è g(x). Âíà÷àëåçàïèøåì ïîñëåäîâàòåëüíîñòü Åâêëèäà äëÿ äàííûõ ìíîãî÷ëåíîâ f(x) è g(x):

f(x) = 1 · g(x) + r1(x),

g(x) = (
1

3
x − 2

3
)r1(x) + r2(x),

r1(x) = (−9x − 36)r2(x) + r3(x).Çàìåòèì, ÷òî r3(x) = ÍÎÄ(f(x), g(x)). Òåïåðü áóäåì äâèãàòüñÿ â àëãî-ðèòìå Åâêëèäà ñíèçó ââåðõ:
r3(x) = r1 + (9x + 36)r2(x) =

= r1(x) + (9x + 36)(g(x)− (
1

3
x − 2

3
)r1(x)) =

= r1(x) + (9x + 36)g(x)− (9x + 36)(
1

3
x − 2

3
)r1(x) =

= (9x + 36)g(x) + (−3x2 − 6x + 25)r1(x) =
= (9x + 36)g(x) + (−3x2 − 6x + 25)(f(x)− g(x)) =
= (−3x2 − 6x + 25)f(x) + (3x2 + 15x + 11)g(x).Îòâåò: ÍÎÄ(f(x), g(x)) = 84x−28 = (−3x2−6x+25)f(x)+(3x2+15x+

+ 11)g(x). 68



Ïðèìåð 3. �àçëîæèòü ìíîãî÷ëåí f(x) = x4 − 3x3 + 2x2 + 2x − 4 íàíåïðèâîäèìûå ìíîæèòåëè íàä ïîëÿìè R è C.�åøåíèå. Íàéäåì âñå êîðíè ìíîãî÷ëåíà f(x). Âîçìîæíûå öåëûå êîðíèìíîãî÷ëåíà f(x) ÿâëÿþòñÿ äåëèòåëÿìè ñâîáîäíîãî ÷ëåíà (−4). Ëåãêî ïðî-âåðèòü, ÷òî x1 = −1 è x2 = 2 � êîðíè ìíîãî÷ëåíà f(x). Ñëåäîâàòåëüíî,
f(x) äåëèòñÿ íà (x − 2)(x + 1) = x2 − x − 2._x4 − 3x3 + 2x2 + 2x− 4 x2−x − 2

x4 − x3 − 2x2 x2− 2x+ 2_ − 2x3 + 4x2 + 2x− 4
− 2x3 + 2x2 + 4x_ 2x2− 2x− 4

2x2− 2x− 4
0�åøàÿ óðàâíåíèå x2 − 2x + 2 = 0, íàõîäèì îñòàëüíûå êîðíè: x3 = 1 + i,

x4 = 1 − i.à) Òàê êàê íåïðèâîäèìûìè íàä ïîëåì C ÿâëÿþòñÿ òîëüêî ìíîãî÷ëåíûïåðâîé ñòåïåíè, òî èñêîìîå ðàçëîæåíèå f(x) íàä C èìååò âèä
f(x) = (x + 1)(x− 2)(x− 1 − i)(x − 1 + i).á) Íåïðèâîäèìûìè íàä ïîëåì R ÿâëÿþòñÿ ìíîãî÷ëåíû ïåðâîé ñòåïåíè èìíîãî÷ëåíû âòîðîé ñòåïåíè ñ îòðèöàòåëüíûì äèñêðèìèíàíòîì. Ïîýòîìóðàçëîæåíèå f(x) íà íåïðèâîäèìûå ìíîæèòåëè íàä R èìååò âèä

f(x) = (x + 1)(x − 2)(x2 − 2x + 2).Ïðèìåð 4. �àçëîæèòü ìíîãî÷ëåí f(x) = x4 + 2x3 + 3x2 + 5x + 1 ïîñòåïåíÿì (x − 1).�åøåíèå. ×òîáû íàéòè êîý��èöèåíòû ðàçëîæåíèÿ ìíîãî÷ëåíà f(x)ïî ñòåïåíÿì x−1, íóæíî ïî ñõåìå �îðíåðà ïîî÷åðåäíî ðàçäåëèòü ñ îñòàò-êîì íà x−1 ìíîãî÷ëåí f(x), çàòåì ïåðâîå íåïîëíîå ÷àñòíîå, âòîðîå íåïîë-íîå ÷àñòíîå è ò.ä. Ïîëó÷àåìûå ïðè ýòîì îñòàòêè è ÿâëÿþòñÿ èñêîìûìèêîý��èöèåíòàìè.1 2 3 5 11 1 3 6 11 ��
��121 1 4 10 ��

��211 1 5 ��
��151 1 ��

��61 ��
��1 69



Èñêîìîå ðàçëîæåíèå ìíîãî÷ëåíà f(x) èìååò âèä
f(x) = 12 + 21(x − 1) + 15(x − 1)2 + 6(x − 1)3 + (x − 1)4.Çàìå÷àíèå. Îñòàòîê ïðè äåëåíèè ìíîãî÷ëåíà f(x) íà x − a ÿâëÿåòñÿçíà÷åíèåì ìíîãî÷ëåíà f(x) ïðè x = a. Íàïðèìåð, â ïðèìåðå 4 çíà÷åíèå

f(1) = 12.Èç ïðèìåðà 4 ëåãêî íàéòè çíà÷åíèå ïðîèçâîäíûõ ìíîãî÷ëåíà f(x) ïðè
x = 1, íå âû÷èñëÿÿ ñàìèõ ïðîèçâîäíûõ. Îñòàòêè ïðè äåëåíèè f(x) íà x− 1ñâÿçàíû ñ ïðîèçâîäíûìè

f ′(1)

1!
= 21,

f ′′(1)

2!
= 15,

f ′′′(1)

3!
= 6,

f IV (1)

4!
= 1.Òîãäà f ′(1) = 21, f ′′(1) = 30, f ′′′(1) = 36, f IV (1) = 24.Ïðèìåð 5. Îïðåäåëèòü êîý��èöèåíòû a è b òàê, ÷òîáû ìíîãî÷ëåí

g(x) = ax4 + bx3 + 1 äåëèëñÿ íà (x + 1)2.�åøåíèå. Íåîáõîäèìî íàéòè a è b òàê, ÷òîáû (−1) ÿâëÿëàñü äâóêðàò-íûì êîðíåì ìíîãî÷ëåíà g(x). Ñëåäîâàòåëüíî, äîëæíû âûïîëíÿòüñÿ óñëî-âèÿ
{

g(−1) = 0,
g′(−1) = 0.Íàéäåì ïðîèçâîäíóþ g′(x): g′(x) = 4ax3 + 3bx2. Óñëîâèÿ

{

g(−1) = 0,
g′(−1) = 0.ïðèíèìàþò âèä

{

a − b + 1 = 0,
−4a + 3b = 0.�åøàÿ ñèñòåìó, íàéäåì a = 3, b = 4.Îòâåò: a = 3, b = 4.Ïðèìåð 6. Èçâåñòåí êîðåíü 1 + i ìíîãî÷ëåíà f(x) = 3x4 − 5x3 + 3x2 +

+ 4x − 2. Íàéòè âñå êîðíè ýòîãî ìíîãî÷ëåíà.�åøåíèå. Òàê êàê êîý��èöèåíòû ìíîãî÷ëåíà f(x) äåéñòâèòåëüíûå÷èñëà, òî ÷èñëî 1− i, ñîïðÿæåííîå êîðíþ 1 + i, òàêæå áóäåò êîðíåì f(x).Ïîýòîìó f(x) äåëèòñÿ íà ìíîãî÷ëåí
(x− (1− i))(x− (1 + i)) = (x− 1 + i)(x− 1− i) = (x− 1)2 − i2 = x2 − 2x + 2.
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_ 3x4 − 5x3 + 3x2 +4x− 2 x2 − 2x+ 2
3x4 − 6x3 + 6x2 3x2 + x − 1_ x3 − 3x2 +4x− 2

x3 − 2x2 +2x_ − x2 +2x− 2
− x2 +2x− 2

0�åøàÿ óðîàâíåíèå 3x2 + x − 1 = 0, íàéäåì îñòàëüíûå êîðíè x1 =

=
−1 −

√
13

6
, x2 =

−1 −
√

13

6
.Îòâåò: 1 + i, 1 − i, −1 −
√

13

6
, −1 +

√
13

6
.ÇÀÄÀÍÈÅ Ê ËÀÁÎ�ÀÒÎ�ÍÎÉ �ÀÁÎÒÅ1. Â êîëüöàõ R[x] è Z[x] âûïîëíèòü äåëåíèå ñ îñòàòêîì:1.1. 2x4 − 3x3 + 4x2 − 5x + 6 íà x2 − 3x + 1.1.2. x4 − 3x2 − x − 1 íà x2 − 2x + 1.1.3. x4 − 4x3 + 6x2 + x − 1 íà x2 − 2x − 3.1.4. 5x4 − x2 + 6 íà x2 + 3x + 2.1.5. x5 + x2 − x − 1 íà x3 − 2x + 1.1.6. 2x4 + x2 + 2x íà x2 − 2.1.7. x4 + 2x − 3 íà x3 + 1.1.8. 2x5 + x2 + x + 1 íà x3 + x + 1.1.9. x5 + 2x3 − x2 + 4 íà x3 + 2x2 − 1.1.10. 2x5 + 3x3 + 2x2 − x + 5 íà x3 − 2x + 1.1.11. 3x4 − x2 + 2x + 4 íà x3 − 2x2 + x.1.12. 4x5 − 2x + 3 íà x2 + 3x − 1.1.13. 6x4 − 4x3 − 2x + 1 íà x3 − x + 3.1.14. 5x5 − 4x4 + 3x + 2 íà x3 − 3x + 4.1.15. x5 − 6x4 + 5x3 + 2 íà x3 − 1.2. Ïîëüçóÿñü àëãîðèòìîì Åâêëèäà, íàéòè ÍÎÄ(f(x), g(x)) è âûðàçèòüåãî ÷åðåç èñõîäíûå ìíîãî÷ëåíû:
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2.1. f(x) = x4 + 2x3 − x2 − 4x − 2,
g(x) = x4 + x3 − x2 − 2x − 2.2.2. f(x) = x5 + 3x4 + x3 + x2 + 3x + 1,
g(x) = x4 + 2x3 + x + 2.2.3. f(x) = x6 − 4x5 + 11x4 − 27x3 + 37x2 − 35x + 35,
g(x) = x5 − 3x4 + 7x3 − 20x2 + 10x − 25.2.4. f(x) = 3x5 + 5x4 − 16x3 − 6x2 − 5x − 6,
g(x) = 3x4 − 4x3 − x2 − x − 2.2.5. f(x) = 3x3 − 2x2 + x + 2,
g(x) = x2 − x + 1.2.6. f(x) = x4 − x3 − 4x2 + 4x + 1,
g(x) = x2 − x − 1.2.7. f(x) = 4x4 − 2x3 − 16x2 + 5x + 9,
g(x) = 2x3 − x2 − 5x + 4.2.8. f(x) = x5 − 5x4 − 2x3 + 12x2 − 2x + 12,
g(x) = x3 − 5x2 − 3x + 17.2.9. f(x) = 3x4 − 5x3 + 4x2 − 2x + 1,
g(x) = 3x3 − 2x2 + x − 1.2.10. f(x) = x5 + 5x4 + 9x3 + 7x2 + 5x + 3,
g(x) = x4 + 2x3 + 2x2 + x + 1.2.11. f(x) = x4 + 4x3 − 7x + 12,
g(x) = x3 + 3x2 − 4.2.12. f(x) = x5 − x4 + x3 − x2 + 2x − 2,
g(x) = x5 − 1.2.13. f(x) = 3x5 + 6x4 + 3x3 − x2 − 2x − 1,
g(x) = x4 − 2x2 + 1.2.14. f(x) = x6 − x4 + 3x3 − 2x + 2,
g(x) = x3 + 2.2.15. f(x) = 2x4 + 3x3 − 3x2 − 5x + 2,
g(x) = 2x3 + x2 − x − 1.3. �àçëîæèòü ìíîãî÷ëåíû f(x) è g(x) íà íåïðèâîäèìûå ìíîæèòåëè íàäïîëÿìè R è C:
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3.1. f(x) = x4 − x3 − x2 − x − 2,
g(x) = x6 + 27.3.2. f(x) = x4 + 2x3 + x2 + 8x − 12,
g(x) = x4 + 16.3.3. f(x) = x4 − 4x3 + 7x2 − 6x + 2,
g(x) = x4 + 81.3.4. f(x) = x5 + 2x4 + x3 + x2 + 2x + 1,
g(x) = x3 − 6x2 + 11x − 6.3.5. f(x) = x5 + 2x4 + x3 − x2 − 2x − 1,
g(x) = x4 − 16.3.6. f(x) = x5 + 4x4 + 4x3 − x2 − 4x − 4,
g(x) = x6 − 27.3.7. f(x) = x5 − 6x4 + 9x3 − x2 + 6x − 9,
g(x) = x4 − 2x2 + 2.3.8. f(x) = x4 − 5x3 + 15x2 − 45x + 54,
g(x) = x6 − 1.3.9. f(x) = x5 + 3x4 + 9x3 + 27x2,
g(x) = x8 − 6x4 + 9.3.10. f(x) = x5 + 5x4 − 6x3 − x2 − 5x + 6,
g(x) = x4 + 4x3 + 4x − 1.3.11. f(x) = x4 + 2x3 − 2x2 − 6x + 5,
g(x) = x4 − 10x2 + 1.3.12. f(x) = x4 + x3 − 4x2 + 4x + 16,
g(x) = x6 + 4x3 + 4.3.13. f(x) = x5 − x3 − x2 + 1,
g(x) = x3 + 5x2 + 9x + 6.3.14. f(x) = x5 + x4 + 5x3 + 5x2 − 6x − 6,
g(x) = x4 − 81.3.15. f(x) = x4 − 6x3 + 10x2 − 6x + 9,
g(x) = x8 − 1.4. Ïîëüçóÿñü ñõåìîé �îðíåðà, âû÷èñëèòü f(x0):
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4.1. f(x) = x4 − 2x3 + 4x2 − 6x + 8, x0 = 1 + i.4.2. f(x) = 2x5 − 5x3 − 8x, x0 = −3 + i.4.3. f(x) = 4x3 + x2, x0 = −1 − i.4.4. f(x) = x3 − x2 − x, x0 = 1 − 2i.4.5. f(x) = x4 − 3x3 + 6x2 − 10x + 16, x0 = i.4.6. f(x) = 5x4 − 7x3 + 8x2 − 3x + 7, x0 = 3i.4.7. f(x) = x5 + (1 + 2i)x4 − (1 + 3i)x2 + 7, x0 = −2 − i.4.8. f(x) = x5 + (1 − 2i)x4 − (3 + i)x2 + 7, x0 = −1 + 2i.4.9. f(x) = x4 + 2ix3 − (1 + i)x2 − 3x + 7 + i, x0 = −i.4.10. f(x) = x4 − 3ix3 − 4x2 + 5ix − 1, x0 = 1 + 2i.4.11. f(x) = 2x5 + 4x3 − 5x + 2, x0 = 2i.4.12. f(x) = 4x5 − 3x4 + 2x2 − 5x, x0 = 2 + i.4.13. f(x) = 3x4 − ix3 + (1 − 2i)x2 = 2x − 1, x0 = 3i.4.14. f(x) = 5x4 + 2ix3 + 5x − i, x0 = 1 + i.4.15. f(x) = x4 + (3 − 8i)x3 − (21 + 18i)x2 − (33 − 20i)x + 7 + 18i, x0 = −1 + 2 .5. Ïîëüçóÿñü ñõåìîé �îðíåðà, ðàçëîæèòü ìíîãî÷ëåí f(x) èç çàäàíèÿ 3ïî ñòåïåíÿì x + 2.6. Îïðåäåëèòü êîý��èöèåíòû a, b, c òàê, ÷òîáû ìíîãî÷ëåí f(x) èìåë
1 êîðíåì íå íèæå òðåòüåé êðàòíîñòè:6.1. f(x) = ax4 + bx3 + cx2 − 2x + 1.6.2. f(x) = ax3 + bx2 − 2cx + 2.6.3. f(x) = 2ax3 − bx2 + cx − 1.6.4. f(x) = x4 − ax3 + 2bx + c.6.5. f(x) = −ax4 + 2bx3 − cx2 + 2x.6.6. f(x) = ax4 + 2bx3 + 3cx − 3.6.7. f(x) = 2ax3 − bx2 + cx − 4.6.8. f(x) = −2ax4 + 3bx2 − 2cx + 3.6.9. f(x) = ax4 − 2bx2 + cx − 2.6.10. f(x) = ax3 − 3bx2 + 2cx − 4.6.11. f(x) = 3ax3 + 2bx2 − 4cx − 1.6.12. f(x) = −2ax4 + bx3 − 2cx − 6.6.13. f(x) = ax4 − 4bx2 + cx − 2.6.14. f(x) = 4ax3 − 2bx2 + 3cx − 4.6.15. f(x) = −2ax3 + 2bx2 − 6cx + 1.7. Íàéòè âñå êîðíè ìíîãî÷ëåíà f(x):
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7.1. f(x) = x4 − 3x3 + 2x2 − 9x + 9.7.2. f(x) = x4 − 6x3 + 4x2 + 15x − 50.7.3. f(x) = x4 + 3x3 − 2x2 − 10x − 12.7.4. f(x) = x4 + 6x3 + 8x2 − 3x − 12.7.5. f(x) = x4 + x3 − 4x2 − 16x − 24.7.6. f(x) = 2x4 + 7x3 + 2x2 − 5x − 6.7.7. f(x) = 3x4 − 17x3 + 19x2 + 2x + 8.7.8. f(x) = x4 + 6x3 + 14x2 + 14x + 5.7.9. f(x) = −2x4 + x3 − x + 2.7.10. f(x) = −x4 + 8x3 − 19x2 + 22x − 10.7.11. f(x) = −3x4 + 5x3 + 33x2 − 23x + 12.7.12. f(x) = 2x4 − 3x3 − 8x2 + 3x − 18.7.13. f(x) = 2x4 − 13x3 + 28x2 − 37x + 20.7.14. f(x) = −3x4 + 5x3 + 8x2 − 20x + 16.7.15. f(x) = −x4 + 5x3 − 4x2 + 15x + 25.8. Íàéòè âñå êîðíè ìíîãî÷ëåíà g(x), åñëè c � îäèí èç êîðíåé:8.1. g(x) = x3 − 7x2 + 19x − 13, c = 3 − 2i.8.2. g(x) = x4 + 2x3 + 8x + 16, c = 1 +
√

3i.8.3. g(x) = x4 − 4x3 + 2x2 + 20x + 13, c = 3 − 2i.8.4. g(x) = x4 + 6x3 + 10x2 + 6x + 9, c = i.8.5. g(x) = x4 − 6x3 + 13x2 − 24x + 36, c = 2i.8.6. g(x) = x4 − 2x3 + 2x2 − 2x + 1, c = −i.8.7. g(x) = x4 − 4x3 − 4x2 + 36x − 45, c = 2 − i.8.8. g(x) = x4 − 2x3 + 3x2 − 2x + 2, c = 1 + i.8.9. g(x) = x3 − 4x2 + 14x − 20, c = 1 + 3i.8.10. g(x) = x4 − 7x3 + 19x2 − 28x + 10, c = 2 − i.8.11. g(x) = x4 − x2 + 2x + 2, c = 1 + i.8.12. g(x) = x4 + 4x3 + 17x2 + 16x + 52, c = −2 + 3i.8.13. g(x) = x4 + 2x3 + x2 − 8x − 20, c = −1 + 2i.8.14. g(x) = x4 + 9x3 + 27x2 + 41x − 78, c = −2 − 3i.8.15. g(x) = x4 + 6x3 + 10x2 − 2x − 15, c = −2 + i.
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ËÀÁÎ�ÀÒÎ�ÍÀß �ÀÁÎÒÀ �8ÈÍÒÅ�ÏÎËßÖÈß È �ÀÖÈÎÍÀËÜÍÛÅ Ä�ÎÁÈÂîïðîñû äëÿ ñàìîêîíòðîëÿ1. ÈÍÒÅ�ÏÎËßÖÈÎÍÍÀß ÔÎ�ÌÓËÀ ËÀ��ÀÍÆÀÔîðìàëüíî-àëãåáðàè÷åñêèé è �óíêöèîíàëüíûé âçãëÿä íà ìíîãî÷ëåí.Ìíîãî÷ëåíû íàä êîíå÷íûìè è áåñêîíå÷íûìè ïîëÿìè êàê �óíêöèè. Èíòåð-ïîëÿöèîííàÿ �îðìóëà Ëàãðàíæà.2. ÏÎËÅ �ÀÖÈÎÍÀËÜÍÛÕ Ä�ÎÁÅÉ�àöèîíàëüíûå äðîáè è äåéñòâèÿ íàä íèìè. Ïîëå ðàöèîíàëüíûõ äðîáåé.Ïðàâèëüíûå äðîáè. �àçëîæåíèå ðàöèîíàëüíîé äðîáè â ñóììó ìíîãî÷ëåíàè ïðàâèëüíîé äðîáè. Ñóììà, ðàçíîñòü è ïðîèçâåäåíèå ïðàâèëüíûõ äðîáåé.Êîëüöî ïðàâèëüíûõ äðîáåé.3. �ÀÇËÎÆÅÍÈÅ �ÀÖÈÎÍÀËÜÍÛÕ Ä�ÎÁÅÉ�àçëîæåíèå ïðàâèëüíîé ðàöèîíàëüíîé äðîáè â ñóììó ïðàâèëüíûõ äðîáåéñ íåïðèâîäèìûìè çíàìåíàòåëÿìè. Ïðîñòåéøèå ðàöèîíàëüíûå äðîáè. �àçëî-æåíèå ïðàâèëüíîé ðàöèîíàëüíîé äðîáè, çíàìåíàòåëü êîòîðîé åñòü ñòåïåíüíåïðèâîäèìîãî ìíîãî÷ëåíà, â ñóììó ïðîñòåéøèõ. �àçëîæåíèå ðàöèîíàëü-íîé äðîáè â ñóììó ìíîãî÷ëåíà è ïðîñòåéøèõ äðîáåé.4. �ÀÖÈÎÍÀËÜÍÛÅ Ä�ÎÁÈ ÍÀÄ C È R È ÈÕ �ÀÇËÎÆÅ-ÍÈßÏðîñòåéøèå ðàöèîíàëüíûå äðîáè íàä ïîëåì C êîìïëåêñíûõ ÷èñåë è íàäïîëåì R äåéñòâèòåëüíûõ ÷èñåë. �àçëîæåíèå ðàöèîíàëüíîé äðîáè íàä ïîëåì
C è íàä ïîëåì R â ñóììó ìíîãî÷ëåíà è ïðîñòåéøèõ äðîáåé.
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Ï�ÈÌÅ�Û �ÅØÅÍÈß È ÎÔÎ�ÌËÅÍÈß ÇÀÄÀ×Ïðèìåð 1. Â êîëüöå C[x] íàéòè ìíîãî÷ëåí f(x) ñòåïåíè ≤ 3, äëÿ êî-òîðîãî f(−1) = 1 + 2i, f(0) = 1, f(i) = 2 − 3i, f(1) = 1.�åøåíèå. Çàïèøåì òàáëèöó çíà÷åíèé èñêîìîé �óíêöèè f(x)

j 1 2 3 4
aj −1 0 i 1
bj = f(aj) 1 + 2i 1 2 − 3i 1Âîñïîëüçóåìñÿ èíòåðïîëÿöèîííîé �îðìóëîé Ëàãðàíæà

f(x) =

n+1
∑

j=1

bjϕj(x),ãäå
ϕj(x) =

(x − a1) . . . (x − aj−1)(x − aj+1) . . . (x − an+1)

(aj − a1) . . . (aj − aj−1)(aj − aj+1) . . . (aj − an+1)
.Â íàøåì ñëó÷àå n = 3. Íàéäåì ϕj(x) äëÿ êàæäîãî j = 1, 2, 3, 4.

ϕ1(x) =
(x − a2)(x − a3)(x − a4)

(a1 − a2)(a1 − a3)(a1 − a4)
=

x(x − i)(x − 1)

(−1)(−1 − i)(−2)
=

x(x2 − (1 + i)x + i)

2(−1 − i)
=

x3

ϕ2(x) =
(x − a1)(x − a3)(x − a4)

(a2 − a1)(a2 − a3)(a2 − a4)
=

(x + 1)(x− i)(x − 1)

1 · (−i)(−1)
=

(x2 − 1)(x− i)

i
=

x3 −

ϕ3(x) =
(x − a1)(x − a2)(x − a4)

(a3 − a1)(a3 − a2)(a3 − a4)
=

(x + 1)x(x − 1)

(i + 1)i(i − 1)
=

x(x2 − 1)

−2i
=

x3 − x

−2i
.

ϕ4(x) =
(x − a1)(x − a2)(x − a3)

(a4 − a1)(a4 − a2)(a4 − a3)
=

(x + 1)x(x− i)

2 · 1 · (1 − i)
=

x(x2 + (1 − i)x − i)

2(1 − i)
=

x3 + (1Òîãäà
f(x) = b1ϕ1(x) + b2ϕ2(x) + b3ϕ3(x) + b4ϕ4(x) =

= (1+2i)
x3 − (1 + i)x2 + ix

2(−1 − i)
+1·x

3 + (1 − i)x2 − ix

2(1 − i)
+(2−3i)

x3 − x

−2i
+1·x

3 − ix2 − x + i

i

=
(−3 − i)

4
(x3−(1+i)x2+ix)−i(x3−ix2−x+i)+

(2i + 3)

2
(x3−x)+

(1 + i)

4
(x3+(1−i)x2−

= x3(
−3 − i

4
−i+

2i + 3

2
+

1 + i

4
)+x2(

2 + 4i

4
−1+

1

2
)+x(

1 − 3i

4
+i−2i + 3

2
+

1 − i

4
)+x0(−i2

= x3 + ix2 − (1 + i)x + 1.77



Èòàê, f(x) = x3 + ix2 − (1 + i)x + 1.Ïðîâåðêà.
f(−1) = −1 + i + 1 + i + 1 = 1 + 2i,

f(0) = 1,
f(i) = −i − i − i + 1 + 1 = 2 − 3i,
f(1) = 1 + i − 1 − i + 1 = 1.Îòâåò: f(x) = x3 + ix2 − (1 + i)x + 1.Ïðèìåð 2. �àçëîæèòü ðàöèîíàëüíóþ äðîáü

F (x) =
x4 + x3 − 3x2 − 2x

x3 − 3x − 2â ñóììó ìíîãî÷ëåíà è ïðîñòåéøèõ äðîáåé íàä ïîëåì R.�åøåíèå. Ïðåäñòàâèì äðîáü F (x) â âèäå ñóììû ìíîãî÷ëåíà è ïðàâèëü-íîé ðàöèîíàëüíîé äðîáè. Äëÿ ýòîãî ðàçäåëèì ÷èñëèòåëü íà çíàìåíàòåëü_x4 +x3 − 3x2− 2x x3 − 3x− 2
x4 − 3x2− 2x x + 1_ x3

x3 − 3x − 2
3x + 2Ñëåäîâàòåëüíî,

F (x) = x + 1 +
3x + 2

x3 − 3x − 2
.�àçëîæåíèå ìíîãî÷ëåíà x3 − 3x − 2 íà íåïðèâîäèìûå íàä R ìíîæèòåëèèìååò âèä (x + 1)2(x − 2). Òåïåðü

3x + 2

x3 − 3x − 2
=

3x + 2

(x + 1)2(x − 2)
=

A

(x + 1)2
+

B

x + 1
+

C

x − 2
=

A(x − 2) + B(x + 1)(x −
(x + 1)2(x −Òîãäà

3x + 2 = A(x − 2) + B(x + 1)(x − 2) + C(x + 1)2.Ïðè x = −1: −1 = −3A, A =
1

3
.Ïðè x = 2: B = 9C, C =

8

9
.Ïðè x = 0: 2 = −2

3
− 2B +

8

9
, B = −8

9
.Îòâåò: F (x) = x + 1 +

1

3
(x + 1)2

+
−8

9
(x + 1)

+

8

9
(x − 2)
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Ïðèìåð 3. �àçëîæèòü ðàöèîíàëüíóþ äðîáü
G(x) =

x2 − 2x

(x2 + 1)2(x − 1)â ñóììó ïðîñòåéøèõ äðîáåé íàä ïîëåì R.�åøåíèå.
x2 − 2x

(x2 + 1)2(x − 1)
=

Ax + B

(x2 + 1)2
+

Cx + D

x2 + 1
+

E

x − 1
=

=
(Ax + B)(x − 1) + (Cx + D)(x2 + 1)(x − 1) + E(x2 + 1)2

(x2 + 1)2(x − 1)
.Òîãäà

x2− 2x = Ax2 +(B −A)x−B +(Cx+D)(x3−x2 +x− 1)+E(x4 +2x2 +1) =

= (C+E)x4+(D−C)x3+(A−D+C+2E)x2+(B−A−C+D)x+(E−D−B).Ñðàâíèâàÿ êý��èöèåíòû ïðè ñòåïåíÿõ x, ïîëó÷èì ñèñòåìó
x4 : C + E = 0
x3 : −C + D = 0
x2 : A + C − D + 2E = 1
x1 : −A + B − C + D = −2
x0 : −B − D + E = 0





















�åøàÿ ñèñòåìó, ïîëó÷èì A =
3

2
, B = −1

2
, C =

1

4
, D =

1

4
, E = −1

4
.Îòâåò:

G(x) =

3

2
x − 1

2
(x2 + 1)2

+

1

4
x +

1

4
x2 + 1

+
−1

4
x − 1

.Ïðèìåð 4. �àçëîæèòü ðàöèîíàëüíóþ äðîáü
G(x) =

3x − 1

(x2 + 1)2â ñóììó ïðîñòåéøèõ äðîáåé íàä ïîëåì C.�åøåíèå.
3x − 1

(x2 + 1)2
=

3x − 1

(x + i)2(x − i)2
=

A

(x + i)2
+

B

(x + i)
+

C

(x − i)2
+

D

x − i
=79



=
A(x − i)2 + B(x + i)(x − i)2 + C(x + i)2 + D(x − i)(x + i)2

(x2 + 1)2
.Òîãäà

3x − 1 = A(x − i)2 + B(x + i)(x − i)2 + C(x + i)2 + D(x − i)(x + i)2.Ïðè x = i: 3i − 1 = −4C, C =
1 − 3i

4
.Ïðè x = −i: −3i − 1 = −4A, A =

1 + 3i

4
.Ïðè x = 0: D − B =

1

2
i.Ïðè x = 1: D(1 + i) + B(1 − i) = −1

2
.�åøàÿ ñèñòåìó











D − B =
1

2
i,

(1 + i)D + (1 − i)B = −1

2
,ïîëó÷èì B = −1

4
i, D =

1

4
i.Îòâåò:

G(x) =

1 + 3i

4
(x + i)2

+
−1

4
i

x + i
+

1 − 3i

4
(x − i)2

+

1

4
i

x − i
.ÇÀÄÀÍÈÅ Ê ËÀÁÎ�ÀÒÎ�ÍÎÉ �ÀÁÎÒÅ1. Â êîëüöå R[x] íàéòè ìíîãî÷ëåí f(x) íàèìåíüøåé ñòåïåíè ïî äàííîé
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òàáëèöå åãî çíà÷åíèé.
1.1 x −1 0 1 2 1.2 x 0 1 2 3 1.3 x −2 1 2 4

f(x) −1 5 7 15 f(x) 1 5 25 79 f(x)−6 3 8 48

1.4 x −1 1 2 4 1.5 x −3 −1 1 2 1.6 x −4−3−1 1
f(x) 10 6 4−30 f(x)−30 0 2 −5 f(x)−3 7 3 7

1.7 x −2 0 1 2 1.8 x −1 1 2 4 1.9 x −1 0 1 4

f(x) 4 1 1 6 f(x) 2 0
1

2
27 f(x) 3 4 5 13

1.10 x −1 0 1 5 1.11 x −2 −1 0 1 1.12 x −3−1 0 1
f(x) 1 2 3 31 f(x) −8 9 14 13 f(x) 34 0 −4−2

1.13 x −2 0 1 2 1.14 x −1 0 1 2 1.15 x −2−1 1 2
f(x)−18 3 0 −8 f(x) 4 1 2 8 f(x)−7 2 2 52. Â êîëüöå C[x] íàéòè ìíîãî÷ëåí g(x) íàèìåíüøåé ñòåïåíè ïî äàííîéòàáëèöå åãî çíà÷åíèé:

2.1 x 1 i −1 2.2 x −2 −1 i 2.3 x −1 −i

g(x) 3i −2 + i 2 + i g(x) −6 − i −2 − i 1 g(x) 3 + i 1 +

2.4 x −i i 0 2.5 x −2 −1 i 2.6 x −1 2i
g(x) 2 0 −1 g(x)−8 − 2i −i 4 − i g(x) 3 − 3i −6 −

2.7 x 0 1 i 2.8 x −i 0 i 2.9 x −1 i

g(x) −1 + i −2 1 + i g(x) 3 2 1 + 2i g(x)−1 + i i

2.10 x −2 0 i 2.11 x 0 1 2 2.12 x 1 i

g(x)−1 − 2i 1 1 − i g(x) −2i −2 − i −8 g(x)−1 + i 3 +

2.13 x −1 0 i 2.14 x −i 0 1 2.15 x −1 1
g(x) −2i −1 − 2i−2 − 2i g(x) 4 + 2i 2 −1 + i g(x) 1 + 2i 13. Ïðåäñòàâèòü ðàöèîíàëüíûå äðîáè F (x) è G(x) â âèäå ñóììû ìíîãî-
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÷ëåíà è ïðàâèëüíîé ðàöèîíàëüíîé äðîáè.
F (x) G(x)

3.1
2x4 − 3x3 − 4x2 + 3x + 2

x3 − 2x2 − x + 2
,

2x4 + 11x2 − x + 1

x4 + 4x2
.

3.2
3x4 + 3x3 − 2x2 − 34x + 4

x3 + x2 − x − 10
,

x4 + 3x3 − 2x2 − 2x + 3

x4 − 2x2 + 1
.

3.3
−x4 − 2x3 + 2x2 + 7x + 6

x3 + 2x2 − x − 2
,

−2x4 + x3 − x2 + 2x + 3

x4 + x3 − x − 1
.

3.4
−2x4 − x3 + 6x2 − 2x − 1

x3 + x2 − x − 1
,

x4 + x3 + x2 − 2x − 10

x4 + 3x3 − x2 − 13x − 10
.

3.5
−3x4 − x2 − 25x + 2

x3 + x + 10
,

−3x4 − x3 + 9x2 + 3x + 2

x4 + x3 − 3x2 − 5x − 2
.

3.6
−x4 + 8x3 − 24x2 + 42x − 31

x3 − 2x2 + 2x − 1
,

2x4 − x3 + 2x2 + x

x4 − 2x3 + 2x − 1
.

3.7
−2x4 + 8x3 − 7x2 + 1

x3 − 4x2 + 6x − 3
,

x4 − x3 + x2 − 4

x4 − 4x3 + 3x2 + 4x − 4
.

3.8
3x4 + 13x3 + 2x2 − 11x − 12

x3 + 4x2 − x − 4
,

x4 − 5x3 + 2x2 − x − 1

x4 − 5x3 + 10x2 − 9x + 3
.

3.9
3x4 − 11x3 + 16x2 − 9x + 1

x3 − 3x2 + 3x − 1
,

−2x4 + 2x3 − x + 5

x4 − x3 − x2 − x − 2
.

3.10
−x4 + 2x3 + 2x − 4

x3 − 2x2 + x − 2
,

x4 − x3 + x2 − 2x + 2

x4 − 7x3 + 18x2 − 20x + 8
.

3.11
−x4 + 2x3 + x2 + 5x + 1

x3 − 1
,

2x4 + x3 − x2 − x − 2

x4 + 2x3 − 2x − 1
.

3.12
x4 + 4x3 + 8x2 + 9x + 2

x3 + 3x2 + 4x + 4
,

−2x4 − x3 − 6x2 − 4x − 8

x4 + 6x3 + 13x2 + 12x + 4
.

3.13
2x4 − 9x3 + 14x2 − x − 3

x3 − 5x2 + 8x − 4
,

x4 − x2 + x − 4

x4 + 2x3 + x2 − 4
.

3.14
x4 + 5x3 + 11x2 + 4x + 1

x3 + 5x2 + 9x + 5
,

x4 + x2 − 4x + 1

x4 + 2x3 − 3x2 − 4x + 4
.

3.15
2x4 − 3x3 + 10x2 − 12x + 3

x3 − x2 + 4x − 4
,

2x4 + 3x3 − 3x2 − 2x

x4 + x3 − 3x2 − x + 2
.

82



4. �àçëîæèòü ðàöèîíàëüíóþ äðîáü R(x) â ñóììó ïðîñòåéøèõ äðîáåé:
4.1

2x − 3

(x − 1)2(x + 2)2
. 4.2

3x − 1

(x + 2)2(x − 3)2
.

4.3
x − 1

(x − 2)3(x + 2)
. 4.4

3x − 2

(x + 3)3(x − 1)
.

4.5
x − 5

(x − 3)2(x + 2)2
. 4.6

−3x + 2

(x − 5)2(x + 1)2
.

4.7
5x − 4

(x − 4)3(x − 1)
. 4.8

−4x + 3

(x + 4)(x + 1)3
.

4.9
x − 1

(x − 3)2(x + 4)2
. 4.10

3x − 5

(x − 2)2(x + 1)2
.

4.11
2x − 4

(x + 5)(x− 1)3
. 4.12

−3x + 5

(x − 5)2x2
.

4.13
2x − 4

(x + 2)3x
. 4.14

−x + 3

(x − 1)2(x + 2)2
.

4.15
x + 1

x3(x − 2)
.5. �àçëîæèòü ðàöèîíàëüíóþ äðîáü K(x) â ñóììó ïðîñòåéøèõ äðîáåéíàä ïîëåì R:

5.1
2x2 − x

(x2 − x + 2)2
. 5.2

2x2 − 1

(x2 + x + 2)2
.

5.3
x2 − 2x − 1

(x2 + 2)2
. 5.4

x2 − 1

(x2 + 3x + 4)2
.

5.5
4x2 − 5x + 2

(x2 + 1)2
. 5.6

3x2 − x

(x2 + 4)2
.

5.7
2x2 − 2

(x2 + 3)2
. 5.8

x2 − 2x + 1

(x2 − x + 3)2
.

5.9
5x2 − 6x + 1

(x2 + 3)2
. 5.10

x2 − 2x

(x2 + 5)2
.

5.11
5x2 − 4x

(x2 + 3x + 5)2
. 5.12

6x2 − 1

(x2 + 2x + 2)2
.

5.13
x − 2

(x2 + 2)2
. 5.14

2x + 1

(x2 − x + 2)2
.

5.15
−x + 3

(x2 + 1)2
.6. �àçëîæèòå ðàöèîíàëüíûå äðîáè F (x) è G(x) èç çàäàíèÿ 3 â ñóììóìíîãî÷ëåíà è ïðîñòåøèõ äðîáåé íàä ïîëåì R, íàä ïîëåì C.83


