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1. Addunnbie npeobpazoBaHus

1. Omnpenenenne nBuKeHnii 1 adpPUHHBIX MPeobpa30BaHUIA
2. Aranutn4deckoe BbIpakeHne aduHHBIX Tpeodpa3oBaHMi

1.1. Onpenenenne apuxkennii 1 adpPUHHBIX ITPeodpa30BaHMIA

Onpegesienne 1.1. Penepom na naockocmu (6 npocmpancmee) Ha3bIBAET-
Cd yIOpsiJOoYeHHas! Iapa (TpoﬁKa) pejicTaBuTeseil JTNHeHO He3aBUCUMbBIX
BEKTOPOB U HeKoTopast Touka (), siBJIAIONIAsiCsl OOIUM HaJIaJIOM IPEJICTa-
BHUTEJIEl 9TUX BEKTOPOB. K/ BEKTOPHI OPTOTOHAJILHBI, TO perep Ha3bIBa-
eTcsd NPAMOY20AbHbLM. FECam BEeKTOpPbI eIUHUYHBIC, TO Pelep Ha3bIBACTCS
HOPMUPOBaHHBILM. Periep, KOTOPBIiT 0JIHOBPEMEHHO OPTOTOHAJIBLHBIN 1 HOPMU-
POBAHHbII, HA3BIBAETCA OPMOHOPMUPOSAHHBILM. Y TIOTPeDIsIeT st 0003HaYeHHIe

0E18y (0&162E5)

Omnpenesierue 1.2. Periep O€1€5 Ha IJIOCKOCTH HA3BIBACTCS NPAGHIM, €CJIN
KpaTJdafiimii IoBOPOT, IePEeBOJIAININN BEKTOD €] B BEKTOD €9 BUJICH B HAIIpaB-
JICHUU IIPOTUB YaCOBOI CTPEJIKA U AE6bM B IIPOTUBHOM CJIyYae.

Onpegenenne 1.3. Peniep O€)€5€3 B IPOCTPAHCTBE HA3LIBACTCS NPAGHIM,
€CJIM BEKTOPBI €1, €9, €3 00pa3yloT IPaBYI0 TPOHKY U A€6blM B IPOTHBHOM
cirydae.

Onpenenenne 1.4. Koopdurnamamu eexmopa i B HEKOTOPOM perepe Ha3bl-
BalOTCst KOA(P(DUIINEHTDI pa3/IoyKeH!sl BEKTOPa 1 110 BEKTOPaM 9TOr0 perepa.
Koopdurnamamu mouxu M B HEKOTOPOM peliepe Ha3bIBAIOTCsT KOOPIMHATHI €€

pajuyc-BekTopa OM B 3TOM perepe.

Onpenenenne 1.5. Omobpascenuem MHOXKeCTBa A Ha MHOXKeCTBO B Ha3bI-
BaeTCsl HEKOTOPBII 3aKOH, KOTOPBIH KarKJIOMY 9JIEMEHTY MHOXKECTBa, A cTaBUT
B COOTBETCTBHE HEKOTOPbIII CTPOrO OIPeJIe/IeHHbII 9JIeMEeHT MHOXKecTBa B.

B naJsibneiiimemM OyjieM paccMaTpUBaTh TOJBKO Te€ OTOOparyKEHUsl I1JI0C-
KOCTH (IIPOCTPAHCTBA) B IIOCKOCTH (IIPOCTPAHCTBO) MPU KOTOPBIX 0OpPA30M
HEKOTOPOI'O perepa siBJIsIeTCss HEKOTOPLIi IpyToil pemnep.

Omnpepesienne 1.6. Orobpazkenue MmI0CKOCTH (IIPOCTPAHCTBA) B IJIOCKOCTh
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(IIPOCTPAHCTBO) HA3BIBACTCSA COOCMEEHHDbIM, €CJIN CTAPBIl U HOBBIN perepsl
NMEIOT OJIMHAKOBYIO OPUEHTAINIO U HeCOOCTEEHHIM B TIPOTUBHOM CJIyYae.

Onpenenenune 1.7. [Ipeobpasosaruem MHOXKeCTBa A HA3BIBAETCS BCSIKOE
oTobpazkenne MHOKecTBa A Ha cebst.

Omnpepesienne 1.8. /[susicenuem naockocmu (npocmpancmea) Ha3bIBACTCS
BCSTKOE TAKOe 0TOOparKeHne MI0CKOCTH (IIPOCTPAHCTBA), KOTOPOE MOYKET ObITh
3a/1aH0 CJIEIYIOIIIM 00pa3oM:

a) ec/im HaM JIaH HEKOTOPLIl OPTOHOPMUPOBAHHLIN perep (KOTopr”A
0OBIIHO HA3BIBAIOT "cTapbiM"), TO €ro 06pa3oM IIpH TOM 0TOOpayKeHUN Oy 1eT
ABJISATHCS HEKOTOPDIN JAPYroil OpTOHOPMUPOBAHHBII perep (KOTOprfI 0OBIYHO
Ha3bIBAIOT "HOBBIM");

0) ecyin HaM JlaHa HEKOTOpast TOYKA, TO KOOPJMHATE ee obpasa B HOBOM
periepe Oy/yT paBHBI KOOPJMHATAM CaMOil TOUKH B CTApOM pelepe.

[TocKOTbKY JIBUKEHIE SIBJIAETCA TACTHBIM CJIYIaeM OTOODAKeHHsi, TO
pazsmvaior codocrsennpie (puc. 1.1) u necoberennbie (puc. 1.2) jaBurkeHust
I0cKOCTH 1 cobersenubie (puc. 1.3) n Hecoberennbie (puc. 1.4) nBrmxenns
IIPOCTPAHCTBA.

o
o)

Puc. 1.1:

Omnpepesienne 1.9. [Ipeobpaszosaruem naockocmu (npocmpancmea) Hasbl-
BACTCST TAKOE 0TOOpayKeHMe MJIOCKOCTH (IIPOCTPAHCTBA), KOTOPOE OTIPEJIeIsi-
erTcsl Tak Ke KaK U J[BIKEHUe, TOJBKO OepyTCsl MPOU3BOJIbHbIE (HE 00s13a-
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Puc. 1.2:

A

Puc. 1.3:
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Puc. 1.4:

TeJIbHO OPTOHOPMUPOBAHHBIE) PEephbl U KOOPIMHATHI 00pa3a u mpoobpasa
He 00s13aTesIbHO paBHBI (puc. 1.5)

Tax ke Kak 1 JJId JIBUZKeHN, Pa3/JIn4aloT COOCTBEHHDIC 1 HeCOOCTBEHHDIE
Ipeobpa3oBaHms MJIOCKOCTH (TIPOCTPAHCTBA).

Onpenenenne 1.10. Addurnvm npeobpasosarnuem naockocmu (npo-
CMPAHCMEa) HA3BIBAETCST TAKOE MTPeodpa30BaHme MI0CKOCTH (IIPOCTPAHCTBA),
4TO 00pa3 NPOU3BOJILHON TOUYKM IIPU 3TOM IPEOOPA3OBAHUU UMEET B HOBOM
pelepe Takue yKe KOOPJAMHATDI, KAKIe UMEeT caMa TOYKa B CTapOM pelepe.

[TockobKy addunnoe 1peodpaszsoBaHKe sIBJISIETCA YACTHBIM CJIydaeM
1Ipeodpa30BaHus, TO pas3indaloT coOOCTBEHHbIE U HecoOCTBeHHbIe a(duHHbIC
1IpeodPa3OBaAHMSI.

OueBu/HO, YTO JBUKEHIE KaK IJIOCKOCTH TaK U IIPOCTPAHCTBA SIBJISIETCS
JaCTHBIM CJiydaeM adpdOUHHOIO peodpa3soBaHus.

Omnpenenenue 1.11. Agpdurrvim omobpasiceruem naockocmu T 6 NAOC-
Kocmb T Ha3BIBAETCs BCSIKOE 0TOOpasKeHne, KOTOPoe MOYKHO 3aJ1aTh CJIe/Ly-
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Puc. 1.5:




IOIIIM 00pa30M:

a) ecJim HaM JIaH HeKOTOpBIi periep Q€] €y B TIOCKOCTH 7, TO €r0 00pa3oM
[PH 9TOM 0TOBpPazKeHIH GYIIeT ABIATHCS HEKOTOPDI JApyroil perep O'e’jels
B ILIOCKOCTHU T';

B) ecsiu M — HEKOTOpasi TOUYKA IJIOCKOCTH 7, KOTopasi B perepe O¢] ey
MMeeT KOOPJUHATH (X1, T9), To ee obpasz M’ B pemepe O €'1€'s nmeer Te xKe
KoopauHaThl (21, T2) (puc. 1.6).

AHajIornIHO MOXKHO OIpeaenTh adduaHOe 0TOOparKeHne IpoCTpaH-
cTBa (XOTsI HAIVISLIIHBII TIPIMED, KOTOPBIi MOKa3aJ1 Obl pasjindne Mex 1y ad-
durHBIM OoTOOpaXkKenneMm n apUHHBIM ITpeodpa30BaHueM, TPUBECTH ITpaK-
THIECKN HEeBO3MOXKHO). C JIPyToii CTOPOHBI, MBI MOYKEM pPaCCMATPUBATh ad-
dunHOE OTOOparkeHue IJI0CKOCTH KaK ad@UHHOE 0TOOparkKeHHe ILIOCKOCTH
Ha ceds U TOI'JIa OHO OKA3bIBAETCs TOXKJIECTBEHHO abdUHHOMY IIpeobpasoBa-
HuIO 1iockocTu. Tak »Ke u i npocTpaHcTsa. [loaTomy B JajbHeReM Mbl
OyJeM paccMaTpuBaTh TOJBKO addunabie mpeobpasoBanus. Ecin e rnona-
JI00UTCs UCIO0JIB30BaTh adduHHOE 0TODparkKeHue, To OyJlileM paccMaTpuBaTh
Tak#e CJaydan OTJIe/bHO.

1.2. AnaaunTtudeckoe BbIpakeHne aduHHBIX Hpeodpa3oBaHMIi

Addbunnbie nmpeobpaszoBaHust MOXKHO 3a/1aBaTh aHAJIUTUYECKH C [TOMO-
I[HI0 CPEJICTB MATPUIHON ajreOpbl. Takoil Moaxo 1 MpexKjie BCero mo3BoJisieT
yIpoIaTh onepanuu ¢ adp@uHHLIMEI TpeodpazoBaHusgMu. Kpome TOro, Bo3-
HUKAeT BO3MOXKHOCTH paccMoTpeHusi apUHHBIX IIPeodpa3soBaHmii JIJisl IPO-
CTPaHCTB Pa3MePHOCTH OOJIbIIEe YeM 3.

[TycTh adpdbunnoe nmpeodbpasoBanue IJI0CKOCTH 38/IaH0 11€PEX0/IOM OT pe-
nepa O¢1 €5 k penepy O/ ¢ 16_; 9 ITockoJIbKY e 1 a ¢ 9 JIEZKAT B TOI 2Ke ILJIOCKOCTH,
TO CyIIeCTBYIOT ﬂeﬁCTBI/ITeﬂbele qucJia C11, C12, C21, Co TaKHe€, 4TO

g = =
€1 = C11€1 + C21€2;
6/2 = 01251 + 02252.
Takoe pacioJiozKenne 3JIeMeHTOB MaTPUIILI TIO3BOJIUT HAM B JlajibHeilem

3aIcaTh APYTyIo, OoJiee BaXKHYIO MATPUILy B 0ObITHOM BH/Ie. Toraa maTpura,
cocTaBeHHasT 13 KO3(DDUITMEHTOB pas3JiozKeHnsi BeKTopoB perepa (J€1€y 110
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BekTopaM pemnepa O’ e 9, T.€. MATPHUIIA
A — C11 €21
C12 €22
HA3bIBAETCS Mampuyet neperoda or basnca BeKTOpPoB pernepa €€y K ba3n-
cy BekTopos penepa O e1els. AHajoruaHo, JJIs1 cjydasi IIPOCTPAHCTBaA, KO-
3 PuImeHTs pas3ioykeHnst BEKTOpoB perepa (J1€1€5€3 10 BEKTOPaM perepa
O'eleyels JIAIOT MATPUILY

C11 C21 C31
A= |ca c2 c»

C13 €23 (33

epexojia oT basnca BeKTopoB perepa (D€ €93 K 6a31cy BEKTOPOB perepa
O'¢e/e'yes.

Sameuanue 1.1. [lockoavky npeobpasosarue, obpammoe ¥ apdurmnomy cy-
Wecmeyem u mak 2ce ABAAEMCA APOUHHBLM, MO MAMPUUE NEpexoda om
6eKMOPO6 00H020 ba3uca K eexmopam 0py2020 npu aPdurHoM NPeodPa306a-
HUU ABAACTNCA HEBVIPOHCOEHHOT.

[Tycts Touka O B peniepe O€1€5 nmeet koopaunatsl (a, b) Haiigem koop-
nuaaTel Bekropa OM' B periepe O€] €y, Vmu OyiyT aBasATHCs KOODMUITEHTH

paszsiozkenust sekropa OM' o sekropam penepa O€€s. O4ueBuaHO, 4TO
y EaY
OM =00 +0O'M'".

H - —
Ilycth uncna x u y — koopjaunatbl BekTopa OM B penepe O€iey. Takue

ke koopiaunarol uMeer sekrop O'M’ B penepe O'¢’1€/5. O603naunM uyepes

2’ u y' koopmunarel Bekropa OM’ B penepe O¢1€,. Torna, N0CKOILKY Hpu
abPuHHOM IPeodpa30BAHNN KOOPINHATHI COXPAHSIIOTCSI, TO

O'M" = zxe'y + ye/y =
96(01151 + 02152) + y(01251 + 02252) S

(cr1w + c10y)€1 + (Co1x + c22y) €

—b ~ ~
00" = aey + bey,
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TO s ) ) ) )
OM'" = (c11x + c12y)€1 + (o1 + cooy)€s + aey + bey =

(c117 + c12y + a)er + (o1 + ooy + b)és.

Takum obpaszom, ecim HekoTopoe adduHHOE IIpeodpa3oBaHue 3aJaHo
cBoeit MaTpuIieil rmepexo/ia ot bazuca cTaporo perepa K 6a3ucy HoBOTro perepa

C11 C21
A=
C12 €22
¥ JIAHBI KOOPJIMHATHI (a, b) Hadaa HOBOIO perepa B cTapoM perepe, To ¢hop-
MYJIBI II€PEX0JIa OT CTAPBIX KOOPIUHAT I,% HEKOTOPOl TOYKU K €€ HOBBLIM
KoopuHaraM &',y umeror Bu:

/
T = C117 + Cc12y + a;

/

Yy = e + ¢y + b.

AHaJIOrmgHO, I cIydasi IPOCTPAHCTBA, €CJI HeKOTopoe adduHHOE ITPeod-
pasoBaHue 3a/IaH0 MaTpHIleil mepexo/ia

C11 C21 €31
A= |c12 e c3

€13 €23 (33
oT 6azuca cTaporo perepa K 6a3ucy HOBOIO pelepa 1 eCjii JaHbl KOO MHATLI
(@, b, ¢) HAYATIA HOBOTO perepa B CTapoM, TO (DOPMYJIbI [IEPEXOia OT CTapPbIX
KOOPJIMHAT X, ¥, 2 HEKOTOPOIi TOUKH K ee HOBLIM KoopauHnaTam &', Yy, 2’ umeror
BUJI;
T =¥+ cpy +ci3 +

Y = 1T + ooy + co3 + .

Y = Co1T + CooYy + 33 + C.

ObpaTHo, ec/i JlaHa HEKOTOPAasl HEBBIPOXKIEHHASI MATPUIIA BTOPOI'O I10-
psLIKa U mapa JefCTBUTEIbHBIX YUCEI, TO MOYKHO COCTaBUTh HEKOTOpPOe ad-
dunHOE NTpeobpasoBaHme IJIOCKOCTH. AHATOTMYHOE yTBEPZKIEHIE CIIPaBE/I-
JINBO U ISl CJIydasl IPOCTPAHCTBA, €CJIN JaHbl HEKOTOPasl HEBBIPOKIEHHASI
MaTpHUIlA TPEThEro MOPsIJKa U HEKOTOpasl TPOiKa, JeficTBUTE/IbHBIX YKCeI.

Tenepb MOXKHO JIaTh olipejesieHne cobcTBeHHOro add@uHHOTO IIpeodbpa-
30BaHUsI HECKOJIBKO MHAYe, YeM PaHbIIIe.



Onpenenenne 1.12. Addunnoe nmpeodbpazoBaHne HA3BIBACTCS COOCMBEH-
HOLM, €CJTH OIIPEJICJINTE/Ib BCIKOM MaTPHUIIBI [I€PEX0/1a 9TOIr0 11PpeodpasoBaHMs
HOJIOYKUTEJIEH U HECOOCMEEeHHbLM B TIPOTUBHOM CJIydae.

Onpepenenne 1.13. Marpurieit adpdbunHoro npeodpazoBanusi OyeM Ha3bl-

BaTh TPAHCIIOHUPOBAHHYIO MaTPUILy Iepexoja oT 6a3uca cTaporo perepa K
Oa3ucy HOBOIO.
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2. CpoiicTBa adbPUHHBIX ITpeodpa3oBaHMii

1. OcuoBHBIE cBoiicTBa adpPpUHHBIX Tpeobpa3oBaHMil
2. CoxpaHeHune OTHOIIIEHU MJIoIa et 1 oobeMoB 1mpu adpduH-
HBIX MPeoOpa30BaAHUAX

2.1. OcHoBHBbIE cBolicTBa addUHHBIX Tpeodpa3oBaHMU

CsoiictBo 2.1. IIpu agdurirom npeo6pa306auuu sekmopy a = Mo M, cma-

BUMCA 8 COOMBEMCMBUE GEKMOP a = MM, npuvem sexmop a umeem 6
HOBOM Denepe Makxue sHce KoopouHamol, KaKue 6eKmop a uUMeem 6 CImapom
penepe.

JleficTBUTE/IbHO, KOOP/IMHATHI BEKTOPA BBIYUC/ISIOTCS KaK pa3HOCTH KO-
Op/INHAT TOYEK Ha KOTOPLIX OHU MOCTPOeHBI. [0CKO/IbKY »Ke 3HAUeHnsT ITUX
KOoOpHAT 1Ipu aGUHHOM ITpeodpa30BaHUN OCTAIOTCSI HEU3MEHHBIME, TO CO-
XPaHSIOTCS W 3HAYEHUsT X PA3HOCTEIl.

Vcnonb3ys mepexo; K Koop/inHaTaM, JIETKO JI0Ka3aTh 1 CJIe Iy ToIIee CBOi-
CTBO.

Ecnn npn panrom adduaHOM Ipeodpa3soBaHU BEKTOPAM i1, U, . . . , Uy
COOTBETCTBYIOT BEKTOPHI U1, U, . .., Uy, TO BCIKOI JIMHEHHON KOMOMHAIIIN
AUy + Aoty + . .. 4+ Aty

BEKTOPOB U1, U, . . . , U, COOTBETCTBYET JIMHEIHAST KOMOMHAIIS

—

BEKTOPOB U/, Uy, ..., u'y.

CaencrBue 2.1. IIpu apdunrom npeobpasosanuis, AUHETHAA 346UCUMOCTNG
BEKMOPOS COTPAHAECMCA. B wacmHocmu, KoriuneapHsie 8eKmopvl nepexooim
8 KOMAUHEAPHDBLE, KOMNAGHAPHDIE BEKMOPBL NEPETOOAM 6 KOMNAAHAPHDLE.

CraencrBue 2.2. IIpu agpdurrom npeobpasosanuy, 6CAKAAL AUHETHO HE3G6U-
CUMGA CUCTEMA BEKMOPO8 NEPEXOIUM 8 AUHETHO HE3ABUCUMYIO CUCTNEMY.

[TockosbKy npu adpdurHOM IIpeobpazoBaHn Jitobasi TOUYKa UMEET CTPOro
olpejiesieHHbIl 00pa3, To o4YeBHHO, 9TO adduHHOE ITIpeodpa3oBaHue siBJIs-
ercst m3oMopusmom. [loaromy st Hero cyiiecTByeT odpaTHOe IIpeodpazo-
BaHUe, KOTOPOe TaK »Ke 0YeBUJIHO sIBJIsieTCsd apMUHHBIM.
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CsoiicTBo 2.2. [Iycmv nexomopoe agdunroe npeobpasosarue 3a0aHo nepe-
xodom om penepa I x penepy I'. Toeda ecau I1 — nexomopwvil npouseosvrivili
penep, mo e20 06pasom npu IMom npeobpadosaruu bydem nexomopwili penep
II'. IIpu smom, ecau M — nexomopas mouka, mo ee 00pa3 npu 3mom npe-
obpaszosanuu — mouka M’ — umeem maxue sice xoopdunamor ¢ penepe 117,
kaxue mouwxa M umeem 6 penepe I1.

<« /loxkaxkem yTBepxKaeHue s ciaydas mockocTtu. Ilycts adeDI/IHHOG
peobpazoBatue 3a4aHo0 1epexojioM or pernepa Q€] €; K periepy O'e’ €'y, Bosb-
MeM HEKOTOpBIi Apyroii penep O1€1€5. BekTophl aToro pemepa o0pasyor 1o
oIIpeiesIeHIIO JINHEHHO He3aBIUCHMYIO CHCTEeMY. SHAUNT, BBULY CBOICTBA 3, UX
obpa3 — cucTeMa BEKTOPOB &1y OyzeT TakxKe JnHeiiHO He3apucuMma. Obpa-
3oM Toukn O Gyer HekoTopast Touka Of. CriejloBaTe/bHO, CHCTEMA, 0’15_7 15_; 9
MO2KeT OBITH BbIOpaHa B KadyecTBe perepa.

[Iycte M — nexkoropas Touka u nycrb M’ — ee obpas upu JaHHOM
11peodbpaz30BaHNIMN.

Homycrum, aro Touka M B perepe O1€1€5 MMeeT KOOPAUHATHL (X1, T3).
Hy»xno jokasars, uro Touka M’ B penepe 0’15_; L€y IMEeT Te Ke KOOPMHATEI,
T.e. (21, X2).

[Tockobky adduuHOe Ipeodbpa3oBaHme 3aJaHO0 IIEPEX0/IOM OT perepa
O¢iey K penepy O¢’ 16_;2, TO KOOPJMHATHI JIIOOOI0 BEKTOPA B CTAPOM perre-
pe paBHBI KOOPAMHATAM 0Opa3a 9TOro BeKTOpa B HOBOM pernepe. KoopmaumHa-
ThI TOYKU B JAHHOM peIepe — 3TO KOOPJIUHATHI B 9TOM pelepe ee PaJimyc-
sekTopa. Ilycrs (a,b) — koopaunarst Touku O B perepe O€1€5. DTO 03HA-
gaetr, uTo OO0 = a€] + bés.

BekTopnl €1 1 €5 TakxKe nMmeroT B periepe €1y KOOPJNHATHI, T.€. CyIIie-
CTBYIOT TaKue JIefiCTBUTE/IbHbIE YUCIa A1 U A1g, UTO

€1 = A11€1 + A\1269
1 CYIIECTBYIOT TaKue JeficTBUTEIbHbIE YUCIa Aoy B Agg, UTO
= A91€1 + Ag9éo.

Torna, cornacuo cBoiicTBy 2, Te ke Koopjaunarol B penepe O'¢/1e's umeror u
X 0Opasbl:

I )y iy

g1 = A€t + A€y

'y = Ag1€'1 + Agz€s.
CiiegoBaTesIbHO,
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OM = O0] + Oy M = a&) + béy + 118) + 195y =
aey + béy + x1(A11€1 + A12€2) + T2(A21€1 + Ag2€h) =

(a4 1 11 + T2do1)€1 + (b + T1 12 + T2 A99)Eb.

3HauuT,
((@ 4+ z1 11 + 22A21), (b + 2112 + 22A22))

H - —
— koopyiunaTel BekTopa OM B peniepe O€€5. OHu paBHbI KOOP/IMHATAM BEK-
ropa O'M’ B penepe O'¢’1€/s, 1€,

! g Y Y
O'M = (a + 2111 + $2>\21)€/1 + (b + 2110 + $2)\22)€/2.

Iockoasky O'M' = OO, + O\M", 10 O\M' = O'M' — O'O. Koop-

JquHaThl Touk (O] B HOBOM peliepe paBHbl KoopauHaTaM ToYku (1 B cTapoM

perepe, T.e., O'O] = ae'y + be'y. Crenoaresbho,

/ / —; _;
O1M'" = (a+ x1 11 + xaXa1)e’s + (b + x1 19 + Todg)elo—
(ae_;l + 56_;2) = $1>\11€71 + 561)\126_;2 + $2>\21€_;1 + $2€72 =

1€ + 19€’s.

Nrak, MbI 110s1y4aeM, 9To KoopauHaTel Touku M’ B penepe O’lg’ 1€l paB-
Hbl (21, T9), T.e. KoopauHaTaMm Touku M B perepe O1€185.

JlokazaTebCcTBO I ciiydasl IPOCTPAHCTBA aHAJOIMIHO U OTJIMIAeTCs
TOJILKO JIOOABJICHIEM TPETbeil KOOp/IMHATLI. B

CsoiicTBo 2.3. 3adas aggdurroe npeobpasosarue nepexodom om penepa I %
penepy I, mow mootcem 3adamo €20 6346 6 Kauecmee cmapozo Kaxoli-Hubdydo
penep 11 u yxasae ezo obpasz 11" npu amom omobpasicenuu 6 Kauecmee Ho-
6020.

CaencrBue 2.3. IIpoussederue dsyx addurruz npeobpasosaruti ecmo agh-
purroe npeobpadosariue.
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HeitcrBuTenbHO, ecan AaHbl JaBa addUHHBIX IpeodbpaszoBannst A n As,
TO, B3sIB B Ka4eCTBE CTApOro perepa Jijist Ipeodpa3oBanust Ao HOBBIN perep
npeobpazoBannst A, Mbl moayanM addUHHOE IIPeodpa3oBaHne, KOTOPOE I1e-
PEeBOJINT CTapbIil pernep npeodbpaszoBanust Ay B HOBBI perep mpeodpa3oBaHust
Ay, T.e. IBJISIETCS IPOU3BE/ICHNEM (HJIN CyTIePIIO3uIineil) mpeobpasoBannii A
n AQ.

MHuozkecTBO Beex mpeobpazoBaHuil mIocKocTu (IPOCTPAHCTBA) OTHOCH-
TeJILHO OIlepaliy cyleprno3unun obpasyer rpyiiry. JleiicTBUTe/bHO, BCe aK-
CHOMBI OIIPEJICTICHIS IPYIIIIbI BBIITOTHSIFOTCST:

— II0CJIEJIOBATEIbHOE BBINOJHEHNE JIBYX IPeodpa3oBaHmii IJIOCKOCTH
(mpocTpaHcTBa) SBJSETCST TPE0OPA3OBAHNEM ILJIOCKOCTH (IPOCTPAHCTBA);

— orepalysi CyIepIo3uin Ipeodpa3oBaHuii IOCKOCTH (IIPOCTPAHCTBA)
ABJIAETCA aCCOIUATUBHOIN;

— CYIIECTBYET €IMHCTBEHHOE TOXKIECTBEHHOE IPeodpPa30BAHNE ILIOCKO-
cti (IIPOCTPAHCTBA) KOTOPOE JIJIs ONEPAIIIH CYTIePIIO3HUIIII TTPEOOPA30BAHI
JIOCKOCTH (IIPOCTPAHCTBA) SABJSETCS HEATPATBHBIM 9JIEMEHTOM:;

— st JTI000r0 TIPeodpPa3oBaHUsT TIOCKOCTH (IIPOCTPAHCTBA) CYIIECTBYET
eJINHCTBEHHOE 00PaTHOE JiJIsi Hero 1Ipeodpa30BaHue;

Omnpenenenune 2.1. Iloarpynna G rpymnsl G Ha3biBaeTcst cobcmeenmoll,
eCJIN OHa SIBJISIETCSA COOCTBEHHBIM ITOJIMHOZKECTBOM MHOXKecTBa (.

[IpuBejieM BaxkHOE yTBEPKIEHUE JIJIsT TPYIIIBI, KOTOPOE Ha3bIBACTCS KPH-
TepUeM IOArPYIIIILI.

Henycmoe nodmnoorcecmeo Gy epynnu G asasemcea ee nodepynnot, ec-
AU OMHOCUMeEAvHo 66edernoti na G onepavuu "* das dan MoOLIT 2AeMEHMOB
g1 u go u3 mruooicecmea Gi, BLINOAHANOMCA CACOYIOULUE YCAOBUMA!

91" € Gy
g1 * g2 € Gy.

He Besikoe mpeobpasoBaHme MpocTpaHCTBa (IIOCKOCTH) siBJIsieTCsT adduH-
HbIM. B TO 2Ke BpeMsi, IOCKOJIbKY IIpousBeieHune adGUHHBIX Ipeodbpa30BaHMii
siBjisiercd apUHHBIM IpeoOpa3oBaHue U Ipeodpa3oBaHue, odpaTHoe K ad-
durHOMY CHOBA siBJIsieTCsT adPUHHBIM, TO MOJIyYaeM CJiejIyiolee CBOMCTBO.
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CsoiictBo 2.4. B epynne ecex npeobpas3osanutdl naockocmu (npocmpar-
CMea) MHo2HCECB0 BCET aPPUHHLT NPeobpa30sanul nAockocmy (npo-
cmpancmea) obpasyem cobemeentyo nodzpynny.

B TakoMm ke COOTHOIIEHUM HaXoJATcd apUHHBIE MTPeodpa3oBaHUs U
JIBUZKEHUS.

CsoiictBo 2.5. B 2pynne ecex addurnnr npeobpasosanuil naiockocmu
(npocmparcmea) mroscecmeo 6cexr deusceruti NAOCKOCU (NPocmpancms)
obpazyem cobcmseenHyo nodepynny.

CsoiictBo 2.6. IIpu agpurmnom npeobpasosaruu, naockocmu (npocmpar-
CM6a) NpamMaa nepexodum 6 npaAmMY0.

<« Orpannyanmcst JI0Ka3aTeJIbCTBOM JIJIs CJIydasl IJIOCKOCTH, MOCKOJIBKY
JTIOKA3aTe/IbCTBO JIIA CIydasi TPOCTPAHCTBA OTIMIACTCS JIMIIL JT0O0aBICHIEM
OJIHOU KOOP/IMHATHI.

[IycTs adpdpunnoe nmpeodpaszoBanne MIOCKOCTU 3a/1aHO MTEPEXOJIOM OT Pe-
nepa [ x perniepy II. Ilycts a — nexoropast npsimasi, My u My — HeKOTOpPBIE
TOUYKHM, IPUHAJJIEZKAIINE ITOH psiMoit, a M{ u Mj — cooTBeTCTBEHHO UX 00-
pasbl IpU yKazannoM npeodpasosannu. Ecin M — neKoTopast 1Ipon3BoJibHas

4
TOYKa NPsiMOit @, To BekTopbl My M u M M, Kojumueapubl. Ho Torja KoJi-

JIMHEAPHBIMI OYAYT U BEKTOPBI M{M/’ n M’M;, rae M’ — obpas rouku M.
Takum obpazom, jrodast TOUKa IPSIMOil @ TepeiiIeT B HEKOTOPYIO TOUKY Ipsi-
moit M{Mj. Terepb HyKHO ellie TTOKa3aTh, YTO MHOXKECTBO BCEX TOUYEK ITPsi-
MOfi @ TiepeiijieT B MHOYKECTBO Bcex Todek mpsamoit M{M;. JleiicrBuresbHo,
IIOCKOJIbKY ITpeobpaszoBanue, oopaTHoe K appuHHOMY sABJIsieTcs apDUHHBIM,
TO, B35IB 9TO IIpeobpazoBauue, Jyist Jiro6oit Touku M npsmoit M{MJ, mbl Bee-
rJla MOYKEM YKa3aTh ee oOpas3 Ha npsamoil a. CreoBaTe/ibHO, IPU UCXOIHOM
npeobpazoBaHu, Jyist Jiroboi Toukn npsimoit M{ MY Ha tpsiMoit a Haiijercs
ee Ipoodpas. »

CsoiicTBo 2.7. IIpu apdurrom npeobpadosaruy, npocmparcmea, naocko-
cmu nepexodam 6 naockocmu. IIpu amom corpanaemcs napasieibrocmo.

« /lokazaTeibcTBO 9TOrO CBOMCTBA aHAJOTHIHO JOKA3ATEIHLCTBY IPEIbI-
JIYIIIETO, TIOCKOJIbKY TOYKH TOT/Ia U TOJIBKO TOTJIa JIe?KaT B OJIHOI ILJIOCKOCTH,
KOI'JIa BEKTOPBI, KOTOpPbIE OHI 00Pa3yI0T, MOI'YT ObITh Pa3JI0yKEHbI 110 HAIIpaB-
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JISIOIIUM BEKTOPaM 3TOI IJIOCKOCTU. B>

CsoiictBo 2.8. IIpu adipunmnom npeobpazosaruu naockocmiu (npocmpar-
cmea), onpedeaenrom nepexodom om penepa I x penepy I, mmoocecmeo
8CET MoYek, Koopdunambvl Komopwux 6 penepe I ydosaemeopsrom Hexomo-
DOMY YPABHEHUND, NEPELOOAM 8 MHOHCECTNBO MOYUEK, KOOPOIUHAMBL KOMOPHLT
6 penepe 1 ydosaemeoparom amomy otce ypasHeHuro.

<« eiicTBuTesbHO, JI0Oasi TOYKA B3aMMHOOJHO3HAYHO COOTBETCTBYET
CBOMM KOOPJIMHATAM B HEKOTOPOM periepe. [10aToMy MHOXKECTBO TOUEK MOK-
HO OIIPEJIE/INTh KaK HADOPbI IEePEeMEHHBIX, KOTOPhIE SIBIAIOTCSA PEIICHISIMU
KakKoro-umbo ypasuenus. IlockoabKy ke rnpu adduHHOM Tpeodpa3oBaHun
KOOP/IMHATHI TOUEK COXPAHSIFOTCSI, TO OYEBUJIHO, 9TO MHOYKECTBO 00pa30B pac-
CMATPUBAEMbIX HAMHU TOYEK OyJIeT MMETb KOOP/MHATHI, Y/IOBJIETBOPSIOIIIE
TOMY K€ YpaBHEHUIO. »
CsoiictBo 2.9. IIpu adipunmnom npeobpazosaruu naockocmu (npocmpar-
cmea), ompesox MoM; nepexodum e ompeszox MIM{, a mouxa M, dean-
wasn ompesox MoMy 6 coomnoweruu A nepexodum 6 mouxy M', deaswyio
ompezox MiM]| 6 mom orce coommowenuu A.

« [lycts Touka M nennt orpesok MyM; B orHOIIEHIE A. DTO 3HAUMUT,
970

\ MoM
- MM’

Orcroza 1moJiy4aem, 4To MOZW> = AMM; CﬂegOBaTeﬂbHo, ]\40]\4> — )\MMi =
— 0. Orciona nosydaen, uro MM’ — AXM'M! = 0 u nosromy
MyM'

[Tostomy Touxa M’ genut orpesox MM B oTHOIIEHNE \. B

A\ =

Omnpenenenune 2.2. Tpu TouKM, He JIezKaIle Ha OJIHON MPSIMO HA3BIBAIOTCSI
HEKOJIJIMHEAPHBIMU.

Onpegenenne 2.3. Yernipe TOUKH, He JiezKallle B OJIHOM IJIOCKOCTU Ha3bI-
BaIOTCS HEKOMILIaHAPHBIMU.

Addunnoe mpeobpaszoBanne MOKHO B HEKOTOPOM CMBICJIE PACCMaTpU-
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BaTh Kak adduaHoe orodpazkenue. Ecinm paccmorpers HeKoTopoe adduH-
HOe Ipeobpas3oBaHne MPOCTPAHCTBA, TO OHO HEKOTOPYIO IJIOCKOCTH 7T OyIeT
oTobpazkKaTh B HEKOTOPYIO APYIVIO IIOCKOCTh 7. Ecm Boibpars Ha II10CKO-
ctu m penep Q€7 €3, TO TP YKA3aHHOM IIPEoOPa30BaHUN OH OTOOPA3UTCS B
HekoTopbiii perep O'¢'1€ls.

MozkHO, HalpuMep MOCTYIUTDL Tak: Touka O orobpasurcs B Touky O, a
B KaUecTBe [Pe/ICTaBUTE, el BEKTOPOB €1 1 €9 BIGEPEM Te CBSI3aHHbIe BEKTO-
pbl, KoTopble nmeroT nayajaoM Touky O'. Torga nepexon or penepa O€;, € K
pertepy O'e'1€/y 3aacT 0TOOpaszKeHne IJI0CKOCTH T Ha II0CKOCTb 7. [oBopsiT
elle, 4TO ykKasaHHOe IpeobpasoBaHue MopozxkjiaeT adduHHOe 0TOOparkKeHue
IJIOCKOCTU T Ha, [LJIOCKOCTD 7.

CsoiictBo 2.10. Cywecmeyem 0dro u moavko 00no agdunroe npeobpasdo-
BAHUE NAOCKOCTIU, KOMOPOE Nepesodum 0aHHYy10 MpotiKy HEKONAUHEGPHDIT
mouek Imotll NA0CKOCmU, 8 HeKomopyo dpyeyro (npousdeoivhyro) mpotxy
HEKONAUHEGPHDIT TOYER IMOTL dHCe NAOCKOCTAU.

« Ilycts A, B,C — HeKOTOpble HEKOJUIMHEeapHble TOYKH HEKOTOPOIi
mwiockoeru u nycrs A, B', C! — nexkoropbie jpyrue HeKoJUIMHEAPHDbIE TOUKIH
9TOI Ke 1ockocTu. st Toro, 4Todb! 3ajaTh HeKoTOpoe adduHHOE 1Peod-
pasoBaHue, BHaUYaJe HY>KHO B3dTb JBa NPOU3BOJILHLIX penepa. [10CKoIbKyY
B3SThIe HAMU TPOIKU TOUEK SABJISIIOTCS HEKOJLIMHEAPHBIMEU, TO B KadecTse |

perepa MOKHO BbIOpaTh TPOHKY A, Ag, AC', a B KauecTBe BTOPOIo — TPONKY

—
AA'B A'C'. Kpome Toro, BEKTOPbI zﬁ 1 1@ MeIoT B perepe I cooTBer-
creenno koopyunatet (0,1) u (1,0). Takue ke Koop/uHaThl UMEIOT B periepe

II u coorsercrBenno BekTopnr A’ B u AC". CitetoBaTe/IbHO, Ipeodpa3oBa-
Hue, 3aJlaHHOe IepexojioM oT periepa I K penepy Il spisiercst adpuHHBIM.

EinHCTBEHHOCTH TAKOI0 IIpeodpa3oBaHus OUeBU/IHA, IIOCKOJILKY IIPH ad-
dpuHHOM TPeodpa30BaHNN KOOPMHATHI BEKTOPA PABHBI KOOP/IMHATAM €ro 00-
pasa. »

Vcrnob3yst Te »Ke paccyKJIeHus, JIETKO yOeNThCA U B CJIe/IyIOIEeM CBOIi-
CTBe.

CsoiictBo 2.11. Cywecmesyem 00no u moavko odrno apdunroe npeobpa-
308GHUE NPOCMPAHCNEA, KOMOPOE NEPESOIUM DAHHYIO YEMBEPKY HEKOMNAA-
HAPHBLT TMOYEK 8 HeKOMOopYo dpyeyto (Npou3eosvHYy10) Yemeepky HEKOMNAG-
HAPHOIT MOYEK.

17



2.2. CoxpaHeHUe OTHOIIEHUI TJIONIa /el 1 00 beMOB IIpU
acdbbuaHOM NpeobpazoBaHUN

IIycTh Ha IJIOCKOCTH B IPAMOYTOJILHOI crcTeMe KOOPIMHAT JIAHbI 2 BEK-
topa Uy (x1, Y1), Ua(T2, y2). Beibepem ux mpejcraBuTesieil ¢ OOIIIM HATATOM.
Yepes ob111ee HATAJIO IPOBEJIEM OCh AllILIMKAT, ePIEHINKYJ/ISIPHO UX ILJI0CKO-
ct. Kak u3BecTHO, MJI0Ma/ (b apasuieJorpaMMa, IIOCTPOCHHAA Ha BEKTOPAX
paBHa MOJLYJ/II0 BEKTOPHOI'O IIpou3BeieHus. IIpejicraBuM BeKTOPLI U1, iy Tpe-
Ms1 KoopauHaTaMu: U1(x1,y1, 0), Ua(za, Y2, 0).

Torna mwiomaib napaJjuiesjorpaMmMa Oyrer pasia

2 2 2
_ y1 0 ry 0 roy |
s = + + =
y2 0 xy 0 To Yo
x
mod 1 U
T2 Y2

3HaK OMpeJIe/INTEIs ONPEIe/IsieTCss OPUEHTHPOBAHHOCTBIO, TO €CTh B Ka-
KOM IOPSJIKE B3sIThI BEKTOPHI U1, Us. DTOT 3HAK MbI Oy/ieM OTOpachiBaTh 1
BCIIOMUHATH O HEM JIUIIb P HEOOXOUMOCTH.

[Iycts jano Hekoropoe addunHoe npeodpazoBaHue ILJIOCKOCTH U IIyCTh

C11 C12
C =
C21 €22
— ero MaTpuiia.

Ecmm (2}, y]), us(xh, yh) — obpassl BEKTOPOB 7, U, TO

-/

Ty = 111 + 121
o

Y1 = C21T1 + C2211
-/

Ty = C11T2 + C12Y2

—
Yo = C21X9 + C2212.

CitejtoBaTesIbHO,
;| c11%1 + C12Y1 Co1T1 + CooYr |
S
C11T2 + C12Y2 C21T2 + C22Y2
Ci1 Ci2 | | T1 N
Co1 €22 T2 Y2

Orcrona mosmyaaem: S' = |C|S
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Eciin B mpocTpaHcTBe B34Th MapaJiiesielnie/l, MOCTPOeHHbII Ha HEKO-
TOPBIX 3-X BEKTOpaX, TO UCIOJIb3Ys aHAJOTMIHBIE PACCYZKJICHUsI, TaKOe ¥Ke
YTBEP2KJIEHNE MOYKHO IIOJIYUUThb U JIJIsi OTHOIIEHU 00 beMOB IapaJiiesielnme-
108 1ipu adgdunHoM npeobpasosannu, To ecth V' = |C|V .

3 cBoiicTB /1eMEeHTapHOIl TeOMeTPUN U3BECTHO, UTO ILIOMIAJhL JIH00OI
durypbr MoxkeT ObITH pa3buTa Ha CyMMY ILIOIIAJIell TapaJsieorpaMoB, pu-
4éM B MHTErpajbHOM HCUYUCIEHUN 9TO JEIAeTCsl JOCTATOYHO TOYHO. AHAJO-
IUYHO JIt00asi MPOCTPaHCTBEeHHasT pUrypa MOXKeT ObITh pas3duTa Ha IapaJie-
qunureabl. [losTomy nMeer mMecTo ciiejiyiomnast TeopeMa.

Teopema 2.1. Ilpu apdunrom npeobpasosanuu naockocmu (npocmpai-
cmea) naouads Napaiepozpama (Napaiesununeda) nocmpoernozo Ha KaKur
- Aub0 2-x (3-x) 6eKMOPAT YMHOACAEMCA HA ONPEIEAUMEND IMO20 NPEOOPa-
306GHUA.

CaenctBue 2.4. [Ipu agdurnom npeobpazosarnu naockocmu (npocmpar-
cmea) corpansaemea omnowerue naowadets pueyp (06sémos men).
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3. Adbdunanas kaaccudukalms JAHANA BTOPOro MopsaaKa

1. JIBu>keHne Kak M30MeTpuYecKoe Ipeodpa3oBaHUe

2. IIpeobpaszoBaHue 1mogoous

3. OcHoBHas TeopeMa 06 adPUHHBIX Tpeodpa3oBaHUAX
4. Adbdunnass 3KBUBAJIEHTHOCTD JIMHUN BTOPOI'O MOPAIKA

3.1. /IBm>kKeHne KakK M30MeTpuYecKoe IIpeodpa3oBaHue

Omnpenenenune 3.1. [IpeobpaszoBanne A HA3LIBAIOT U3OMEMPUUECKUM, CCITH
Jist JIIoObIX 1ByX Tovdek My u Ms u ux obpasos coorsercrBentno My, M)
BBIIIOJIHSAETCST YCJIOBHUE

p(My, My) = p(Mj, Msy).

ﬂOKa)KeM BHa4daJIe CJIeAYIoIee YTBEP2KIACHUE.

> >
/

H ve
Jlemma 3.1. IIycmov OA u O§ — nexomopuie sexmopu, a O'A" v O'B' —
ux 00pasvl NPU OGHHOM USOMEMPUUECKOM NPEOOPA306aAHUL.

Toz0a R N
OA- OB =04 0F.

« Ilycrn

AL = A0 + OB.

BosBejiéMm 9TO paBEeHCTBO B CKAJISIPHBIN KBa/IpaT:

\

(AB)? = (OA)? + 240 - OB + (OB)*.

Torna

ABP = |OA? + 240 - OB + |OB.

CiiejoBaTesbHO,

204 -OB = |AB|? — |OA]> — |OB].

[IycTb Tenepnb

-

~

! /! / >/ / >/
AB =A0+0BHB.
[ToBTOpPSIS aHaOTUIHbIE PACCYZKICHUS, TTOJTYIUM, ITO

’ > > — —
QO/A/ . O/B/ — ‘A/B/‘Q . |O/A/|2 . ’O/B/|2.
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[IpaBbie 9acTu MOJTy9IE€HHBIX PABEHCTB PABHBI (IIOCKOJIBKY H30METPUIECKOE
peobpasoBaHne CoXpaHseT JTMHY BeKTOpoB). Ciie0BaTe/IbHO, MOJTyIaeM

— ——
OA- OB =0A"-0OF.

Besikoe jiBurkeHne coxpaHsieT pacCTOsgHKe. 3HAYUT BCIKOE JIBUYKEHIE
ecThb n3oMeTpudecKoe 1peod pasopanue. CrpaBejinBo 1 odpaTHOE.

Teopema 3.1. Besakoe uszomempuueckoe npeobpa3osanue ecmv J6UHCEHUE.
« IIycres O€} €563 — HeKOTOPhI PSAMOYTO/IbHBIN periep. st onpeeie-
aust nooxkuMm: €1 = OA, e = 0B, e3 =0

AN AN \
4
ITpu u3oMerpuueckom npeodbpasosanun sekropsl OA, OB, OC uepeii-
\ \ \

JyT coorserersenno B sekropsl O A, O'B', O'CY. Onn 6yayr umers Ty ke
JUIMHY, 9TO U UX HPooOpasbl ¥ BBUY JIEMMbI OyJyT B3aMMHO HEPICHINKY-
JAApHLL. [103TOMY Oy 9eHHYIO TPOIKY BEKTOPOB MOYKHO BLIOPATH B KAYCCTBE
npsimoyrosibHoro periepa O'ejéhés, rne €y = O'A', &, = O'B’, &, = O'C".
Ilycts B peniepe Q€7 €x€3 mana HekoTopast Touka M. KoopamHaThl TOUKH

M pasnbr kKoopaunaTam BekTopa OM, KOTOpbIE PaBHBI IPOEKIUAM BEKTODA

OM na Bexropsl OA, OB, OC.

Kaxk n3BectHO,

| ; e
OMOA = |OA| - Pr5;0M,
=7 o =~
Ho OA = €1, €1 — eaunnunbiii Bekrop. [losromy nosydaem, aro x = OM -

y=OM-0OB, »=0M-0C.

[TockoIbKY cKaJIsipHOE IMPOU3BEIeHIE TTPU N30METPUIECKOM ITpeodpa3oBaHnum
COXPAHSCTCA, TO MOJYUUM, YTO

sy
xr=0M-OA=0MOA =2
Ananoruuno y = v/, z = 2z'. 910 u oznagaer, 4To JaHHOE HPEOOPA3OBAHUE
ABJIIETCH JIBUKEHUEM. «

Takum 06pa3oM, H30MeTPHIECKOE IPEOOPA3OBAHNE U JBUKEHHE MIJIOCKO-
ctu (IPOCTPAHCTBA) €CTh OJIHO U TOKE.

- OA. Anajgoruaso

3.2. IIpeobpazoBanue 110100uUs

Onpenenenune 3.2. [Ipeobpasosaruem nodobus Ha3bIBAETCsS TaKoe IIPE0d-
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pazoBaHne A, ecjii JIJIsT 9TOro npeodpas3s0BaHMsA CYIIECTBYET TAKOE ITOJIOXKHI-
TeJbHOe Yuc/io K, 4To Jiist J1o0bIX JABYX ToueK My, My 1 cOOTBETCTBEHHO UX
obpasos M7, M) u BbITIOJHSAETCST PABEHCTBO

p(Mi, My) = kp(M, Ms,).

Omnpenesienne 3.3. Pacmsasicenuem naockocmu (npocmpancmesa) ¢ ueH-
mpom 6 mouxe O u Koapuyuenmom k HaszbiBaeTCs Takoe MpeodpazoBaHIEe
A, aro Touxka O ocTaérest HEMOABUZKHOI, a st J1i00oit Toukn M eé oopasz M’

JexkuT Ha Jiyde OM 1 BBIOJIHSIETCST YCJIOBUE

—
(OM'| = K|OM]|.

!/
3ameuanmue 3.1. Hocmm;%y sexmopa OM , OM' conanpasiernvl, mo Mootc-
/
no 206opums, wmo OM" = kOM .

Teopema 3.2. Beakxoe pacmsastcenue ABAAEMCEA NPeodpasosaruem nodoous.

JlokazaTe/ibcTBO OCHOBAHO Ha 1101001 TPeyroJibHUKOB. [IycTh gaHbl JiBe
touku My u My n HyCTb M{ u Mj — ux o6pa3b1 coorBeTcTBeHHO. [10 onpejie-

JICHUIO PaCTAKEeHUs O]W1 = kOM OM2 — kOMj, 109TOMY TPEYIO/IbHIKIL

S
OM; My u OM{ M} nonobusr. Cienosarensrno M{ M), = kM, My 1 [I03TOMY
p(Mi, M3) = kp(My, Ms).

Ecin B3sTh HEeKOTOPHBIH periep O€1€y 1 B HEM Touky M u eé obpas M,
IIOJIYUEHHBIN pacTsizKeHIeM IJIOCKOCTH ¢ 1eHTpoM O u ko3hduimeHToM pac-
rskennst kK, o k' = kx 40y, iy = Oy+ky. Takum obpasom, BEpHO CieIyiolee
YTBEP2KJIeHNE, KOTOPOE JIJIsI CJIydasi IIPOCTPAHCTBA TOKA3BIBAETCsT aHAIOT Y-
HO.

Teopema 3.3. Pacmaoicerue ¢ yenmpom O u koahpuuyuernmom k ecmov ag-
durroe npeobpasosarue.

3.3. OcHoBHag TeopeMa 06 adPUHHBIX Tpeodpa3oBaHUAX

[Tycts npn acddurroM npeobpazoBaHnn A IJIOCKOCTH JIMHUSI BTOPOTO
nopsiyika Fnepexojur B jimnuio Broporo nopsyika F7. Tlockoabky upu ad-
buHHOM ITPEodpa30BaAHIN OTPE30K MEPEXOINT B OTPE30K, & CEPeINHA OTPE3Ka
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— B cepeJinHy ero obpasa, To npu npeobpaszoBannn A 1entp jauHnn F mepe-
XOJINT B 1eHTp jmnuu F.

[Tockosibky adduHHOe 1Ipeodpas3oBaHiie COXPaHIET MapaJliebHOCTh, TO
ceMeiicTBO mapaJIeIbHBIX XOp/I JUHUU F' 1epeiijieT B ceMelicTBO MapaJiie/ib-
ubix xopz jmnun F'. Cepejnnbl XOpj HEpBOro ceMeiicTBa Hnepeiyr B ce-
PEJIMHBI XOPJ, BTOPOT'O, MO3TOMY JIMaMeTP, COIPSKEHHbI XOpJ/aM I1epPBOro
cemeiicTBa IEpeiiIeT B JuaMeTp, COINPSZKEHHBI XOpjaM BTOPOro. 3HAUNT,
ClIpaBe/IJInBa CJe/yIolas TeopeMa.

Teopema 3.4. ITycmov npu darrom agpdurrom npeobpasosanu daHHAA AU-
Hus 6mopozo nopadka F nepexodum 6 aunuto emopozo nopadka F'. Tozda
BCAKAA NAPA CONPANHCEHHVIT Juamempos sunuy F nepexodum e napy conps-
HCEMHBLL Quamempos aunuu F'.

Teopema 3.5. Beaxoe agdunnoe npeobpasosarue naockocmu AGAACNCA
npouseederuem O0BUNCEHUA (COOCMBEHHVLM UM HecOOCMEEHHILM) U 06YT
cotcamuti naockocmedi, NPouUcTo0AUUT 6 J6YT 63AUMHO-NEPNEHIUKYAAPHDLT
HANPABNEHUAL.

<« eiicrBuTesnibho, nycts addunnoe npeodbpasoBanne LI0CKOCTH A 1ie-
PEBOJINT JINHUIO BTOPOro Topsijika F' B Hekoropyio dburypy F’ (To, aro obpa-
30M IIPEOOPA3OBAHNUsT HE SIBJISIETCSI IIyCTOE MHOXKECTBO, CJIE/LyeT XOTsl Obl U3 TO-
ro, 4ro 1pu ahGUHHOM MTPeodpasoBaHiN TOYKa MepexojuT B ToUKy). Ilycers
F' — oxpyxuocts ¢ nenrpom O u pajmycom 1. Toryga F — orpanmdeHHast
dburypa. Cuejpobaresibio, F' — mak ke orpanudentnas (urypa (MoCKoJbKY
npu adGUHHOM peodpa3oBaHul COXpaHsieTcst oTHoIleHue momaeii) [pu
adpduHHOM 1TPeodpa30BaHNN YPaBHEHNIO, KOTOPOMY YJ/IOBJIETBOPSIET MHOXKE-
CTBO TOYEK YJIOBJIETBODPSIET U MHOXKECTBO UX 00Pa30B (TOJBKO B PA3HBIX Pe-
nepax). Torga F' — makke ¢durypa sroporo nopsijka. Ciemnosarenbao, F’
— orpaHuveHHasi (purypa BTOPOIo IOPsiJiKa, cojeprKallias 110 KpaiiHeil Mepe
oJiHy JieiicTBuTeIbHYI0 TOUKY. CorstacHo KiraccuuKalnoHHON Teopeme Jiist
ob1ero ypasienus jimnuii Broporo nopsiaka, F' — spmunce. Cxkas ero BuoJib
obenx oceit cuMMeTpuu (KOTOPbIe eCTeCTBEHHO SIBJISIOTCS B3AMMHO ITI€PIIeH-
JMKYJISIPHBIMI ) ¢ HEOOXOIUMBIM KO3(DQMUIMEHTOM, [OJIyYUM OKPYKHOCTH
pajuyca 1, juis npeoOpas3oBaHusi KOTOpOoil B mcxojnyio cdburypy F gocra-
TOYHO TIPOU3BECTH MTPe0OpA30BAHIE JBUKEHHsT (MOXKHO COOCTBEHHOE, MOYKHO
HecobcTBeHHOE). Ternepb ocTasoch BCIOMHUTD, 9TO it adbGUHHOTO Mpeod-
pas’oBaHmsl MOXKHO IIOCTPOUTHL OOpaTHOEe IIpeodpa3oBaHue, KOTOPOE TaK »Ke
oyner adpdunabiM. Takum o6pa3oM, COBEPIIUB JIBUKeHIE (COOCTBEHHOE WJTH
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HeCOOCTBEHHOE) 1 JIBA CxKATHs BO B3aMMHO MEPIEH IUKY/ISPHBIX HAIPABJICHU-
sIX, MbI nojryunm u3 gurypel F durypy F/. <

3.4. AdbdnaHAS 3KBUBAJIEHTHOCTH JIMHUM BTOPOTO MOPSIKA

Onpegenenne 3.4. JIpe JmHUE BTOPOIO MOPSIIKA HA3BIBAIOTCS apdhurmo-
IKBUBANECHMMHBIMU, €CJIA CYIIECTBYeT HeKOoTOopoe apduHHOe IIpeodbpasoBaHue
A, mepeBoisiIast OHY U3 9TUX JIUHUI B APYTIYIO.

Onpepenenne 3.5. Addunnvimu Kaaccamu — Ha3BIBAIOT MHOXKECTBO
abUHHO- SKBUBaJICHTHBIX (bUTyp (JIMHUIT BTOPOTO MOPsijIKa B YACTHOCTH).

Teopema 3.6. Apdunnan sxsusareHmHocmsd ABAACMCA OMHOUEHUEM K-
BUBANEHMHOCTNU NG MHONCECNBE 6CEXT Pueyp (AUHUU 6MOPO20 NOPAJKG 6
wacmuocmu). Addunmvie xaacco, guzyp 00not pazmeprocmu u 00H020 no-
PAJKG 00Pa3YIOM HENEPECEKANOULUECA MHOHCECTNEA.

Teopema 3.7. Bee aunuu 6mopozo nopsadka pazousaromes na 9 agdunmois
KAGCCOB:
1) sanunc
2) MHUMBLT 2a0UNC
3) eunepboaa
4) deticmeumenvrvie NepecekaoOUUecs NPAMLE
5) MHUMDLE NEPECEKAIOULUECA NPAMbLE
6) napaboaa
7) deticmeumenvroie NAPAALEALHDIE NPAMDBLE
8) MHUMBLE NAPANNEALHDLE NPAMDIE
9) cosnadarousue NAPaALEALHVLE NPAMDLE.

151 toKazaTe/IbCTBa TeOPEeMbl HY?KHO JIOKA3aTh JIBa YTBEPKICHUSI:

1) Bce JmHUEM OJHOTO HamMeHOBaHUs ahGUHHO-9KBUBAIEHTHBI MEKILY
co0O11.

2) JBe JIMHUW PA3JMIHOTO HANMEHOBAHUS HUKOIJA HE SIBJISIOTCSI

abPUHHO-9KBUBAJICHTHBIMMU.

2 2
Y
L. mycTsb jan sJUIHIC ypaBHeHneM — + —5 = (ecsmu syutHIIC 3a1aH 00-
a

b2

UM yPaBHEHUEM, TO IO00paB HOIXO/SIIYI0 CICTEMY KOODIMHAT, ITOJIYINM
KaHOHIIecKkoe ypasaenne). Cosepiium addunHOE MpeobpasoBaHiie
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X = E, Y = %, Tora mosydnM sjumince X2 + Y2 = 1.

a
2 2
3y Y
Ecmm nam gan emé ogun SJIJH/IHC —+ i 1, To, coBepmuB adduHHOE
x Y
npeobpazosanne X = —, Y = Z cuosa nosyunm ssumic X2 + Y2 = 1. Ilo-
a

CKOJIbKY adduHHOE 1Ipeodpa3zoBaHne B3aMMHOOHO3HAYHO U CYIEPIO3UIIIH

adppurHOrO TTpEeodpaszoBaHns TaKkxKe sABJsgeTcs ap@UHHBIM TPeodpa3zoBaHNU-
72 x2 y?

eM, TO OYeBUJIHO, YTO JLJIUIC — + = 1 nepeitjieT B ammnc — + — =1

b2 b/2

¢ IIOMOIIILIO HEKOTOPOI'O acbd)MHHoro npeobpasoBanns A.

st coyqast TunepOoJIbl JOKa3aTe/IbCTBO aHAJIOIMYHO.

B ciygae MHMMOro 3JjLIuIIca HETPYIHO IOKa3aTh, YTO JOCTATOYHO MC-
110/JIb30BaTh B KadeCTBe I1EPEXOIHOIl (PUIYypbl MHUMYIO OKDY’KHOCTbH X2 +

+Y? = —1 paguyca i. Ecan m10CKOCTb HOIBEPTHYTH IPEOOPAZOBAHIIO T10-
J1001sI,
x
x=2 v=1Y
p p

TO HPOM3BOJIbHAS TapaboJia, 3ajaHHasd ypaBHEHHeM y° = 2px mepeiliéT B
napaboy Y2 = 2X.

Taxum obpazom, adduHHasl SKBUBAJIEHTHOCTD STUX JIMHUI TaK »Ke ove-
BuaHa. 1 mapaJsiieibHbIX MPAMbIX

y2_b2:07 y2+b2:o7 y2:0

JIOCTATOYHO B3STH IpeoOpazoBanne X = bx,Y = y, Torja mnojydaeMm COOT-
BETCTBEHHO:

Y?2—-1=0, Y?4+1=0, Y*=0.

Urak, adpunHast S9KBUBAJIEHTHOCTD JIMHUIN OJHONO HAMMEHOBAHUS JOKa~
3aHa.

2. Ilpu adbdunnoMm npeodpazoBaHUN IOPSIOK ajredOpamdecKux JIMHUM
ocTaéTcst Hem3MeHHbIM. Kak ObLI0 ycTaHOBJIEHO BhIlle, Ipu addOUHHOM 1Ipe-
00pa30BaHUN IIPsiMasl IIEPEXOJIUT B IPSIMYIO, ITapaJiiebHbie IPIMbIE TIePexo-
JISIT B HIapaJuiesIbHbIe IIPSIMble, TOUKa IIePEXOIUT B TOUKY, OTPE30K B OTPE30K.
Kpowme Toro, jeiicTBUTe/IbHBIE IIPAMBIE IIEPEXOAST B JICCTBUTEIbHBIC, MHI-
Mbl€ IIePEXOJAT B MHUMbIE.

Hanpumep, 1Be nepecexatominecs: JieiicTBUTE/IbLHbBIE IIPsIMbIE HE MOI'YT IIe-
peiiTi B JiBe MHUMbIE IIepeceKalonnecs npsMble, TaK KaK TOYKa [1ePEeXOJIUT
B TOUKY. JIuHnm, paciajaronmecs Ha IpsgMble MOTYT IIpu addOUHHOM IPeod-
pasoBaHuU HEPeiiTH TOJBKO B PACIaIAIONLyOCs JIMHIIO CBOEI'O KJIacCa.
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[TycTb Tenepb JIMHUS BTOPOTO MOPSJIKA sABJIsgeTCsA KpuBoil. Ecu 310 Mun-
MBIl 9JIJIATIC, TO OH MOXKET ObITh aPUHHO-IKBUBAJIEHTEH TOJHLKO MHIMOMY
9JITUTICY, TaK KaK HI OJIHa JIEHCTBUTE/IbHAST TOUKA HE YI0/IeTBAPSAET €ro ypas-
HEHHIO.

PaccMoTpuM Teneph JAeiicTBUTEIbHbIE KPUBBIE. DJLINATIC SBJISI€TCS JTNHU-
eff BTOpPOro mopsijika, KOTOPbI HAXOIUTCS B IPEJIeaX HEKOTOPOro IHPSIMO-
yroJibHUKA (TN TapAJIIeIOrPAMM, eCJTH CHCTEMa KOOD/MHAT HU TPSMOYTOJIb-
Hast) HU ruiepboIIa, Hil mapabosia TAKUM CBOHCTBOM He 06J1a/Ia10T, MOCKOJIbKY
SIBJISTIOTCS OECKOHETHBIMU (PUTYpPaMU.

Taxum 0O6pa3oM, HeJIb3sI SJLINIIC IIPeodpa3oBaTh B I'UIIEPOOJIY UJIN ITapa-
6oty (9TO ctefyer X0oTst Obl U3 TOTO, 4TO OTHOIIEHHE Itomaeil pu addun-
HOM TIPEOOPA30BAHNN COXPAHSIETCS.

Jlokazarh, adpUHHYIO HEIKBUBAJIEHTHOCTH TUIIEPOOJIBI 1 ITapabO0JIbl PO~
CTO, €CJIM MCIIOJIB30BATh TOT (PAKT, 4TO rumnepbosa sB/IsieTcs NeHTPaIbHOI
auHueit, a napabdbosa — HeleHTpa bHOoi. MO0XKHO UCIOIb30BaTh U TOT (DAKT,
410 TapaboJia sABJIIeTCs HepaclaBiielics JUHuell, a rurepooJia — pacuasBIieii-
csl.
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4. AddunHOoEe MPOCTPAHCTBO

1. Onpenenenne appUHHOTO MPOCTPAHCTBA
2. Koopaunnarel B adbpUHHOM IIPOCTPAHCTBE
3. Ilnmockoctu B acdppmmHHOM mpOCTpaAHCTBE
4. BzanmMHoe pacIioyioxkeHue ILJIOCKOCTEe
4. Addunsnie nmpeodbpaszoBaHusa adUHHBIX Nn-MepPHBIX MIPO-
CTPAHCTB

4.1. Onpenenenne adPUHHOTO TPOCTPAHCTBA

Onpegenenune 4.1. Apdurrvim n-mepHvLM NPOCMPAHCTNBOM, CEA3AHHBLM
C BEKMOPHBLM NPocMparcmeom V'™ Ha3bIBAETCS TAKOE HEIyCTOe MHOXKECTBO
A", 3j1eMeHTBI KOTOPOI'0 HA3BIBAIOTCS TOYKAMMU, 9TO CIIPABEJINBLI CJIEIYIO-
II11€ AKCHOMBI:
1) Kaxeim Bym Toukam A, B u3 A" coOTBETCTBYET €JIMHCTBEHHBII

BeKTOp U m3 V" Takoii, 4To: U= AB.

2). Eciin nan nmpousBOJIbHBI BEKTOP @ U TOYKA A, TO CYIIECTBYET €/iH-
CTBeHHasI TOYKa B Takast, 9To: U = AB.

3). st mobeix Tpex touek L, M, N uz A"

LM + MN = LN,

BekTophoe npoctpancTBo V" HazbiBaeTCsl IPOCTPAHCTBOM BEKTOPOB ad-
¢unnoro npocrpancrsa A”.

[TocKoJIbKY JII00OMY CBSI3AHHOMY BEKTOpPY, ITOCTPOEHHOMY Ha TOYKaX
npocrpancTea A" B npocTpancTse V' cOOTBETCTBYET HEKOTOPBIII BEKTOP, TO
11e71ec000pa3HO PACCMOTPETH CJIEIYIOININE CBONCTBA.

s
CsoiictBo 4.1. /Jlas awboti mouxu M € A", sexkmop MM — nynaesot
6EKMOP.

« /eiicTBUTENIBHO, €CJIM B34TH 10cjei0BaTeibuo Tpu Toukn M, M, N,
TO, COIVIACHO olipejiesienns adpOUHHOIO IPOCTPAHCTBA,

MM + MN = MN.
—

Torjia, 1o orpejiesIeHnIo HYJIeBOTO BeKTopa, noJjydaeMm, uro MM = 0. »
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CsoiictBo 4.2. /las 06w movex M u N us npocmparncmea A", noayva-
eMm:

NM =—-NM.

« /leficTrBUTE/IBHO, eciu B34TDH HocsepoBarebHo Tpu Toukn N, M, N,
TO, COIJIACHO olipejesienns adp@UHHOTO IIPOCTPAHCTBA,

NM -+ MN = MN =0,

rja, IO OIpPeJe/ICHUI0 HTPOTUBOIIOJIOKHOI'O BEKTOpA, IOJydaeM, 4YTO
—= —
MM = —MDM. »

5

PaccmoTpennbie cBoiicTBa 1103B0IsA10T addurHOE TpocTpancTBo A", cBs-
3aHHOE C BEKTOPHBIM ITPOCTPaHCTBOM V' INpeBpaTuTh B BEKTOPHOE IPO-
CTpaHCTBO, n3omMopdHoe mnpocrpancTBy V", JlelicTBUTEIBHO, BCSIKONH TOUYKe
u3 mpocTpaHcTBa A" MOXKHO M30MOP(MHO COTIOCTABUTH €€ PaJInyC-BEKTOP, KO-
TOPBII OYJIeT ABJISTHCS 3JEMEHTOM BEeKTOpHOro npoctpancTBa V™. Eciun M
u N — touku u3 npocrpanctsa A", To X cyMMON MOXKHO Ha3BaTh TaKylo

rouky K, uro OK = OM + ON. Ipousseuennem ke touku M U3 1po-
crparcTBa A" Ha HEKOTOpOe YHCI0 A U3 mojst P MOKHO Has3BaThb TOUKY C
pajimyc-BeKTopoM AOM .

[Tocko/IbKy paccMOTpPEHHOE BBIIIE OTOOPaYKeHHe SIBJISIETCST N30MOPQUI3-
MOM, TO MOKHO PacCMOTPeTb U 00paTHoe oToOparkKeHue, T.e. Ha dJIeMeHTax
BEKTOPHOIO rpocTpancTBa V" mocrponts addunnoe nmpocrpanctso A", [eii-
CTBUTEJILHO, Oy/IeM CUNTaTh 3JeMEHTHhI IIPOCTpaHcTBa V"' He TOJILKO BEKTO-
paMu, HO 1 TOYKaMU. st 9TOro J0CTaTOUHO KarK/IOMy BEKTOPY COIIOCTABUTD
TOYKY, JIJIsT KOTOPOI 9TOT BEKTOP SIBJISETCS PAJINyC-BEKTOPOM.

4.2. Koopaunatbl B adp(pUHHOM IITPOCTPAHCTBE

Onpegenenne 4.2. Penepom nnn cucmemoti koopduram B apUHHOM IIPO-
crparcTBe A" HasbiBaerTcs yropsigoderHast cucrema Q€€ .. .e,, rae O —
HeKoTopasi (PUKCUPOBAaHHAsI TOYKA 3TOO IPOCTPAHCTBA, KOTOpPasl Ha3biBa-
eTCsl HAYAAOM KOOPAUHAM, & €1€5 . ..€E, — HEKOTOPLI Oa3nuc MpocTpaHcTBa
BEKTOPOB.

Teopema 4.1. Koopdurnamuvr mouxu 6 danrom penepe onpedessaromes 00Ho-
3HAUHO.
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Onpenenenune 4.3. Koopdurnamamu moukxu 6 apdurHom npocmparcmee
A", Ha3BIBAIOTCSI KOOPIMHATBI 9TOI TOUKH B HEKOTOPOM periepe O€ €y . . . ey,.

Ecim Touka K addunHOro npocrpancTsBa B HEKOTOPOM perepe 3ajiaHa
KOOD/IMHATAMI
T1,T2y...,Tp,

a ToYKa L 9TOro »Ke IMPOCTPAHCTBa B 9TOM 2Ke perepe 3aJaHa KOOpAuHaATaAMI

Y, Y2, -« -y Yn,

TO BeKTOp K s onpejiesisgeTcs KoopJAnHaTaMu

Y — 21, Y2 — T2, -y Yn — Tnp-

IIycTb B adppuHHOM HPOCTPAHCTBE JIaHbI JBa Perepa

14!
O'e e /
1€92...€p
1 IIYCTb
Ci11 C21 ... Cp1
A — Cl2 Co2 ... Cp2
Cin Con ... Cpp

— MaTpuIlla IIepexojia oT basuca €16 . . . e, K basucy e¢/1€y...¢,, a
at, @z, ..., 0an

— koopuHaThl Toukn O B penepe

Haiijiem 3aBUCHMOCTE MEXKTy KOOPJIMHATAMU MPOM3BOJIBHON Touku M
B [IEPBOM Oa3uce W KOOpMHATaMU 9TOM yKe TOYKM BO BTOPOM Oasuce. Ecim
Touka M mMeeT B IePBOM periepe KOODJAUHATHI (X1, T, . . . Ty), TO

H — — —
OM = x1€] + x9€5 + ... T,E),.

Ecin Touka M umeet Bo BTopom periepe KoopuHatel (x'1, x's, ... 2')), To

—

/ /Y ! /Y
OM =211+ 299+ ...2,€,.
CorjtacHO MATpUIle IIePEXOIA:

6’1 = C11€1 + Co1€9 + ... Cn1€n,
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612 = C12€1 + C22€2 + ... Cp2En;
e, = c1p€1 + oo + ... Cpn€n.
[TojcTaBuB 1ojrydeHHbIE BHIPaXKeHUs B paBEHCTBO
s = ——
/ /
OM =00 +0'M,
MOJIYYMM BEKTOPHOE paBeHCTBO. BeKTopbl, cTosime B 00enx JacTax OyyT

pasJIozKeHbl 110 BeKTopaM IepBoro Oasuca. CiejoBaTeibHO, Oy/IyT BbIIOJI-
HSITHCSI PABEHCTBA COOTBETCTBYIONINX KOOP/IMHAT:

/ / /
:c1=011x1+012x2+...—l—clnxn+a1;

! / !
:c1=021x1+022:v2+...+02nxn+a2;

/ / /
T1 =CpT 1+ Cpax o+ ...+ Cpnx, + ap.

Taxum oOpas3oM moaydaeM (hopmyave npeodpasosanus aphuHHbLE KoOp-
Juram, KOTOPbIE MOI'YT OBITH TaK K€ 3alliCaHbl B BUJIE

n
T, = ZCZ‘jﬂflj + a;, 1= 1,2,...,71.
i=1
3 stux dopmyit ciieirytor, HanpuMep, hopMyJibl 00IIero mpeodpasoBa-
aust [TIJICK-2:
x = cosax’ — sinay’ + a;

y = sinaz’ + cos ay’ + b.

@opwmyJibl TpeobpazoBatnsd adpOUHHBIX KOOPIUHAT BbIPayKaloT KOOP/IH-
HATBI TOYKU B OJHOM periepe depe3 KOOPMHATHI TOI YK€ TOUYKU B JPYTOM.

4.3. Ilnockoctu B acpcpuHHOM mpocTpaHCTBE

IIycrb B n-mepaom  addunnom npocrpancrse A"  JaHbI  TOYKA
A(ay, a9, ... ,a,) 1 BeKTOp Up(a, o, -+ ,y). [lycTts t — HekoTOpast te-
peMeHHas BeJIn4uHa, NpUHUMaoniad 3uadenus uns nossa P. Torma cucrema
ypaBHEHUIA

Ty =ap+ Ozlt
To = a9 + Odgt



riae (x1,Z9, -+ ,Ty)— KOODAMHATHI MPOM3BOJIbHON Touku M, ompejessier
HEKOTOPOE MHOKECTBO TOUEK, KOTOPBIE SIBJSIIOTCST KOHIIAMI BEKTOPA {1y, €C-
JIN UX HadaJaMu siBjisieTcst Touka A. 3ajaBas i ¢ pasjndHble 3HAYEHNS,
MBI TIOJIYYAEM 9TO MHOZKECTBO TOUeK. MHOxecTBO BekTopos tU; obpasyer
OJIHOMEPHOE BEKTOPHOE IIPOCTPAHCTBO, IIO9TOMY YKa3aHHOE MHOXKECTBO €CTe-
CTBEHHO OIIPEJIEJINTh KaK IIPsIMYIO N-MepHOTo addunnoro mpocrpancrsa A",
a YKa3aHHYIO CHCTEMY ypaBHEHHIl KaK IapaMeTpHYecKiue YpaBHEHUS STOif
psiMoii. ITpsiMyo MOXKHO OIIpeesIuTh ellle 1 10 JPyToMY.

Omnpenenenue 4.4. [Ipamas — 510 MHOKECTBO Takux Touek M, uz A", aro
MoM € V!, rne My — Hekoropas dbUKCHPOBaHHAS TOYKA 9TOTO IIPOCTPAH-
crtBa, a V! — HeKOTOpOe HOIPOCTPAHCTBO Pa3MEPHOCTH 1 HPOCTPAHCTBA,
BEKTOPOB.

Onpenenenne 4.5. Eciu My — HekoTopasi puKcupoBaHHasi ToUKa adiH-
Horo npocrpancrsa A” u VF — k-MepHOe 1OIIPOCTPaHCTBO JIMHEIHOIO IPO-
crpaHcTBa V", CBSI3aHHOI'O ¢ IPOCTpaHcTBOM A”, TO MHOXKECTBO BCEX TOUEK
M € A", rakux, uro MyM € V¥, nassisaercs k-meproti naockocmvio, npo-
rodaweti wepes mouky My u umerowets nanpasasowee npocmparcmeo V.

Onpegenenue 4.6. ['unepniockocmuvio n-mMmepHoro adp@OUHHOIO IPOCTPAH-
CTBa HA3bIBAETC BCsIKasl €ro IJIOCKOCTh PasMepHOCTH 1 — 1.

Bynem oboznadarsh k-MepHYIO ILJIOCKOCTH apDUHHOIO IIPOCTPAHCTBA Ue-
pes 1.

Teopema 4.2. B xauecmse nauasvnoti mowku My naockocmu IIF moorcro
8uOPAMb A100YI0 TOYKY MO NAOCKOCTU.

<« uycts M; — HekoTopast pUKCUPOBaHHAS TOUKa 1tockoctu 117, mpo-
xojisieil uepes Touky M, u uMeroleil Halpasistioniee HpocTpaHcTso V.
[Iycrs M — HeKoTOpast pou3BoibHAs Touka. Jomyerum, uto MM € VF.
Torna

M()M = M()Mi + MlM € Vk,

II0CKOJIBKY Kazkjioe ciaraemoe rnpunayiesknt VF. Cienosaressuo, M € TTF.
C apyroit croponsl, ecaun M € I1¥, to

MM = MMy + MM = MM — MM, € V*,
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Teopema 4.3. Beaxas k-mepras naockocmsd 6 aphurrom npocmparcmee
ABASEMCA k-MepHoIm aphuHHbBLM NPOCMPAHCMEOM, CBAZAHHBIM CO CEOUM
nanpasasowum npocmpancmeom V.

Teopema 4.4. /[aa 1106020 nenycmozo nodmmoocecmsea S C A" cywecmey-
em naockocmab 11¥, ydosaemeoparowsas caedyrowum yYcaosuam:

1) S c 11%;

2) IInockocmo ITF npunadaesicum aro6oti naockocmu, codepoicauseti S.

Onpepenenne 4.7. [lyctb S — HEKOTOPOE HEIIYCTOE IOJMHOZKeCTBO ahduH-
HOro n-mepHoro mpocrpancTsa A" u nycrs My € S. Pacecmorpum MHOZKECTBO
BekTopoB U = {MoM|M € S}. Iloctponm nuneiinyio obosnouxy L(U). Adgp-
punnoti 0bosourot A(S) Ha3BIBAETCS MLJIOCKOCTD, NMEIOIIAsi HAdaIbHO TOU-
Ky My n nanpasJsonm mpoctpanctso L(U).

Onpenenenne 4.8. Touxku My, My, ..., M, abdunnoro npocrpancrsa A"
HA3bIBAIOTCS  addunro nezasucumvimu, ecin nx adduHHass 00o0JI0UKa 7~
MepHa.

Teopema 4.5. Yepesz aobdve k + 1 apdurno nesasucumvie mouku npo-
cmparncmea A" npoxodum edurncmeennan k-mepras naockocms. Bo ecaxot
k-meproti naockocmu ecmv k—+1 u ne cywecmsyem boavwe k+ 1 agppunro
HE3ABUCUMBIT Movek. Jhobyro cucmemy apdurro nezasucumunr mouer k-
MEPHOT NAOCKOCTNU MONHCHO JONOAHUMD 00 cucmembl, cocmoau,et; ua k + 1
apPurHo HE3ABUCUMDBLT MOYUer IMOT NAOCKOCTIU.

Crhnencrue 4.1. Yepes awbvie dse padsuumnvie mouku agdurrozo npo-
cmparcmea nporodum eouHCmMEEeHHAA NPAMAL.

Badukcupyem B npocrpancre A" Hekoropyio Touky (. Torma mpomns-
BOJIbHYIO TOUKy M mpoctpancTBa A" MOXKHO 3a/aTh C IIOMOIIBIO €€ paJinyC-

BekTOopa 7 = OM.

IIycrs B mpocrpancrse A" 3ajana mockocTb 11F, mpoxossinas depes
Touky My ¢ pamnyc-BekTopoMm 75 = OM 1 HAIPaBJISIOMINM IIPOCTPAHCTBOM
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V¥ Ilyers @, @, . . ., @, — HeKoTOPSIt 6asuc mpocrpancrsa V*. Torua,
¥ =17y + t1dy + tedo + ... + tray, (>I<)

rjae tq,ta, ..., tx — aucia us nojs P. Korjga st ducia 1npoberaioT Bce 3Ha-
qeHus w3 moJis, Touka M onmcwBaet miockoeth I1F. Ypasnenne (*) nasbiba-
eTCA GEKMOPHILM NAPAMEMPUUECKUM ypasrenuem naockocmu 117, a dncia
ti,to, ..., — napamempamu.

4.4. BzanMHoe pacnoJioyKeHHue IIJIOCKOCTel

IlycTs 3a7a0a cucTeMa JTUHEHHBIX YpaBHEHMIT

Ca1111 + ADED) + ...+ ATy = bl;
a91T1 + a2 + ... + a2,x, = bo; (1)

a1 + apors + ...+ appx, = by,.

rje a;; u b; — uncia uz nona P.
PaccmoTpum Tak ke cucremy

cap1ry + ajpre + ... + aypx, = 0;
a21T1 + A92T9 + ... + QopTy = 0;

: (2)

a1 T1 + apoxs + ...+ appx, = 0.

KOTOpasi Ha3bIBACTCS MpuBesieHHof st cucrembl (1). Saduxcupyem B ad-
bunnom npocrpancrse A", CB3aHHOM C BEKTOPHBIM IpocTpaHcTBoM VF
HeKOTOpbIiT pernep. Torjga mponsBosibHBIE BeKTOp ¢ € V" MOXKeT ObITh 3a-
JIaH CBOMMHU KOOpAMHATAMU B Oas3mce STOrO perepa. byaeMm Ha3bIBATb 3TOT
BeKTOp perenneM cucteMbl (1) (mim cucrempr (2)), ecin €ro KOOPIMHATHI
0bpas3yoT MHOYKECTBO peIleHnii 3Toil cucreMbl. Kak m3BecTHO M3 Kypca Jin-
HetHOi areOphbl, MHOYKECTBO BEKTOPOB, SIBJIAIONIIXCS PEIIEHUSIMU CHCTEMbI
(2), obpasyer (n — r)-MepHoe nojanpocTpancTBo V""" THHERHOTO MpoCTpaH-
crBa V", Tjie 1 — paHD MATPUIIBI CUCTEMbI YpPaBHEHMI.

Teopema 4.6. [lycmov (1) — cosmecmnasn cucmema AunetHoT Ypasrerud,
r — pane ee mampuysl. Mroowcecmeo movex addurnnozo npocmpancmea A",
ABAAOULUTCA DEULEHUAMU IMOT, CUCTNEMDL, €Y (N —T)~MEPHAA NAOCKOCTID,
HANPABAAIOULEE NPOCTPANCINGO KOMOPOT COBNAJAEM ¢ NPOCTPAHCTEOM De-
wenud npusedernnoti cucmemuvi (2).

ameuanue 4.1. [lrockocmnb, 3a0annas cucmemot AUHETHLLT YpasHerull,
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npoxodum uepe3 HauaA0 Koopduram moz2da U moavko mozda, koz2da Ima
cucmema 00HOPOOHaAA.

Teopema 4.7. Ecau 6 apdunnom npocmparcmee gdurcuposar Hexomo-
puiil penep, mo A10bas NAOCKOCTID IM020 NPOCTPAHCNBA ABAAETNCA MHOMCE-
CMBOM PEUEHUT, HEKOMOPOU AUHETHOT CUCTIEMDL.

U3 nocyietHIX JIBYX TEOPEM CJIeIyeT, 9To JIMHeiiHOoe ypaBHEHUe OTHOCH-
TEJILHO N HEM3BECTHBLIX 3aJIaeT B N-MepHOM ad@UHHOM IPOCTPAHCTBE HEKO-
TOPYIO I'UIIEPILIOCKOCTD, 1 00PaTHO, JIFobast THIEPILIOCKOCT B N-MEePHOM ad-
(GUHHOM IIPOCTPAHCTBE MOXKET OBITDH 3a/laHa JUHEHHbIM ypaBHEHIEM OTHOCHU-
TEJILHO 7 HEM3BECTHBIX.

[Tycts B addunnom mpocrpancTtse A", CBsSI3aHHOM C BEKTOPHBIM IIPO-
crpancTBoM V™, nmambl JBe mockocTn — IIF ¢ HampaB/dIonuM IpocTpan-
crBoM V¥, npoxoasmas uepes Touxky My u II! ¢ nanpasisionum npocTpan-
crBom V!, poxonsmas depes Touky Ny. DTH IVIOCKOCTH HA3BIBAIOTCH nepe-
CERAIOUUMUCA, €CJIT OHU UMEIOT XOTs Obl OJHY OOIIYIO TOYKY.

Teopema 4.8. [Trockocmu ITF u ITN nepecexaromen mozda v moavko mozda,
K020

M()N() € Vk + VZ,

2de VF + VI — cymma nodnpocmpancme VE u V!, xomopwie sasasomes na-
NPasAAOUUMY npocmparcmeamu oas naockocmeti IIF w II' coomsememeen-
no. Feau ykasanmnvie naockocmu nepecekaromcs, mo ux NepeceveHuem Ac-
AAEMCA NAOCKOCTVD € HANPasAstowum npocmparcmeom VF N VL

Teopema 4.9. ITIycmvs m — pasmeprocmv nepeceverus VF NV nanpasas-
rowux npocmpancme naockocmetdi 1IF w ITY. Ecau amu naockocmu nepecexa-
romes, mo pazmeprocms agdduroti oborouwu AT TTY) pasna

k+1—m.
Ecau oice naockocmu e nepecekaromces, mo ama pasmepHocms pacHa

k+1—m+1.

Omnpenenenne 4.9. Xapakrepuctuxoit naps! mwiockocreit ITF u 11! addpun-
HOTO ITpocTpancTBa A™ HasbIBaeTest yropsijgouenubiit Habop ancesn (k, [, m, s),
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rie s — pasMeprocTb addunnoil obosoukn wiockocreit I1F u 1Y, a m — pas-
MEPHOCTD [IePEeCeUeHNsT NX HAIIPABJISIIOIINX IIPOCTPAHCTB.

Bes orpannuenus obrnHocTn MOXKHO cunTaTh. uTo k < [. Torma crpa-
BEJI/INB CJIEJTYIONINIT HAOOp HEPABEHCTB:

O<m<khk<I<s<n

Omnpenenenne 4.10. Hemnepecexatommuecs miockocru 11F un II! ¢ xapaxrepu-
crukoii (k,l, m, s) Ha3bIBAIOTCS:

1) mapaJutenbabIME, ecin m = k;

2) gacTu4aHO HapaJiiesbHbiMu, ecin 0 < m < k;

3) ckpenuBaromumMucs, ecan m = 0.

(2,2,2,3) (2,2,1,3) (2,2,2,2)

Puc. 4.1:

Ha puc. 4.1 nokazanbl Bce BO3MOXKHbBIE C/Iydal B3aUMHOI'O PacIOJIozKe-
HUS JIBYX JBYMEDPHBIX ILJIOCKOCTEl B TPeXMEPHOM IPOCTPAHCTBE U YKa3aHbI
COOTBETCTBYIOIINE XapaKTePUCTUKU.

4.5. Addunnable npeodpazoBaHus apOUHHBIX N-MEPHBIX
IMPOCTPAHCTB

Paccmorpum Tenepb adpdpunnbie TpeodpazoBaHus, KOTOPhIE JEHCTBYIOT
B N-MepHBIX adPUHHBIX IIPOCTPAHCTBAX.

Omnpenenenne 4.11. Ilycrs A" u A™ — adbdunrHaBIE TPOCTPAHCTBA, CBSI3aH-
HbIE COOTBETCTBEHHO C BEKTOPHLIME IIpocTpancTtBamu V" u V'™ Haj ojHuM
1 TeM ke 1roJsiem P.
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Orobpazkenue
fiA" — A™ (1)

Ha3bIBaeTCs apOUHHBIM, €CJIi CYyIIeCTBYEeT JIMHEHHbI orepaTop

o: V=V (2)

S(MN) = F(M)f(N (3)

Jutst Jiio0bix Touek M, N € A". OrobpazkeHue ¢ HA3bIBAETCS OJIHOPOJIHOM
4acThio oTOOparkeHus f.

TaKol, 4TO

CroiictBa adduHHBIX IIpeodpas3oBaHuii, JefcTByOMUX B ad@UHHBIX
IIPOCTPAHCTBAX, AHAJOIMYIHBI PACCMOTPEHHBIM paHee JIBYMEPHOMY U TPeX-
MepHOMY cjiydasM. [1o9ToMy, B HeJIgX SKOHOMUH, IPUBEJIEM JIUIIIL OIIpe/ieie-
HUST 1 (DOPMYJIIPOBKHI TEOPEM.

Teopema 4.10. /s a06020 aunetinozo onepamopa (2) u a0bvix dsyx mo-
wew M € V" My € V™ cywecmsyem eduncmeennoe agpgurroe omobpa-
orcenue (1) makoe, umo @ — e2o odnopodnas wacmov u My = f(M),

Teopema 4.11. IIycmv My, My, ..., M, — cucmema aggduro nesasucumvlr
mouex npocmparncmea A", a Ny, N1,..., N, — €20 npouscosvHas cucmema
mouex. mozda cyuecmseyem eduncmeenno omobpascernue (1), ydosaemeo-
pAOULEE YCAOBUAM

f(My) = Ny, f(My) = Ny, ..., f(M,) = N,.

Onpepesienne 4.12. BuekrusHoe orobpazkenue (1) HasbIBaeTCsi M30MOD-
dbusmom adpdunnoro npocrpancrsa A" na addunnoe npocrpancrso A™. Ec-
JIN CYIIECTBYEeT TakKoe 0TOOparKeHue, TO roBopsT, 94To ad@UHHBIE IPOCTPaH-
CTBa U30PMOPMHBI.

Teopema 4.12. Adipunnoe omobpasicenue (1) asasemea uzomopphusmom
appurrvie npocmparcme A" u A™ moeda u moavko mozda, xKozda e2o 00HO-
poduas wacmo (2) A6aAEMCA UBOMOPHPUSMOM BEKMOPHHLT npocmparcme V"

u V™M,

Teopema 4.13. Apdunnvie npocmparcmea, céazarHble ¢ BEKMOPHBLMU NPO-
CMPAHCMEAMU HAO OOHUM U TEM HCE NOAEM, UOMOPHHDL 0200 U MOALKO
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moada, K020a PasHvL PA3MEPHOCTNU IMUL APHUHHBLT NPOCTNPAHCMNE.

Onpenenenne 4.13. M3omopdusm abduHHOTO IPOCTPAHCTBA, Ha cedsl Ha-
3biBaeTCst adpDUHHBIM IIpeodpa3oBaHueM WM aBTOMOPMU3MOM 3TOIO IIPO-
CTPaHCTBA.

Teopema 4.14. IIpu agpdurrom npeobpasosaruu addurrozo npPocmpar-
cmea, ecakull penep mepexodum 6 penep, a 00pa3 6CAKOU MOYKU UMEEM
68 HOBOM PENEPE Me JHce KOOPIUHAMDL, KAKUE CAMA MOYKA UMEAL 6 CIMAPOM.

Teopema 4.15. /[aa mobvx dsyx penepos I u Il apdpunrozo npocmparcmea
cyuiecmeyem eduncmseennoe agdurroe npeodbpasosanue, NepesodauLee penep
I 6 penep II.

Teopema 4.16. /[aa mobwxr dsyxr cucmem apPunno He3a6UCUMDBLT MOYEK
cywecmeyem eduncmeenmoe apdurroe npeodpazosanue, NEPEGOCAULEE MOY-
KU Nepeotl cucmemv, 6 Mok, 6Mopot.

Teopema 4.17. Mnootcecmeo ecex apdurrnr npeobpasosaruti addurrozo
NPOCMPAHCMEA ABAAEMCA 2DYNNOT, OMHOCUMEABHO KOMNOZUUUL NPe0dPa30-
8aHUl.

Onpenenenne 4.14. Qurypoit B adpGUHHOM IIPOCTPAHCTBE HA3BIBACTCH
[IPOM3BOILHOE MHOYKECTBO TOUYEK STOT0 IPOCTPAHCTBA.

Onpenenenune 4.15. @urypa ®; adpduHHOrO NPOCTPAHCTBA HA3BIBACTCH
acdbdunHO dKBUBaJIEHTHOI burype Py 9T0ro »Ke NpocTpaHcTBa, €C/Id CyIe-
crByeT adduHHOe 1peodbpazoBanue, mnepepojsiiee hurypy ®1 B purypy Ps.

Teopema 4.18. Adpunnan sxeusarchmuocmsv dueyp adpdurmnozo npo-
CMPAHCMBA  ABAACNCA OMHOUWEHUEM IKEUBAACHMHOCTIU HA MHOHCECMEE
scex puzyp 2moz0 aphdhurHo20 NPOCMPAHCMBA.

Teopema 4.19. Mnoocecmeo ecex pueyp addunrozo npocmparcmea pas-
busaemcs na Henepecexarousuecs apdunroie xaaccor puzyp. Jhodbve dse Pu-
2Ypul U3 00H020 Kaacca apdurno arxeusasermmv, dpye dpyey. Jlhobwe dee
Puzypovl U3 PABHBLIT KAACCOB HE ABAAIOMCA APPOUHHO IKEUBAACHMHOLMU OPY2

dpyeay.
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Teopema 4.20. Apgpurroe npeobpazosarue apdunrozo npocmparcmaea ne-
pesodum ecakyro k-mepryro naockocmsv 6 k-mepryro naockocmyv. Bee naoc-
Kocmu 6 apdurHHom NPOCMPaHCmMeEE, UMEWUe 0JUHAKOBYIO PA3ZMEPHOCTND
appurro skeusarenmuv, dpye dpyey u obpadyrom o0dun apdurro 2K6U6a-
AEHMHBLT KAACC.

Teopema 4.21. Mnootcecmeso 6cex nap naockocmeti, UMEOWUT 00HY U MY
oice TaApPaKMePUCMUKY. oobpasyem Kiacc aPPurro K6UBANEHMHBIT duyp

Teopema 4.22. Jlwboe agdurnoe npeobpasosanue ap@durrozo npocmpar-
cmea nepesoodum NaAPAANEALHBLE NPAMBIE 6 NAPAAAENLHBLE NPAMDIE, G NAPAA-
AEABHDLE NAOCKOCTIU 6 NAPAANEALHBLE NAOCKOCTIU,

Onpepenenne 4.16. Tpu Touku My, Ms, M;s adpduHHOIO NPOCTPAHCTBA
A", npuHajiexKarie oJHON 1 TOi »Ke HMPSIMOM, HA3BbIBAIOTCST KOJIJIMHEAPHbI-
mu. Hucsao A rakoe, 4To

M, My = AMy Mo,

HA3bIBAETCs ITPOCTBIM OTHOIIEHUEM KOJIInHeapHbiX Tovuek My, My, Mg n

obosznavaercst (MyMoMs).

Teopema 4.23. Agpdunnoe npeobpasosarue agpdurrnozo npocmparcmea co-
TPAHACTN, KOANUHEADHOCTD MOYEK U NPOCMOE OMHOWEHUE MPOTKU KOANUHE-
APHOLT MOYEK.

Onpegenenne 4.17. IlpousBosbuast napa Touex My, My adbduraOro mpo-
crpaHcTBa A" HaszbIBaeTCs OTPE3KOM, a TouKa M, yI0BIeTBOPSIONIAs YCJIO-
BIIO

MM = MM,

Ha3bIBaCTCA Cepe,ZLI/IHOﬁ 9TOI'O0 OTPE3Ka

Onpenenenne 4.18. Touka M € A" naswiBaercs reHTpoM hurypst P, ecom
Jutsd Besikoit Toukn My € ® cymectByer Takast Touka Mo € @, uro Touka M
— cepeauna orpe3ka My Ms.

Teopema 4.24. Adgurroe npeobpasosarue apdunrozo npocmparcmesa ne-
pesodum cepeduny 100020 ompeska 6 cepedury nPeobpPasosarHHo20 ompesra,
a uenmp duypvl. — 6 yenmp npeobpazosarHotl Guypot.
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5. EBKJINJ0BO TOUYedYHOE IIPOCTPAHCTBO

1. CTpOeHI/Ie €BKJINJOBa TOYE€YHOI'O IIPOCTPaHCTBa

2. Addunnubie npeobpa3oBaHns B €BKJIMJI0BbIX TOYEYHbBIX IIPO-
CTpaHCTBaX

5.1. CTpoeHne eBKJIMJI0BA TOYEYHOI'O ITPOCTPAHCTBA

IIycrb 3ajgaHo n-mepHoe ad@UHHOE IPOCTPAHCTBO, CBsSI3aHHOE C JIeii-
CTBUTEJILHBIM BEKTOPHBLIM ITpocTpancTBoM V. Ecin 3ajaTh Ha 9TOM BEK-
TOPHOM IIPOCTPAHCTBE CKAJIAPHOE NPOU3BEJEHIE, TO Mbl IIPEBPATUM €ro B
eBKJINJIOBO IIPOCTpaHCTBO. Torja mnpeobpasyercs: u apduHHOE IPOCTPAHCTBO
— OHO CTaHEeT €BKJIUJIOBBIM TOUYEUHBIM IIPOCTPAHCTBOM.

Omnpenenenue 5.1. Abdunnoe mpoOCTPAHCTBO, CBI3AHHOE C €BKJIHIOBBIM
IPOCTPAHCTBOM FE™ Ha3bIBACTCS N-MEPHOIM €6KAUOOBHIM TMOYEUHDIM NPO-
cmparcmeom n oboznadaercs: 7.

Onpenenenune 5.2. Eciu B npocrpancrse E™ 3ajjaH OpTOHOPMUPOBAHHBII
0asuc i1, 19, .. ., 0y, 10 penep O, iy, 4, ..., 0,, (tae O — Tpou3BOIBHAST TOU-
Ka mpocTpaHcTBa [E™) Ha3bIBAETCS NPAMOY20ALHOT CUCTEMOT, KOOPIUHAM, &
KOOP/IMHATHI TOYEK U BEKTOPOB B TAKOM Perepe — NPAMOY20AHIMU.

Ecmn 1, @9, ..., x, — Koopaunarsl Touku M € K" B npsamoyro/sHoit
cucreme koopjuuar O, 11,19, ...,10,, a x'1,2'9,..., 7', — ee KoopauHATLI B
HPAMOYToJIbHOI cucreme koopaunar O, 1,4y, ... i, n ay,as, ..., a, — KO-

opauHarsl Toukn ' B crapoil cucreme, TO, BOCIOJIL30BABIINCL MATPUIET
nepexojia C' = [¢;;] or mepBoro Gasmca KO BTopoMy. IOJTydHM (DOPMYJIBI I1e-
PexoJia OT HOBBIX KOOPJAMHAT K CTAPBLIM:

/ / /
16'1:011$1+012$2+...+01n$n+a1;

/ ! /
16'1:021$1+022$2+...+02n$n+a2;

/ / /
1 =Cnx1+Cpxao+ ...+ Conxn+ ay,.
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Onpenenenne 5.3. Paccmosnuem meocdy moukamu M u N npocmpan-
cmea K" nazbiBaercs jimna Bektopa M N :

p(M,N) = \/ MN - MN.

Ecmm x4, xo, . .., £, — OIPAMOYTOJBHBIE KOOPANHATHI TOUKA M, a y1, Yo, . . ., Yn
— IPSIMOYTOJIbHBIE KOOPAUHATHI TOUYKU [N, TO:

p(M,N) = \/(yl —21)? + (Y2 — 22)* + .+ (Yo — T0)%

[TocKOIbKY /151 €BK/IMI0BA TOYETHOIO IIPOCTPAHCTBA CIIPABEJIJINBBI aC-
KIOMbI adpPUHHOI'O IIPOCTPAHCTBA, TO B HEM CYLIECTBYIOT IIJIOCKOCTH JIIOOOI
pasmepuoctu k, riae 0 < r < n. ILnockocru pazmepHocTun 1 Ha3bIBaIOTCS
HPSIMBIMHU, IIJIOCKOCTH Pa3MEPHOCTH N — 1 Ha3bIBAIOTCS I'HIIEPIIOCKOCTSIMIA,
a IJIOCKOCTU pazMepHocTH ) — TOYKaMu.

Onpenenenne 5.4. [Iycrs Ay n Ay — npsimbie u3 npocrpancrsa E”,  dp, do
— X HAIIPABJISIIONINE BEKTOPA COOTBETCTBEHHO. Y240M MeAHCIY NpamovLmu L
1 Ay Ha3BIBAETCsT THUC/IO (0, ONPEIEISIEMOe PABEHCTBOM:

ap - ds

COSY = 5>/

|y ||do|
Onpenenenne 5.5. [Liockocru 1IF u ITIY masbiBaroTcs opmozonasbrbMu,
eCJIN OHU UMEIOT OJ[HY OOIIYIO TOUKY U KasK/blif BEKTODP U3 HpocTpaHcTBa FF
OPTOTOHAJIEH KAKJIOMY 13 BEKTOPOB IIPOCTpaHcTBa F'.

OpToroHajbHble IIJIOCKOCTH MOI'YT HUMETh TOJIbKO OJIHY OOIILYI0 TOYKY.
HeitctBuresnbno, ecim M u N — pasjaudHble TOUKM, TPUHAJJIEXKAIINE O/I-
HOBDEMEHHO JBYM OpTOroHajbubiM ItockocTsm 11F u II'. Torma BexTop
]\ﬁ IIPUHAJJIEZKUT ABYM ILIOCKOCTSIM OﬂHOBpGMGHHOE}GﬂOBaTeﬂbHO, MN -
- M N = 0. Ho 310 HEBO3MOXKHO, TOCKOJILKY BeKTOp M N oTndeH oT HyJs.

Omnpeneiteane 5.6. Opmozonansvrvim donoarneruem miockocru 11F u3 mpo-
crparcTBa E" naswpiBaetcs (n — k)-MepHast IJI0CKOCTb, OPTOTOHAJIbHAST TL7I0C-
kocru 11F.

Teopema 5.1. Ecau 6 npocmpancmee E" 3adana naockocmv IIF, mo wepes
kaotcdyro mouxy N amozo npocmparcmea npoxodum eduHCMBEHHOEe OPMO-
20HaAbHOE JdonoaHeHue IMoti NAOCKOCTU.
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Besikast runepriiockocTh npocTpancTBa K" omnpejiesisgercs ypaBHEHTEM
1IEPBOil cTerneHn OTHOCUTEbHO T HEM3BECTHDIX:

a1x1 +as+xo+ ... +a,x, +a=0. (%)

C zpyroit cTOpOHBI, BCSIKOMY YPaBHEHUIO II€PBOIl CTENEeHN OTHOCUTEJIBHO N
Hen3BeCcTHBHIX B [E" cooTBeTCTBYEeT HEKOTOPas MUIIEPIIIOCKOCTD.

[Iycrs N(x1,x9,...,T,) — HEKOTOpasi Touka mnpocrpancTBa E". Pac-
CMOTPUM TIPAMYIO A, IPOXOAAIILYIO uepe3 TouKy N U sIBJISIOILYIOCS OPTOroO-
HAJILHBIM JIOTIOJTHEHIeM Jyid rutepriiockoetn 11" 1. Dra npsmas nepeceder
PUIEPILIOCKOCTb B HEKOTOPOii Touke P(x'y, @'y, ... a'y).

Omnpeneneane 5.7. Paccrognnem ot Toukn N o rumnepiiockoctn 11771
Ha3bIBaeTcs JyinHa BekTopa N P.

Econ runepniockoers 1" onpenensiercss ypasHuem
a1x1+as+x0+ ... +apxr, +a =0,
TO YKa3aHHOE PACCTOSTHUE BBIUUC/IsIeTCs 110 (hOpMYJIe
. \alxl + aoxo + ...+ anxn|
T+ rad

p(N, anl)

Omnpenenenue 5.8. MuoxkecTBO Bcex ToUeK pocTpaHcTBa B, Koop mHATE
KOTOPBIX B periepe (M, iy, Us, . . ., Uy,) YIOBIETBOPSIIOT HEPABEHCTBAM

0<z1 < 0<2<1,...,0< 2y

HA3BIBAETCSI 1-MEPHBILM napastesenunedom B IpocTpancTse E”, mocTposieH-
HBIM Ha 7 JIMHEHHO HEe3aBUCHUMBIX BEKTOpaX Ui, Us, . . ., Uy, OTJIOKEHHBIX OT
Touku M.

[TocTaBuM KazkI0My Nn-MEPHOMY HapaJlIe/IelnIey B COOTBETCTBUE HEKO-
TOpPOE TIOJIOKUTENBLHOE YUCJIO, KOTOPOE 0 aHAJOIHE C TPEXMEPHBIM IpO-
CTPAHCTBOM OyJIeEM Ha3bIBATH 006EMOM NAPAAACAENUNEDE.

[IycTh mapasuresenumes; IOCTPOeH Ha JTMHEHHO He3aBUCHMBIX BEKTOpax
(2). Badukcupyem B ipoctpancTse K" Kakoii-imb0 OpTOHOPMUPOBAHHBII Ha-
3UC U PA3JIOKIM 110 HeMy KaxKiblil u3 BekTopos (2). Ilycts A — xBajparHas
MaTPHUIA, OIPEILIAIONIAsT 9TO PA3JIOKEHNE.,
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Onpenenenne 5.9. O6semom n-MepHOIO HapaJiie/iennme/ia, I0CTPOeHHOIO
Ha BEKTOpax (2), OTJIOKEHHBIX OT HEKOTOPOI TOUKIM, HA3BIBAECTCS THCIIO

V(ﬁl, 172, ceey ﬁn) = |d€tA|

DTO YMCJIO HEe 3aBUCUT OT BbIOOPA OPTOHOPMUPOBAHHOI'O Dasuca.

5.2. AdbduaHBIE TPEOOpPa30BaHUs B €BKJINJIOBBIX TOUYEUHBIX
IIPOCTPAHCTBAX

Onpenenenne 5.10. Abdunnoe npeodbpasosanue f mpocrpancrsa E" Ha-
3bIBAETCSI JBUZKEHIEM 3TOIO IPOCTPAHCTBA, €CJIM OHO He M3MEHSIET PaCCTOsI-
HUST MEYKJIy TOYKaMMU, T.e. JIjIs JIIObIX JABYyX ToueK M u N 13 npocTpaHCTBa
K" BhIOIHSIETCS

p(M, N) = p(f(M), f(N)).

Teopema 5.2. Agdunroe npeobpasosarue f npocmpancmea E" sasasemcsa
deuotcenuem mozda u moavko mozda, k020a €20 00HOPOOHAA UACND L ACAA-
EMCA OPMO2OHANDHILM ONEPATNOPOM.

[Tocko/IbKY BesiKoe JiBUzKeHue IpocTpaHcTBa E" sBisiercss adduHHBIM
peodpaszoBaHueM, TO JIJIsI HEr'O CIIPaBe/JIUBBI Te yKe POPMYJIbI TIEPEX0/Ia, JIJIsd
KOODJINHAT:

/ / /
I a11$1—|—a12x2—|—...—l—alnxn-l—al;
/ / / .
5171=a21$1+a22$2+...+a2n$n+a2, (*)
T = a1 4 ¥’y + . @y + an,
rjie MaTpuIa

ail a2 ... Qip

21 A922 ... Qa9
A= "

apl Ap2 ... dpp

sIBJISIETCS MaTPUIIeil llepexojia OT oJHOro basuca K apyromy. IlockoiabKy 0Tob-
pazkeHue @ sBJIAeTCs OPTOrOHAIBHBIM 1 00a Oa3uca sBJIAI0TCA OPTOHOPMU-
POBAHHBIMHU, TO yKa3aHHAasI MaTPUIA SBJISIETCS OPTONOHAJIBHOIA,

C J1pyroii CTOPOHBI, €CJIN B3sITh IIPOM3BOJILHY 0 OPTOIOHAIBLHY IO MATPUILY
1 HEKOTOPBIT HAOOP YuCesI a1, Ag, . . . , Gy, TO MOXKHO COCTABUTH (GOpMYJIbI (*),
KOoTopble 3a11a/1yT JpimKkenne [ : E" — K",

42



Teopema 5.3. Mnootcecmeo ecex deustcenuti npocmparncmea E" seasemcs
nodepynnot 6 epynne 6cex aBOuUHHBLT NPEoOPa308aHUT IM020 NPOCMPAH-
cmea.

Onpenenenne 5.11. @urypa & nupocrpancrsa K" HazbiBaeTCss METPUYECKN
SKBHUBaJIeHTHOIT (burype P9 5T0r0 npocrpaHcTBa, €C/in CyIecTBYeT JIBUKeHIe
f npocrpancrsa E", nepesogsiiee purypy ®1 B burypy Ps.

Teopema 5.4. Bce opmonopmuposartwvie penepvt npocmparcmsea K" obpa-
3yrom 00uH KAGCC MEMPUMECKU IKBUBAACHMHBLT PUYD.

Teopema 5.5. Bce k-mepnvie naockocmu npocmpancmea E™ npu duxcupo-
sanHoMm k obpasyrom o0dur KAQCC MEMPUYECKU IKBUBAACHMMHLLT puyp.

PaccmorpuM gpuzkenns miockoctn E? mpocrpancrsa E”. ITockoabKy
JIBIPKEHUE COXPAHSET PACCTOSHUS, TO OHO I€PEBOJINT OPTOHOPMUPOBAHHBII
6a3uc B OpTOHOPMUPOBaHHLIN. POPMYJIBI ITepexojia OT KOOP/MHAT B OJHOM
OPTOHOPMHUPOBAHHOM 0a3uce K KOOp/HATaM B JIDYIOM OPTOHOPMUPOBAHHOM
b6azuce Oy/lyT UMETb BUJI:

/ / .
Tr1 = a1+ apr o+ as;

/ /
To = 21T 1 + Q22T 9 + ag,

rae
ailp ai2
A=
as1 Q22

— MaTpulia JUHEHHOTO olepaTopa, KoTopas SBJIseTcs OPTOrOHAJJIbHOII.

Onpegenenne 5.12. Juxenue miockoctu E? B ciaydae |A] > 0 nasbiba-
ercst coocmeennvm 1 B ciaydae |A|l < 0 necobcmeenvim.

Kax 6bLI0 I0Ka3aHO paHee, IIPeobpasoBaHie KOOpAMHAT B K2 MOXKHO
IIPEeJCTAaBUTh B BHJIE

21 =2'1cosa — 2/osina + ag;
To = 2'1sina + 2’9 cos a + as,

(*)

Ecmn o = 0, To nosiydaem ¢popMyJibl apaJsiie/ibHOIO IIepeHoca

/
T =121+ ag;
/
x2=x2+a2.
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Ecin a; = as = 0, To nomygaeMm (popMyJIbl IOBOPOTA:
21 = 2'1cosa — 2/9sin
Ty = 2’1 sina + 2’9 cos a.

Teopema 5.6. Bcakoe cobemeenmoe deusicenue naockocmu B2, sadanmoe
dopmyramu (*) npu o # 0, Asaaemea noBOPOMOM B0KpPY2 HEKOMOPOT, MOy~
K.

JlokazareibeTBO 9TOI TeOpeMbl OCHOBAHO Ha TOM, 4T0 (hopmyJibl (*) mpu
YKa3aHHOM YCJIOBUH 3a/Ia0T TaKOe JIBIKEHIEe, KOTOPOe MMeEeT eIMHCTBEHHY IO
HEIOJIBUKHYIO TOUKY (BOKDPYT KOTOPOIl U IPOUCXOIUT MOBOPOT).

Omnpenesieane 5.13. JIpmkenne mwiockoctn K2, 3agannoe dhopMyamn
/ .
r =21+ ai,
Ty = —ZL'IQ

Ha3bIBAETCs CKOJIL3AIICH CUMMETPUEi.

Teopema 5.7. Cobcmeennvie dsusicernun naockocmu E? ucuepnwsaromes
noBOPOMaAMYU B0KpY2 A1000T MOYKU U NAPAANEALHM nepernocom. Hecob-
cmeennvle dsuicernus naockocmu B2 cosnadarom co ckoAb3AUUMY CUMMEN-
DUAMU.

Omnpenesieane 5.14. JIpmkenne npocrpanctsa K2, 3aganH0e dhopMytamn

x1 = 2’1 cosa — 29 sin
x9 = 2'1sina + 2’5 cos q;
16'3:1'/3

Ha3bIBaCTCA No6OPOMOM NPOCTNPAHCINEaG BOKPYT OCH 051’53 Ha YI'oJI .

Omnpenenieane 5.15. JIpmkenne npocrpanctsa K2, 3agannoe dpopmynamn
11 = 2'1cosa — 2/9sin o
9 = x'1sina + 2/ cos a;
/
T3 = T3+ as
HA3bIBACTCS GUHIMOBHIM
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Omnpeneseane 5.16. JIpmkenne npocrpanctsa K2, 3agannoe dpopmyiamn
/
r =21+ ai;
Tog = LUIQ + a9
T3 — —37/3

Ha3bIBACTCA CKOAD3AUET cummempued.

Omnpeneneane 5.17. JIpmkenne npocrpanctsa K2, 3ajannoe dpopmynamn
x1 = 2’1 cosa — 2/9sin o
To = 2’1 sina + 2’5 cos
T3 = —SC/3

Ha3bIBAETCS NOGOPOMHOU CUMMEMPUET.

Teopema 5.8. Beaxoe dsusicenue npocmparcmea B3 ecmv 00no us caedyro-
WUL: NAPAANENLHBIT NEPEHOC, NOBOPOM, BOKPY2 NPAMOT, BUHMOB0E JBUIHCE-
HUE, CKONDIAULAA CUMMEMPUA U NOBOPOMHAA CUMMEMPUA.

PaccmorpuM Tenepb CTPYKTYpy MPOU3BOJILHOIO ad@UHHOrO mpeodpa-
30BaHus pocTpancTBa K" T.e. Takoro rnpeobpaszoBaHms, KOTOpoe B 00IIeM
CJIydae PaCCTOSTHUS He COXPaHseT.

n
Onpegenenune 5.18. Adbdunnoe npeodbpasopanue npocrpancTsa E”, 3a1aH-
HOE B IIPSIMOYT'OJIbHOI crucTeMe KoopanHaT (hopMy/IamMu

— 2\ — ol _
Tl = AL 1, g =T92y...,Tp = X p,
HA3BIBACTCST COHCAMUEM C KOIPHUUUEHOM N K 2UNEPNAOCKOCTU C HaTaIbHOI
Toukoit O n HampaBJstioInM IpocTpancTBoM L(ig, i3, . . ., 1y) MapasIebHo
BEKTOPY 1.

Taxoe 1mpeobpaszoBaHue 3a/aeTCsi MaTPUILEi

A0 0
A:Ol 0
0 0 1
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Ecin B3ATh MaTpuILy

A0 .00
A 0 X ... O |
0 0 ... M\
rjie Ay, Ao, ..., A\, — HEKOTOpbIe HEHYJIEBbIE YUCJIA, TO IOJYUYEHHOE C TTOMO-

IIIbIO TOI MaTPUILEl TPeoOpa3oBaHue
/. _ /. . _ /
T1 = MT'1; Ta = AoT'9; ...; Ty = ATy

€CTEeCTBEHHO HA3bIBATH KOMIIOBUIINEI 1 C2KATHIl Mapasie/IbHO BCEM BEKTOPAM
BBIOPAHHOI'0 OPTOHOPMHUPOBAHHOOTO Dasuca.

Teopema 5.9. Beakxoe appunroe npeobpaszosarue npocmparcmea E" a6.a-
EMCA KOMNO3UUUET N CHCAMUT NAPAALEADHO T NONAPHO OPMO20HANDHDIM
BEKMOPAM U JBUNCEHUSA.

Ha npumepe cxxaTust npocrpancTsa E3 K KOOpAMHATHON IIJIOCKOCTH, BIJI-
HO, 4TO addurHOoe npeodpaszoBaHue npocrpancTBa E" MOXKeT COXpaHSATb
JUIMHBI OJIHIX OTPE3KOB U U3MEHATH JJINHBI ApyruxX. OJHAKO I 00beMOB
BCeX IapaJiiesIelnIeIoB CyIecTByeT o0Iee CBOCTBO.

Teopema 5.10. IIpu agdurrom npeobpadosaruu npocmparcmea E" 110001
n-mepuviti napassesenuned I nepexodum 6 n-meprwidi napasresenuned 11,
Ommnowenue 006emM08 IMUT NAPAANCAENUNEIOE HE 3a6UCUM OM 6blOOPa Na-
pasrenenuneda 11
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6. KBajipuknu

1. Onpenesienne KBaJIpuK
2. Ilepeceuenne KBaJapuKM C IIPSIMOIi
3. IIpuBeagenune ypaBHeHUs KBaJAPUKN K HOPMAJbHOMY BULY

6.1. OnpeiesieHe KBaAPUK

Paccmorpum n-mepHoe KominiekcHoe ad@uHoe TPOCTPAHCTBO, CBA3aH-
HOE ¢ KOMILIEKCHBIM BeKTOpHBIM pocTpatcTBoM V™ (C). D10 mpocTpancTBo
COCTOUT U3 TOYEK, KaK JeHCTBUTEbHBIX, TaK U MHUMBIX. Ecn B 9TOM 1po-
CTpaHCTBE BIOpaTh HEKOTOPBII perep, ToO MHOXKECTBO BEKTOPOB 13 IIPOCTPaH-
crBa V" (C), koropbie B 6a3mce BEKTOPOB BBLIODAHHOTO periepa UMEIoT JIeii-
CTBHUTEJIbHBIE KOOPIMHATHI, Oy/1yT 00pa30BbIBATE JEHCTBUTEILHOE BEKTOPHOE
poctpancTo V", Toria MHOXKECTBO TOYEK N-MEPHOI'0 KOMILIEKCHOro addu-
HOI'O IIPOCTPAHCTBA, KOTOPbIE B BRIOPAHHOM pelepe UMEIOT JefCTBUTE IbHbIE
KOOPJIMHATHI, OYy/IeT 00pa30BbIBaTh N-MepHoe adOUuHHOE ITPOCTPAHCTBO, CBSI-
3aHHOE ¢ BEKTOPHBIM IIpOCTpaHcTBOM V.

Omnpenenenue 6.1. Kowmiuiekcnoe adduuHoe n-MepHOe MMPOCTPAHCTBO, B
KOTOPOM (DUKCUPOBAH HEKOTODLI perep, a, CJIeJ0BaATe/ILHO, 1 AeHCTBUTE b
roe addunnoe mnpocrparctso A", Gyaem obosnadarh A™(i). Touxku mpo-
crpancTBa A™(i) OyjieM HasbIBaTh JIEiCTBUTEIbHBIMU, €CJIN OHU [PUHAJITIE-
»KaT npoctpancTBy A" M MHUMBIMU B IPOTUBHOM CjIydae. BekTopbl mnpo-
crparctBa V"(C) Ha3bIBAIOTCS JIEHCTBUTEIbHBIMIL, €C/ OHU [TPUHAJIEIKAT
npocTpatcTBy V™ U MHUMBIME B IIDOTUBHOM CJIydae.

Omnpepesienne 6.2. Keadpurot B npocrpanctse A™(i) Ha3bIBaeTCsT MHOKE-
CTBO TOYEK, KOOPJMHATHI KOTOPBIX B HEKOTOPOM BBLIOPAHHOM perepe

(Oagla 527 ceey gn)

YAOBJIETBOPAIOT YPaBHEHUIO

n n
Z CLZ‘]{CZ'LU]‘ + 2 Z a;x; +a = 0,

1,j=1 1

e a;j, a;, a — JEHCTBUTEIbHbIE YUCTIa, IPUIeM CPeJIu YUCeNl a;; XOTS OBl
OJHO OTJIMYHO OT HYJIA 1 IJIA JIIOOBIX 7 1 j BCEl'/la Gj; = Q- YKazaHnoe yYpaB-
HeHne Ha3bIBaeTCd ypaBHEHUEM TOU KBaJIPUKU, KOTOPYIO OHO OIIpE/Ie/IsieT.
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B cinydae, ecim paccMaTpuBaIOTCd AefiCTBUTEIbHBIE TOYKN ITPOCTPAH-
crBa A? (), TO KBAJPUKH TIPEJICTABISIIOT 00Ol HE UTO MHOE, KAK JIMHIN BTO-
POro IOpsiJIKa U TOIJa ypaBHEHUE KBaJIPUKU PABHOCUJIBHO OOIIEMY ypaBHE-
HUIO JIMHUU BTOPOI'O IOPSIIKA:

2 2
a1y —+ a19x129 + A9129x1 + A22T 9 -+ 2@1371 -+ 2@2372 +a = 0

WJIH
P P
1177 + 2a121172 + a20x5 + 20171 + 2a279 + a = 0.

Heckobko nHOMN npuHIMI 0003HAYEHUS JJIsI KOI(MDPUITMEHTOB NTPUMEHEH C
MeJIbI0 YMEHbBITIEHNS TPOMO3JIKOCTH TPU JeHCTBUAX € KBaJIpUKaAMU — IpU
€ro ynoTpedJIeHuN cjlaraeMble pas3ImIHbIX CTelleHell MOYKHO PacCMaTpPUBATD
OTJIeJIHHO.

PaccmoTpuM, HalpumMep, ypaBHEHIE

x% + x% = 0. (%)

B IIJCK-2, nocrpoennoii na perepe O, €1, €y 3TO ypaBHEHUE OIpeJIe/isieT
enunacTBeHny0 Touky — O(0, 0). Ecmm xe paceMoTperb KBaJIPUKY, 38/ aHHY IO
STHUM K€ ypaBHeHHEeM B mpocTpancTse A™ (i), TO ee MOYKHO NMPUBECTH K BULY

(21 +ix9) (21 —izg) = 0. (x%)
[TostyuenHoe ypaBHeHUe PABHOCHILHO COBOKYITHOCTH

r1 +1x9 = 0;

T — ixg = 0.
DTa COBOKYMHOCTD B ipocTpancTBe A" (1) Gy/ieT onpee/sTh jiBe MpsiMble, KO-
TOpBIE COCTOSAT U3 MHUMBIX ToueK. CJieoBaTesIbHO, Oy YMM Hapy MHUMbBIX
IIPAMBIX, II€PECEKAIOIINXCA B OJIHOM JMefICTBUTEJILHON TOYKE.

AHaJIOrHYHO, eC/I PAcCMaTPUBAIOTC JIEHICTBUTEILHBIE TOUKHI IPOCTPAH-
crBa A%(1), To KBaJIpUKK IPEICTaBIISIOT CO60ii He 4TO HHOe, KaK HOBEePXHOCTH
BTOPOTrO TOpsijiKa. PacemorpuM. Hampumep. To Ke camoe ypasaenue (). B
[TJICK-3, noctpoennoii Ha penepe O, €1, €a, €3, 3TO ypaBHEHUE 3a]aeT MHO-
JKECTBO BCEX TOYEK, Y KOTOPBIX IIepBast i BTOpasi KOOPANHATHI PABHBI HYJIIO,
T.e. KoopauHaTayio ochb Ors. Kpajapuka, 3ajannas 3TUM ypaBHEHUEM B [IPO-
crpanctse A3(i), cocTouT U3 ABYX IJIOCKOCTE(l, OlIpejie/sieMbIX ypaBHeHueM

Teopema 6.1. Jlaa mozo, wmobv dsa ypasHeHus

n

n
Z aij:ciscj + ZZCLZ{EZ‘ +a = 0
i

1,7=1
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zn: bij.%'le + Zibz$z +b=0

ij=1 i

3a0a6a.4U 6 8LLOPAHHOM penepe odHy U My sce K8adpuky, Heobrodumo u Jo-
CMamouHo, 4mobwv Koshhuuyuenmor Imux ypasHeHut dviAL NPONOPUUOHAND-
Hol, M.e. 4Mobvl CYWECMBOBAND MaKoe JeTCMBUMEABHOE YUCAO N, WIMNO O
scext=1,2,....,nuj=1,2,...,n 66NOAHANUCD ObL PABEHCNEA

bz‘j = )\CLZ‘]', bz = )\CLZ‘, b= )a.

Teopema 6.2. IIpu agdunrom npeobpasosanuu npocmpancmea A™(i) ao-
bas keadpuka npeobpaszyemcs 6 Keadpury.

6.2. Ilepeceuenne KBaJPUKMN C MPAMOIl

Paccmorpennble patee, Npu U3ydeHUM OOINEro YpaBHEHHUS JIUMHUU BTO-
pOro mopsjika TakKue MOHATHU, KaK acUMITOTUYECKOe HallpaBJeHUE, IEHTD,
JItaMeTp, KAHOHUYECKUiT BUJI, UMEIOT aHaJI0TH JIjIsl KBQJIPUKKU ITPOU3BOJIbHOM
pa3MEepHOCTH.

[Iycrs B ipoctpancTse A™(i) B HEKOTOPOM periepe HEKOTOpas KBa[pUKa
3a/laHa CBOUM ypaBHEHUEM

n n
Z QT 5 + 2 ZCLZ{CZ‘ +a=0

1,j=1 1

I IIyCTHh B 9TOM Ke periepe npgamasg 3a/iaHa CBOUMA HapaMeTpUIeCKUMNI ypaB-
HEHUAMN HEKOTOPAasd IIpsAMad:

Q?Z:bz+02t (221,2,,71)

[Lj1st TOro, 9T00bI HAMTH TOUKU IIepecevdeHns] IPSIMOil 1 KBaJIPUKH, TI0JICTaABUM
B YpaBHEHUE KBaJIPUKU BbIparKeHus JIJIsl KaxKJI0il 13 lepeMeHHbIX U3 ypaBHe-
Hust psmoii. [Tocie nmpuBeieHnst 110/100HBIX YJIEHOB OTHOCUTEIBLHO HapaMeTpa

t, oJIy4aeM:
n

Z a;jCiC; 24 2pt +q =0, ()
ij=1

rje
n

n
P = Z CLZ‘ij'Cj + Z a;C;,
i=1

1,7=1
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n n
q = Z CLZ‘ij‘Cj + 2 Z +a.

ij=1 i=1

Haiijist kopan ypashenust (*) u mojicTaBuB UX B APAMETPUUIECKIE YDaB-
HEHUsI PsAMOii, Haif/leM KOOPANHATHI BCEX TOYEK MepecedeHnsl.
Bo3MoxKHBI JiBa CJ1ydast.

1) Z ;i CiCy 7é 0; 2) Z A CiCj = 0.
3] 1,7=1

B nepsom cityuae ypasrenne (*) kBajpaTHOE U MOITOMY TOJIyYaeM TPHU
BO3MOZKHOCTH:

a) KOpHHE JIeHCTBUTE/IbHBI U PA3JINYHBI, CJIEJIOBATE/ILHO, KBAJIPUKA UMEeT
C IPSIMOii JIBe pas/IMYHble TOUKK [IePeCeYeHNs;

0) KOpHU COBIABIIINE, CJIeJI0BATE/IHLHO, KBaJIPUKa U [PSIMast UMEIOT €/11H-
CTBEHHYIO JICHICTBUTENIBLHYIO OOIILYI0 TOUKY;

B) HeT JefiCTBUTEIbHBIX KOPHEM, CJIeJI0OBATEIbHO, KBAJAPUKA U TPsMas
HE UMEIOT JIeHCTBUTEILHBIX TOUEK II€PECEUeHs, HO 3aT0 UMEIOT JIBE MHUMbIC
001I[1Ie TOYK.

Bo Bropowm ciyuae ypasaerue (*) sBiisieTcst JIMHEHHBIM U TIO9TOMY CHOBa,
IOJIy9aeM TPH BO3MOYKHOCTH:

a) p # 0 — ypasuenue (*) ymHeiiHOe, CJIeIOBATEIBHO, MIPsIMasi 1 KBaJI-
PUKA UMEIOT eJMHCTBEHHYIO OOIILYIO TOUKY;

6) p=0, q# 0 — ypasuenue (*) He uMeeT pernieHnii. ciegO0BATE/BHO.
IpsiMast U KBAJIPUKA HE IePeCeKaIOTCH;

B) p =0, ¢ = 0 — ypaBuerue (*) mMeer GECKOHETHOE MHOYKECTBO
PEIICHUT, CJICOBATEILHO, JII00As TOYKA HPAMOI NPUHAJJICKUT KBAJPUKE,
T.€. BCA NpsIMast IPUHAJJIEKUT KBaJAPUKE.

Onpepesienne 6.3. Hanpasienue sektopa ¢(cq,C, ..., C,) HA3BIBACTCS
ACUMNMONMUNECKUM OTHOCUTEIHLHO KBAJPUKH

n n
E aijwixj -+ 2 E a;x; +a= 0,
i,j=1 7

€cJin
n

E Q;;CiCj = 0.

1,7=1
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Teopema 6.3. Acumnmomuueckoe HanpasaeHue OMHOCUMEALHO KEAOPUKU
HE 3a6UCUM 0M 6blO0PA PENEPA.

Teopema 6.4. [lycmv 6exmop ¢ umeem GCUMNMOMUYECKOE (HEACUMNIMO-
muueckoe) nanpasaerue omuocumenvro keadpuru K u f — addunnoe npe-
obpasosanue npocmparcmea A™(1) ¢ 0dnopodnot wacmuvio @. Toeda éexmop
©(C) umeem acumnmomuueckoe (HEACUMNIMOMUYECKOE) HANPABAEHUE OTVHO-
cumenavro xeadpuku f(K).

Teopema 6.5. [Tycmv 6 npocmpancmee A" (i) zadanve xeadpura K, npa-
mas 11 u adpunnoe npeobpazosanue f. mozda npamas f(I1) umeem ommo-
cumeavro xeadpury f(K) mom oce mun, wmo u npamas 11 omuocumenvho
keadpuru K.

Teopema 6.6. Cywecmsyem n Aunetino HE3GBUCUMBLY BEKMOPOS, UMEN-
WUT HEACUMNIMOMUYECKUE OMHOCUMENLHO 3a0aHH0T K8AIPUKY HANPaEAE-
HUA.

[Ipennosnoxkum, aro Touka B(by, bs, ..., b,) — HeHTP KBaJIpUKN

n n
Z ;T + 2 Z a;x; +a=0.
i,j=1 1
TOFIL& MOZKHO IIOKa3aTb, 4TO KOOP/JMNHATLI TOYKHN B YAOBJIETBOPAIOT CUCTEME
ypaBHEHUIA

a11r1 + a2 + ... + 1Ty + ai;

a11X1 + A2 + ... + A1pTy + as;

Ap1T1 + Apao + ...+ Qpp2, + ay.

OKasbIBaeTCsI, YTO BEpHO 1 00OpaTHOE: JI0dast TOUKa, KOOPIMHATEHI KOTO-
POl YJIOBJIETBOPAIOT 9TOI cucTeme, OYIeT siBISIThCA IIEHTPOM JIaHHOM KBaJI-
pukn. ITockosibKy yKazaHHasl cucTeMa JMHelHasl, TO CYIIECTBYIOT TPU BO3-
MOZKHOCTU:

a) cucTeMa He UMeeT pelleHuii i IT09TOMY KBaJIpHKa He HMEEeT IEeHTPa;

0) cucTema MMeeT eMHCTBEHHOE DEIIeHHe U MOITOMY KBaJpHKa NMEeT
€/IMHCTBEHHBIN 1IEHTP;

B) cucTeMa nMeeT GECKOHETHOE MHOYKECTBO PEIICHHH U MOITOMY KBa/I-
puKa nMeeT OECKOHEUYHOE MHOYKECTBO IEHTPOB.

ol



B nociemnem ciydae MHOXKECTBO IIEHTPOB 0OpasyeT HEKOTOPYIO ILIOC-
xocTh B npocrpancrse A”(i). Hanpumep, B npocrpancrse E? cymecrsyer
KBaJIPUKa y KOTOPOil GeCKOHEYHOe MHOXKECTBO IIEHTPOB — 3TO JIBE JeHCTBU-
TeJIbHBIE TapaJllebHble IpsiMbie. MHOXKECTBO IEHTPOB 9TO KBAJIPUKU Jieli-
CTBUTEJILHO 00pasyeT ILJI0CKOCTh, KOTopas Jijid npocTpancTsa 2 apiserca
IIPAMOIL.

Omnpenenenne 6.4. Kpajpuka, numeronias eJIMHCTBEHHBII IEHTP HA3bIBAETCS
UeHmparvHo.

Onpenenenne 6.5. Orpesok M N, onpejesieMblil JByMsl TOYKAMU, HPHU-
Ha/J[JIEZKAIIIMI KBaJIpHUKe, HA3bIBAETCs £opdoti 3TOI KBaIPUKIL.

Teopema 6.7. Mroocecmso cepedun xopd, omcexaemus K6a0puUKoOL

n n
E Qi TiT + 2 E ;T +a = 0.
ij=1 i
Ha 6Cexr NapattCABHBIL NPAMDBIT C HANPABAANOULUM GEKINMOPOM
clcr, coy e ycp),

UMENUUM  HEACUMNMOMUYECKOE HANPABAECHUE, ABAACTNCA 2UNEPNAOCKO-
CMv10, ONPEIENAEMOT YPABHEHUEM

n

Z ;G5 + Zn: a;C; = 0. (*)

ij=1 i=1

Omnpepesienne 6.6. ['unepriockocTs, onpe/esemast ypaBHeHueM (*) Hasbl-
BaETC QUAMEMPAIbHOT NAOCKOCMBIO K6adPUKU, COIPSZKEHHON ¢ HAIIpaBJIe-
HIEM yKa3aHHOTO BEKTOPA.

6.3. IlpuBenenune ypaBHeHUsI KBaJAPUKN K HOPMAJILHOMY BUILY

[Iycts B mipoctpancTse A" (i) BBIOpAH HEKOTODBIN Perep u B HEM KBAJI-
puKa 3aJaHa ypaBHEHUEM

n

n
Z Qi TiT + 2 ZCLZ‘SCZ‘ +a=0.

ij=1 i=1
Tak »Ke Kak u JiJist 00I1Iero ypaHeHus JIMTHUU BTOPOro TIOPsiJIKa, MOXKHO HafTH
Takoe Ipeodpa3oBaHre KOOP/MHAT, KOTOPOe YIPOCTUT 3TO ypaBHEHHE KBa/l-
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puku. JleficrBUTEIbHO, KAK M3BECTHO U3 Kypca JIMHEHHON ajredpbl, cyle-
CTBYeT Ipeodbpa3oBaHue KOOPIMHAT

/ / /.
Tl = 01171+ Q12T 2 + ... + Q1T p;
/ / !
:Ug=a21x1+a22:c2+...—i—a2n:cn,
/ /
xn:an1$1+an2x2+---+ann$m

KOTOpOEe IIPUBOJIUT KBaJIPaTUIHYI0 (POPMY

n

E aij:cixj

i,j=1

n
Z Ei(xll)Qa
1=1

rie €; = =;0. Torna ypaBHeHne KBaJpUKH B HOBBIX KOOJIMHATAX OyJIET

IMETDb BU/J]
n n
1\2 P
g gi(x';)* + 2 E a;x';i +a=0.
i=1 i=1
Ecim st HekoToporo ¢, €; # 0, TO ¢ MOMOIIBIO ITPeodpa3oBaHusT KOOPIMHAT
MOKHO UCKJIIOUYUTH YJIEH C IIEPBOIl CTEIEHLIO [IePeMEeHHON X; :
7\ 2 1 \2
a’; (a;)
2 o / 4 1
gix; 200 =g\ v+ — ) —
E; £

K HOpMaJIbHOMY BHUAY

Temeps ocTasioCh BBIIOJIHUTE ITPeoOpa3oBanne KOOPINHAT 110 (DOPMYyIaM:
/
a/ .
1 / ., I/ / . .
=2+ — =, JF
1
Takoe Tpeobpa3oBaHne HA3BIBACTCH NAPAANEALHHM NEPEHOCOM PENEP.
Taknm 06pa30M Mbl UCKJIIOUNM IE€PBYIO CTEIEeHb Y IepeMeHHOi T;, KO-
s dunmenT npu ee KBajJipaTe COXPAHUTCHA, a CBOOOJIHBIN YJIE€H MOJYIUT JI0-
noJinnTesbHoe caaraeMoe. CoBeprnM 3TH mpeobpa3oBaHus CO BCEMHU TIepe-
MEHHBIMU. 3aTeM IIepeHyMepyeM B IT0JIYIeHHOM YPaBHEHUN IIepeMeHHbIe TaK,

4TOOBI
87&0; 627&0, cey 6]6750; 8k+1:0; cey en = 0.

TOFZLa, YpaBHEHHUEC KBaJIPUKN MOXKHO IIPUBECTU K BUJLY
r n
Z 82'(1‘”@')2 + 2 Z a’ix'i +b=0.
=1 i=r+1
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IIycts @'pp1 = d'pie = ... = d/,, = 0, T.e. noCIC/IHEE ypABHEHNIE UMEET
BT

r
Z 81(517”1)2 +b=0.
i=1
Ecaun b # 0, To ero MoKHO 11peodpa3oBaTh K BULY
r
D NXP=1; A=+£1; 0<r<n (%)
i=1
Ecin b = 0, To paccmarpuBaemMoe ypaBHEHNE TIPUHUMAET B/
r
Zé‘i(ﬂf//i)Q = 0; E; = :|:1; O<r < n. (**)
i=1

[Iycts Tenepn cpeau KoadduiuenTos a’; ecrb oraudnble or Hy/s. Ha-
npumep, @', # 0. Torga pacemarpupaeMoe ypaBHEHNE MOXKHO IIPUBECTH K
BULY

T
ZgiXiQ:ZXT“; 0<r<n. ( * %)
i=1

Onpegesienne 6.7. Ypasuenus (*), (%), (***) HasbBaroTcs HOpMasbHbMU
ypasHeruamy kéadpuk B upoctpancree A" (7).

Teopema 6.8. Jbas keadpura npocmpancmea A" (i) 6 nodrodswem penepe
MODHCEM, ODIMB 360AHA HOPMANLHOIM YDABHEHUEM.

Teopema 6.9. J[as mozo, umobvl 6 ypashenuu kK6adpuku 0mcymcmaeosait

YAEHDL C NEPBLLMU CTNENEHAMU, HEOOTOOUMO U JOCMAMOYHO, YMOObL HAUANO
KOOPOUHAM, ABAANOCH UEHMPOM KEAOPUKU.
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7. Adbdurnasa kiaaccudpukanmsa KBaapuK

1. OTHOIlIEeHNEe YKBUBAJIEHTHOCT HA MHOXKECTBE BCEX KBaJIPUK

2. Adbduanas kiaaccudukanus JIUHUIA 2-TO IMOPSJIKA HA KOM-
1yieKcHoii adppuHHOI MI0CKOCTHU

3. AdbduaHaga kiaaccudukamms MOBEPXHOCTEN 2-T0 IMOPSIKa B
KOMILJIEKCHOM ad(dMHHOM HPOCTpPAHCTBE

7.1. OTHOIIEeHNE 3KBUBAJIEHTHOCTH HAa MHOXKECTBE BCEX KBaJAPHUK

BBejiennble  Bbllle HOpMaJIbHbIC yPaBHEHHs KBaJPUK IIPOCTPAHCTBA
A"™(i) umeroT B

—ri— . —xi4ai 4. +ai=1 0<r<n, k>0, (1)
r

—ri— .. —ri4ai 4. a2 =0, O<r<n,0<k<§, (2)
r

—xi— . a4t k=22, 0<7r<n, 0</<:>§. (3)

[Tycrs kBajipuka ®1 3amana B periepe I ypasuennem (1), a kBagpuka Po
— B penepe I Tem ke ypasrenneMm (¢ temu x)e 7 u k). Pacemorpum ad-
dbunHoe mpeobpaszoBanue npoctpancTBa A” (i), KoTopoe nepeBoguT periep [
B peniep [1. Torna kBajgpuka P, KaK MHOXKECTBO TOUYEK, YAOBIETBOPSIONINX
ypasuenuto (1), nepeiizier B kBajpuky P9, KAK MHOZKECTBO TOYEK, YIOBIETBO-
PSIIONIUX TOMY »Ke ypaBHeHHto. 1o ke camoe IIPOM30iijieT, ec/n B3sSTh Hapy
KBaJIPUK, KOTOpBIe 00e OyiIyT yJIOBIETBOPSATH ypaBHeHuto (2), jnbo ypaBHe-
Huio (3).

[Iycts Tenepns aBe kBagpukn ®; m Py 3a/1aHBI COOTBETCTBEHHO YpaBHe-

HUAMN
n

Z QLT 5 + 2 zn: a;r; +a= O, (3)

ij=1 i=1

n

Z alz‘jﬂf/iﬂflj + 2 Z a'ix'i + a' = 0. (4)

ij=1 i=1
[IycTb cymecTByer HekoTopoe adduHHOe IIpeodpas3oBaHue f, KoTopoe Iepe-
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BOJINT KBaJIPUKY (3) B KBajIpuKy (4) u jgeiictByer 1o dbopmyiam

n
/ .
T, = E ai v+ 1=1,2,...,n.
J=1

[TogcraBus 5tu GOpMyJIbl B ypaBHEeHHE (3), MBI MOJYIUM BbIDAKEHHE,
JIeBast 9aCTh KOTOPOTO OyJIeT OTINYaThCs OT JieBOit 9acTi (4) TOJIbKO TOCTO-
SIHHBIM JIeficTBUTEIbHBIM MHOXKUTesieM b # 0, a KBajparudnasi (hopma

n
> i, (5)
ij=1
1peodpasyeTcst B KBaJIpaTuiHy0 popmMmy

n
b Z a'i,j:c'i:v'j, (6)
ij=1
B KOTOPOIT K03pdunnenTs! a'’; ; He 3aBUCAT OT KOIDPUIMEHTOB (v, T.€. I1epe-
xoz1 ot Gopmbl (5) K dopme (6) coBepIaeTcst ¢ MOMOIIBIO TPe0OPA30BAHIST
KOOPJIMHAT 110 (hopMyIam

n
/ .
Ty = E QG 5 5, 22172,...,71
j=1

C MOCJIE/IYIONIUM YMHOYKEHIEeM Ha JieficTBUTe/IbHOe dncio b # 0.

Ksaapuka (3) me moxker 66ITH mostydena mu u3 (1), nu u3 (2), mocKosIb-
Ky OHa OTJINYaeTcss OT HUX OTCYTCTBHEM IeHTPOB. Kpome TOro, mocKOJIbKY
710601 TIEHTD KBaJIPUKN (2) IPUHAJICKUT eif, & y KBajpuku (1) Takoro cBoii-
CTBa HET, TO U 9TU KBAJIPUKU HE MOI'YT ObITH IIPpeobpa3oBaHbl APYT B JIpyra.

I3102KeHHBIE PACCY2KIAEHUST TI03BOJISIOT CPOPMYIUPOBATH CJIELYIONLYIO
TeopeMy

Teopema 7.1. Mnoowcecmeo ecex keadpur npocmpancmea A" (i) pazbusa-
eMmcA MG KAGCCH, MAKUM 00pa3om, 4mo K 0OHOMY KAGCCY OMHOCAMCA BCE
Keadpuru, KOmMopwvie 3adaromcs 8 NodTOOAUUL PENnepaxr o0HUM U MeM dHce
HOPMAALHOIM YpasHeruem. Keadpuru, npuradiescausue 00HOMY KAGCCY agh-
purro axsusasenmmol. Keadpuru npuHaisesHcauue pasHvim KAACCaAM agh-
PUHHO IKEUBANECHMMHBLMU HE ABAAIOMCA, M.C. HE MO2YM NEPECOUMDBCHA OPY2
6 dpyea ¢ nomowbio addunmvir npeobpazosanut npocmparcmea A" (7).
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7.2. Abdunnas Kiaaccudukanus JUHUI BTOPOTO HOPSIKa HA
KOMILJIEKCHOU adpdUHHOI TIJI0OCKOCTHI

JTiobast JIMHKsT BTOPOro Hopsijika Ha 1tockoetd A2(i) B mojxosiiemM pe-
nepe MoxKeT OBITH 3a/laHa HOPMaJIbHBIM ypaBHeHHeM. Taknmm oOpaszoM, MHO-
»KECTBO Beex JIMHUiT BTOpPOro nopsjka Ha tockoctu A2(i) pacuajaercs Ha
HerepeceKalonecs Kiaccel. JInnnm, mpuna/jiekaliie oJJHOMY KIaccy, 3a/1a-
I0TCSI B MOJXOJISIINX pelepax OJHUM 1 TEeM K€ HOPMaJIbHBIM YpPaBHEHUEM.
Kpome Toro, kaxKjas U3 3TUX JUHUNA MOYXKeT ObIThH IepeBejieHa B JIPYTYIO
C TIOMOIIBIO HEKOTOPOro ad@uHHOTO npeobpaszoBanusd. s AByX JUHUNE U3
Pa3HBIX KJIACCOB He cyinecTByeT aPUHHOrO peodpa3oBaHi, KOTOPOe Iepe-
BOJIUT OJIHY U3 HUX B JPYIYIO.

PaccmoTpuM Bce BOBMOZKHBIE BIJIbl HOPMAJILHBIX YPaBHEHUI JIMHUI BTO-
POro IOpsiJiKa Ha KOMILIEKCHOH addUHHOI 110CKOCTH:

¥+ a3 =1, (1)
2?4+ 23 = —1, (2)
¥ — 13 =1, (3)
r3 — 23 =0, (4)
z3+ 23 =0, (5)
2% = 219, (6)
22 —1=0, (7)
22 +1=0, (8)
23 = 0. (9)

Ha mtockoctn A%(4) MHOZKECTBO JIeCTBUTEILHBIX TOUEK 00pas3yeT ILJI0CKOCTh
E?. Ypasnenue ) ,
L (10)
a b
Ha mIockocTn K2 onpejiesseT HekoTopslit 3/ummic. CoBepins mnepexos K ad-
dunHOI cucreMe KoopjuHarT OxixTe 10 GopMmynaMm £ = ary; Yy = bxro u

noJicTaBuB ux B ypasaenue (10), mojgyanm ypaBHeHHe
T1+ To = 1.

Crenosaresbro, ssmnnc (10) B mogxomsimeil cucreMe KOODJIMHAT 3a/1a€T-
cs ypasrenuem (1). Hecmorpst na To, uro Ha mtockoctu A2%(7) ypasnenne
(1) ompemessier Kpome JEfCTBUTEIBHBIX TOYEK €Ile 1 MHEUMBbIe (HAIIpUMED,
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M (i,+/2), MOzKHO HOKa3aTh, 4To u Ha m1ockoct A2(7) 310 ypaBHenue orpe-
JIEJISAET SJLIIIC.

Vpasrenuto (2) B miockoctn E? He yJOBIeTBOPseT HU OJiHa TOUKa, T.e.
JIAHHOE ypaBHEHUe B 9TOI IJIOCKOCTH OIIpeje/ser mycrtoe MaoxkecTBo. OjiHa-
Ko, B 110ockoct AZ(7) ecTh MHUMbIE TOYKH, KOTOpble ypasHenuto (2) yio-
BireTBOpstioT. Takoit Toukoit Oyser, nampumep, M (21, \/§) JImnus BTOpOTrO
nopstJiKa, onpe/iesisemMas Ha 1iockoctn A%(i) ypasuennem (2), HasblBaeTcst
MHUMBIM 3JLIAIICOM.

Anasornano ypasuenuio (1) mccesenyercst ypasuaernne (3). C HOMOIIBIO
TOrO K€ IPEe0OPA3OBAHNST KOOPAMHAT, MBI IIOJIyIAM, YTO OLPE/IesieMast STHM
YpaBHEHUEM JIMHUS COCTOUT U3 OOBIYHON THIEpOOJIbl 1 HEKOTOPOIO MHOMKE-
CTBA, MHUMBIX TOUYEK. DTa JIMHUSA HA3BIBACTCA MUIIEPOOJIONL.

Ha miockoctu E? ypasnenne (4) 3a7aeT 1apy o6bI9HbIX IIepeceKalomix-
sl IPSIMBIX

r1 — Ty = 0,
1+ X9 = 0.

Mx Toukoii repecedenusd ABJIFACTCA HadaJiO0 KOOPAHUHAT. Ha 1rockocTn AQ(Z)
K HUM ﬂ;O6&BﬂHIOTCH MHHUMBIE TOYKH, 3aJaHHbIC 9THUMUN 2KE€ YPaBHEHUAMU.
ypaBHeHI/Ie (5) Ha ITJIOCKOCTH E2 3aJacT e JMHCTBEHHYIO TOYKY — Ha4daJlo
KOoOpJAunHaT, a Ha IIJIOCKOCTH A2 (’L) — IIapy MHUMBIX IIPAMDBIX:
T1 — i:UQ = 0,
I —|—Z$2 = 0.

Vpasnenue (6) na miockoeru E? onpegensier napa6o.y. Ha miockocTn
A%(i) oma jlomosiHseTCs MHUMBIMH TOYKaMuU. [loJIydeHHas JIMHHSA BTOPOIO
MOpsiJIKa TaK YKe Ha3bIBaeTCs 1mapabdoJIoil.

Vpasnenue (7) B miockoctn E? onpejeiser napy napaJulebHbIX HIpsi-
MBIX. DTH TIpsAMbIe B 1J10cKoCTH A?(7) HOMOIHAIOTCA MHUMBIMU TOUKAMH.

Vpasuenne (8) B miockocrn E? onpejenser mycroe MHoxecTso. Ecin
JKe [PEJICTABUTD 9TO yPABHEHUE B BU/IE

(1'1 — Z)(Q?l -+ Z) = 0,
TO CTAHOBUTCS OY€BUJIHO, YTO HA IIJIOCKOCTHU A2(i) MBI II0JIydaeM I1apy MHU-

MBbIX ITapaJlJI€JIbHBIX ITPAMbBIX.

Ypasuenue (9) ompejessier Ha E? npamyio. drta npsMasd Ha3bIBACTCS
COBIIABIIIEH, ITOCKOJILKY CTelleHb ypaBHeHus paBHa 2. Ha AZ(i) 9Ta MpAMad
[IOITOJTHSIETCST MHUMBIMU TOYKAMU U UMeEET TaKOoe »Ke Ha3BaHUe.
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7.3. AdbdnaHas kiIaccudukalius IIOBEPXHOCTEl BTOPOro MOPSIKa
B KOMILJIEKCHOM adduUHHOM MpPOCTpaHCTBE

JTio6asi 110BepPXHOCTL BTOPOro Iopsika B 1pocrpancrse A3(i) morxer
OBITH 3aJlaHa B HEKOTOPOM IOAXOAIIEM pPerepe HOPMAaJbHBIM ypaBHEHUEM.
PaccMoTpuM Bce BO3MOXKHbBIE BUJIbI TAKUX yPaBHEHUI:

i+ a3+ 23 =1, (1)
xt+ a3+ a2k = -1, (2)
¥+ a3 — a3 =1, (3)
¥+ 23— a3 = -1, (4)
2+ 13 — 23 =0, (5)
i+ x5+ a3 =0, (6)
2% + 13 = 213, (7)
r? — 13 = 213, (8)
2?4+ a3 =1, (9)

¥+ 2= -1, (10)
vt — a2l =1, (11)

73 = 219, (12)

¥ — 13 =0, (13)
xt+ a3 =0, (14)
23— 1=0, (15)

2 41=0, (16)

z3 = 0. (17)

MHuozkecTBO 1MoBepxXHOCTEN BTOPOTO MOPSIIKA B KOMILIEKCHOM adPUHHOM
npoctpancTse A%(i) pacnajaercs Ha Henepecekarommecs Kiacchl. Ilopepx-
HOCTH, NPUHAJIEZKAIINE OJHOMY KJIACCY 3aJIal0TCsA B IOAXOSAIINX perepax
OJIHIM U TeM >Ke HOpMaJIbHbIM ypaBHeHHeM. Kaxkgasi 13 9TuX [0BEPXHOCTe
MOZKET OBITh II€peBE/IeHa B JIPYTYIO MOBEPXHOCTD TOIO YK€ KJIACCa C IIOMOIIBIO
HeKoToporo adduHHOro 1Ipeodpasobanus. C Jpyroii CTOPOHBI, IIOBEPXHOCTD
OJIHOT'O KJIaCcCa He MOYKeT OBbITh IepeBejieHa B IMOBEPXHOCTDL JPYIOro Kjacca
HUKAKUM adPUHHBIM IPE00pa30BAHUEM.
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Ecimn paccMOTpeTh TouedHoe TPeXMepHOe eBKJIII0BO IIPOCTpaHcTBo 13
KaK MHOYKECTBO JIeHCTBUTEILHBIX TOUeK HpocTpatcTsa A3(1), To MOXKHO BbI-
SICHITH OTHOIIIEHIE PA3JUIHBIX [MOBEPXHOCTEH BTOPOro mopsiaka K adduH-
HBIM KJIaCcCaM, KOTOpBIe orpe/iesistiior ypasuenusi (1)-(17).

[ToCKOILKY TPOM3BOJILHBIN SJIIMIICON]T 3a/1a€TCsl B HOAXOISIIEH IPSIMO-

yroJibHoii cucreme Koopaunar Oxyz ypaBHEHHEM

22 2 2

—+5+5=1

a c
TO, COBEpIINB Iepexojl K adduuHO cucreme KoopauHar Ox1xox3 110 Gop-
MyJaM * = ary, Yy = byy, 2z = czp, Mbl nojayunm ypasaenne (1). Creo-
BaTeJILHO, paccMaTpuBaeMasl IOBEPXHOCTb BTOPOrO HOPSJIKA, OIpeeisieMast
ypasHenneM (1) Bkjodaer B cebs 9JUIMIICON]] B KAUeCTBE MHOYKECTBa, JICii-
CTBUTEJILHBIX TOYEK. KpoMe 3TOro, sra MOBEPXHOCTb COAEPIKUT U MHIMbIE
TOYKI.

[ToBepxHOCTH BTOPOIrO MOPSIKA B IPOCTPAHCTBRE Ag(i), 3a/laHHbIE B I10/I-
XoJIdIell crcTemMe KoopanHaT ypaBaerneM (1), HA3BIBAIOTCST SJLIUIICOMIAMI.
[ToBepxHOCTh, 3ajiaHHast ypaBHeHHEM (2), HA3BIBACTCS MHUMBIM SJLIHIICOU-
JIOM.

YpasHenue (3) B TOU€UHOM €BKJINJOBOM TPEXMEDHOM MTPOCTPAHCTBE 3a-
JaeT OJIHOTIOJIOCTHBIH rurepbosion. YpasHenue (4) B 9TOM IPOCTPAHCTBE
3aJlaeT JABYIOJIOCTHBII runepbosion. B komiuiekcHoM adduHHOM Tpexmep-
HOM IIPOCTPAHCTBE, TU IOBEPXHOCTH JIOIOJHAIOTCSI MHUMBIMU TOYKaMu. B
npocTpatncTse E° 0HOIIOIOCTHBI TUIIEPOOION CONEP:KHUT JIBa CeMeiicTBa
HPSIMOJIMHEHBIX 00Pa3yIoINX, OJHO U3 KOTOPbBIX 3a/1aeTCsl CUCTEMOii

Az —x3) = p(l—2),
p(ey +x3) = A1+ z9).

JsynosocThblit rutiepbosions (4) B npoctpancrse B He cojepxKuT npsi-
MBIX, OJIHAKO B POCTpaHcTBe a>(4) OH UMeeT MHUMBIE HPMbIE:

Nz —x3) = p(i —x2),
,u(ﬂfl + LU3) = )\(’L + LUQ).

Vpasnenue (5) sajgaer konyc. B npocrpancrse E3 on obpaszosan jeii-
CTBUTEILHBIMU HPAMBIME, COJACPKAIIUMU TOJLKO JICHCTBUTEILHBIC TOUKU 1
IPOXOJSAIIIMU Yepe3 Hadajlo KoopaunatT. B mpocrpancrse a®(i) komyc (5)
COCTONT M3 TeX 7Ke IIPSIMBIX, HO PACHINPEHHBIX 34 CYET UX MHUMBIX TOYEK.
noxoxkee Ha (5) ypasnenue (6) oupejenser B npocrpancTse B ejuncrsen-
nyto Touky O(0,0,0). [ToBepxHocTs. 3a1anHas ypaBHenuem (6) B mpocTpaH-
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crBe A3(1) COCTONT 13 MHUMBIX HPSMBIX, HEPECEKaIONIXCs B IeHCTBUTeILHOI
touke 0(0,0,0). Oxa Ha3bIBACTCS MHUMBIM KOHYCOM.

Ypasuenust (7) u (8) 3aJaI0T COOTBETCTBEHHO SJIIUIITUICCKUIT U THITED-
bosmueckuii napadosionibl. OTHOCUTEIBHO HIPAMOJIMHEIHBIX 00pa3yoIX
CHIApPBEJIIBBI T€ YKe 3aMeYatus, 9To U Jijis oBepxHocteit (3) u (4).

Vpasnenue (9) 3ajaer sjmnrudeckuil numnap. B npocrpancrse £ on
COCTOUT U3 JEHCTBUTENbHBIX MPAMbIX:

Ary = p(l —x9),
Uy = )\(1 + .%'2),
napasuiebHbIX oc O3 1 HPOXOAANINX YePe3 TOUKH JLIUIICAS
2423 = 1,

B npocrpancre A3(i0 simmnrudecknii mumnap (9) cocrouT mz Beex
IPSIMBIX, HapaeIbHbIX ocu Ox3 U IPOXOISINNX Yepes3 JIeficTBUTE/IbHBIE 1
MHIMbBIE TOUKH 3/1mmca (18).

[ToBepxHOCTD (10) HE COJICPXKUT HU OJIHON JAEHCTBUTEJIBLHON TOYKU, OJI-
HaKo B npocTpancTse A3(i) oHa COCTOMT U3 MHUMBIX TIPSIMBIX:

Ar = u(i— x9),
pry = Ni+ x9),
napaJiiebubIX ocn Oxg U IMPOXOJIAININX Y€Pe3 TOUKN MHUMOTO JIIAIICA:
242 = —1,
T3 = 0.
ITosepxnoctsb (10) B npocrpancTe A3(i) HazbIBaETCH MHUMBIM 3JLIHII-
THYICCKIM TIHJITHIPOM.

Ypasrenus (11) u (12) 3a1a10T COOTBETCTBEHHO TUIIEPOOTNIECKULT 1 T8~
pabomueckuii mumHApsl. Ilepsasg U3 3TUX IIOBEPXHOCTE!l MMeeT HpsAMYIO
(ocb Oxg), cocrosiyto u3 nenaTpos nuinspa. [loepxaocts (12) meHTpOB
HE MMeEeT.

Vpasnenue (13) 3ajaer B upocrpancTse E3 napy ILIOCKOCTei:
Tl — Ty = 0,
1+ X9 = O,
Ox3. B A3(i -
nepecekaoiuxcs 1o ocu Oxs. B npocrpancrse A°(7) 3TH II0OCKOCTH [OIOJI

HSIOTCA MHUMBIME TOUKamu. Ypasenue (14) 3ajaer B npoctpancrse B2 npsi-
myto (och Oz3). B mpocrpancrse a®(i) nosepxnocts (14) cocrouT u3 jaByx
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MHUMBIX IIJIOCKOCTEIN:
r1 —1xy = 0,
T+ i:UQ = 0,

IIEPECEKAIOTIIXCHA 10 JeHCTBUTELHOM 1psimoii (ocu Oxg).
Ypasrenue (15) 3ajaer napy mapasuieJbHbIX [IOCKOCTEI:

1 — 1 = 0,
T+ 1 = 0,
Ypasuenne (16) 3agaer mapy MHUMBIX HapaJIeJIbHBIX [IJIOCKOCTEI!:
1 — 1 = 0,
T+ 1 = 0,

Ypasuennue (17) 3a1aeT ¢JIBOCHHYIO ILJIOCKOCTb.
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8. IIpoekTuBHOE IIPOCTPAHCTBO

1. Onpenesienne NPOEKTUBHOTIO MPOCTPAHCTBA

2. KoopamHaThl B IIPOEKTUBHOM ITPOCTPAHCTBE

3. IliockocT B IIPOEKTHMBHOM IIPOCTPAHCTBE, MPOEeKTUBHAas
rpyIiia

4. Kitacc mpoeKTuBHOE 3KBUBAJIEHTHBIX (PUTYP, CJII02KHOE OTHO-
IIeHre 4YeThbIpeX TOYeK

8.1. OnpenesieHne NPOEKTUBHOT'O ITPOCTPAHCTBA

[Iycts V™! — nexkoropoe n + 1-MepHOEe BEKTOPHOE IPOCTPAHCTBO Ha/l
nojeM F'. B sTom mpocTpaHcTBe paccMOTPUM MHOXKECTBO, dJIeMEHTaMU KOTO-
POTO SIBJISIIOTCSI OJJHOMEPHBIE IIOIIPOCTPAHCTBA.

Onpenenenne 8.1. MuoxkectBo P" 0HOMEPHBIX HOIIIPOCTPAHCTB BEKTOP-
HOro mpocrpancTsa V™! HaspIBaeTCS M-MEPHBIM IPOEKTHBHBIM TPOCTPAH-
CTBOM, CBA3AHHBIM ¢ IpocTpancTBoM V"1, Dyements npocrpancTsa P Ha-
3bIBAIOTCSI TOUKAMU.

Onpenenenune 8.2. Ilyctb k& < n. MHOXKeECTBO OJHOMEDPHBIX IOIIIPO-
crpancts (k + 1)-mepnoro nopnpocrpancrsa VF! npocrpancrsa V' na-
3bIBAETCsI k-MEPHOII IJIOCKOCTBIO IpocTpaHcTBa P, OiHOMepHbIe ILJIOCKOCTH
HA3BIBAIOTCS MPSMbIMHU, a (n — 1)-MepHble — IHIEepIIOCKOCTSIMU TPOCTPAH-
crBa P".

Kaxkaast k-MepHast IJI0CKOCTb IIPOEKTUBHOIO IIpocTpaHcTBa P siBiisier-
¢ k-MepHBIM IIPOEKTUBHBIM IIPOCTPAHCTBOM, CBsI3aHHBIM C JIMHEITHBIM IIPO-
crpancTsom VAL

I[Tycrs A" — nexoropoe (n+1)-meproe adpduHHOE IPOCTPAHCTRO, CBsl-
3aHHOE ¢ JIMHEHHBIM IpocTpancTsoM V" BadbukcnpyeM HEKOTOPYIO TOUKY
O B npocrpanctse A" u paccMOTPIM MHOMKECTBO BEKTOPOB Y KOTOPBIX Ha-
qasTaMiu gBjseTcs Touka O, a KOHIIAMI — Bce TouKH npoctpancTsa A" Dro
MHOZKECTBO BEKTOPOB OyJIeT coBIaaTh ¢ npocrpancTsoM V'L Toukn mpo-
crpaHcTBa P OynyT n300parkaThCs MPOXOAAIIIMI Yepe3 TOUKY O HpsMbIME
npocrpancrsa A"l a k-mepHble miockocT npocrpancTsa P GyayT n306-
pakaTbed k 4+ 1-MepHBIME IIJI0CKOCTAMN TIpocTpancTsa A" mpoxogammmu
yepe3 Touky O. Takum oOpas3oM, MOXKHO , HCIOJIB3Ys addUHHOE IPOCTpaHC-
BO, IIOCTPOUTDH IIPOEKTUBHOE IIPOCTPAHCTBO.
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MoKHO yCTaHOBUTL TakK »Ke CBsI3b MexKay npocTpancrBamu P un A",
JI71s1 9TOr0 HYKHO TpPEJICTaBUTL MPOCTPAHCTBO P" B BUJIe MHOYXKECTBa ITPsi-
MBIX TIpocTpancTsa A" KoTopble MOXoqaT Yepes HeKOTOpyIo (PUKCHPOBAH-
Hyto Touky O. 3adukcupyem B npocTpancrse P Kakyo-1um00 TUepILioc-
kocts P Tlyers A" — rumepriockocTs mpocrpanctsa AT xotopas
ABJIACTCH M300pazkenneM runepiuiockocTn P! BosbMeM B IpocTpaHCTBe
A" xaky10-1m60 runepiockocTh B, napasuiesbHyio ruepiiockocTn A"
[TocTponm oTobpazenue muoxkectsa P* = P™\ P""! pecex Touek 1poek-
THBHOTO TPOCTpaHcTBa P, He NMpHUHAJJIEKAINX THIepIockoetn P! na
n-mepHoe addunrnoe npocrpancTBo B. Ilycrs npousBosibHas Touka M € P*
n300pazkaeTcs mpsMoii a mpoctpanctsa A" mpoxonsmeit uepes Touky O.
[TockobKy Touka M He IpHHAAIeKNT Tunepiuiockoetn P~ mpocrpancTsa
P 1o m3obpaxkarorasi ee npsiMasi @ He TPUHAJIEXKUT Tuiepiiockoctn A"
npoctpancrsa A", TlosTomy mpsamas a mepecekaeT IHIEPIIOCKOCTL B B
HeKoTOpoit Touke M7. PacecmorpuM Tenepb oToOparkeHue

p:P"— B,
KOTOpOE CTAaBUT B COOTBETCTBHE MPOM3BOJILHON Touke M € P* = P*\ P!
IIOCTPOEHHYIO BhIIIe TOUKY M.

Omnpepesienne 8.3. [lapa (B, p), cocrositast u3 n-MepHOro abGUHHOTO Mpo-
cTpaHcTBa B u oTobparkenus p, Ha3bIBaeTcd adpPUHHON KapTOil MPOEKTUB-
Horo mpoctpancrea P", a touka M; = p(M) — usobpaxkennem toukn M
na kapre (B, p). Toukn runepiockoctn P! nasbisaiorcest HecobCTBeHHbI-
MU TOYKaMU IpocTpaHcTBa P™ 1o oTHomeHnio K Kapre (B, p), ocranbHbie
TOYKU TpocTpaHcTBa P" — cOOCTBEHHBIMM, & CaMa 3Ta T'MIIEPILIOCKOCTb —
HECOOCTBEHHOI.

8.2. KoopamHaThl B IIPOEKTUUBHOM ITPOCTPAHCTBE

[Iycts P" — n-MepHOe IPOEKTUBHOE ITPOCTPAHCTBO, CBA3aHHOE C JTUHEI-
HBIM TpocTpancTsoM V7 nan mosem F. PaccMorpuM oTobpazkenne

m: V"IN O = P,
CTaBAIeE B COOTBETCTBHE MPOM3BOJILHOMY HEHYJIeBOMY BekTopy T € V7!

ojiHOMepHOe TojpocTpancTBo V = {AZ|\ € F'}.
B npocrpancrse V! BriGepem Kakoii-sn6o 6a3nc

&), &L, . .. Ep. (1)
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Onpenesenne 8.4. OHopojHbIMI KoopauHaTtamu Touku M € P" B 6asuce

(1) Ha3BIBAIOTCST KOOPAMHATHI JIIOO0TO HeHysieBoro sektopa & € V" raxoro,
aro 7(&) = M.

Taxum 06pazoM, oIHOPOIHBIE KoopanHaThl Toukn M B 6asuce (1) — 310
K03 PUIIEHTh

Loy, L2y...Tp (2)

B Ppa3JIOzZKEeHNU
n
1=0

OiHOPOIHBIE KOOPIMHATHl (PUKCHPOBAHHOI Toukn M orpejieseHbl Heo[HO-
sHavHO. Ecmm 3ajad Kakoii-imbo Habop (2) 0JHOPOIHBIX KOODAMHAT TOUKIH
M , siBstiomuiics HabopoM KoopauHat BekTopa & € V! raxoro, uro (%) =
= M, TO OJJHOPOJIHBIMI KoOpauHaTaMu To9Kn M OyayT Tak »Ke KOOPINHATHI

Yo, Y1, -+ -5 Yn (3)

soboro Bekropa ij € VL takoro, uro 7(%) = 7(Z) = M. DT0 paBHOCUILHO
TOMY, UTO CYIIECTBYeT HEKOTOpOE HeHyJieBoe uucyio A € F' takoe, 94To

v = \r;,i=0,1,...,n (4)

Taxum obpaszom, npu ganHom basuce (1) kaxoit Touke M craBuTCS B CO-
OTBETCTBUE B KAYECTBE OJHOPOJHBIX KOOPJAMHAT JIIOOOH 13 MHOXKECTBa BCEX
IPOIIOPIINOHAJIBHBIX HEHYJIEBBIX HAOopoB u3 nosist F| T.e. Habop (3) ¢ yciio-
BreM (4). C apyroit cTOpOHBI, Is JII000T0 HeHyIeBoro nabopa (3) unces n3
nosist F' cymecrsyer Hemyiesoit sektop ¥ € V™ ¢ xoopaunaramu (3), a
sHaquT 1 To9Ka M € P" ¢ 0JJHOPOHBIMU KOOpAuHATAMHI (3).

Crpoku ances (3), B3gTbie 13 110J1s1 F' 00pa3yioT JuHeiiHoe TPOCTPAHCTBO
F™1 Bpesem B 9TOM IIPOCTPAHCTBE OTHOIIEHNE SKBUBAJCHTHOCTH, CUNTA
9KBUBAJIEHTHBIME CTPOKH (3) ¢ ycsoBueM (4). MHOXKECTBO BeeX Pa3IMIHBIX
KJIaccOB 0003HaYnM vepe3 PF™.

3ajiatne B IPOEKTUBHOM IIPOCTPaHCTBe P™ ) CBSI3aHHOM C JIMHEHHBIM 1TPO-
crpanctsoM V™ naj nosem F, 0fHOPOJIHBIX KOOPIMHAT ¢ IOMOIILIO Gasnca,
(1) mo3BoIsteT paccMOTPeTh OHEKTHBHOE OTOOPAYKEHNE

p: P"— PF",
KOTOpPOE CTaBUT B COOTBETCTBHUE KaxKJoii Touke M € P" xjacc mpornopiu-
OHAJILHBIX CTPOK YUCEJI, SIBJISIIOIINXCS OJIHOPOIHBIMHI KOOPJAMHATAMU TOUYKMU

M.
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Onpegenenne 8.5. MuoxkecrBo PF"™ nazbiBaercst apudMeTniecKkoii Mo/ie-
JIbIO IIPOEKTUBHOI'O IIpocTpancTBa P miin n-MepHbIM apudMeTUuIeCKUM IIPO-
eKTUBHBIM IIPOCTPAHCTBOM HaJl 1HojieM [

8.3. Il;tockocTyt B MIpOEKTUBHOM IPOCTPAHCTBE, ITPOEKTUBHASL
rpynna

PaccMmorpuMm npoeKTuBHOE IPOCTPAHCTBO P Kak MHOXKECTBO IHPSIMBIX
addunnoro npocrpancTsa A" mpoxoxsmux depes GUKCHPOBAHHYIO TOU-
Ky O € A"!. TlocKkoubKy, Kak ObLIO y7Ke YCTAHOBJICHO, k-MepHasl IIJIOCKOCTD
npocrpancTBa P uzobpazkaercst B npocrpancree A" + 1 (k + 1)-mepHoii
ILJIOCKOCTBIO, Ipoxo/isieit depe3 Touky O. [losTtomy KarkKjaoMmy yTBepzKjie-
HIIO, OTHOCSIIEMYCS K IJIOCKOCTAM mpocTpancTBa A"l mpoxomsgmumm de-
pe3 Touky (), COOTBETCTBYET yTBEP:KICHNE, OTHOCAIIEECS K IIJIOCKOCTSIM IIPO-
crpancTBa P". PaccMoTpuM HEKOTOpbIE U3 HUX.

Teopema 8.1. /laa a0b020 Henycmozo mmoxcecmesa §2 mouex npocmpa-
cmea P" cywecmsyem eduncmeennas naockocms P(Q)), ydosaemesoparouwsan
YCNOBUAM.:

1) Q C P(Q);

2) mobas naockocmy, codepoicawan mHoccecmeo ), codeporcum naoc-
kocmov P(§2).

Onpegenenne 8.6. [IpoekTuBHOIT 000JI0UKOII HEIIYCTOIO MHOYXKeCTBa, {2 TO-
qeK rmpocTpancTsa P HaspiBaeTcs miockoets P(€2).

st moboro Herycroro MuozkecTBa §) Touek mpocTpaHcTBa P" cyiie-
CTBYET eJIMHCTBEHHAS [TPOCKTUBHAS 000JI0UKa, KOTOpast 3a/1aeTcs (DOPMyJIoit

P(Q) = m(A(m (),

rje T — 3TO 0TOOpaskeHme, KOTopoe Kazkioif Touke N mpocrpancrsa A"
oTmaHOI 0T Toukn O CTABUT B COOTBETCTBUE TOUKY ITpocTpancTBa P", m300-
pazkaemyio mpsimoit ON.

Onpegenenne 8.7. Toukn
My, My, ..., M, (1)

IIPOEKTUBHOI'O IIPOCTpaHCTBa P" HA3BIBAIOTCA IIPOEKTUBHO HE3aBUCUMBIMU,
ecJIn UX MPOEKTUBHAsI 000JI09Ka, SIBJISIeTCSA k-MEPHOIl IJI0OCKOCTBIO.
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Teopema 8.2. Touxu (1) npocmpancmea P™ npoexmuero ne3asucumv, mo-
2da u moavko mozda, Ko2da 6 npocmparcmee AT cywecmeyrom mouku

NOaNla"'aNka (2)
maxue, umo M; = m(N;), i =1,2,...,k u mouxu
O, Ny, N1, ..., N, (3)

aPPurHo HE3ABUCUMDL UM, UHAYE, BEKMOPDL

ON,.ON,.....ON,

Teopema 8.3. Yepes arobvie k + 1 npoexkmusto HE3G6UCUMDIE MOUKU NPO-
cmpancmea P npoxodum eduncmeennasn k-mepras niockocms. Bo ecarof
k-meproti naockocmu ecmdv k41 u nem bosee k+ 1 npoexmueno nezasucu-
MBI moyek. J0oyr cucmemy npoexmueHo He3a8UCUMBLT MOYEK, NEHCAULUT
6 k-mepHoti naockocmu MOHCHO JONOAHUMD 00 CUCMEMDL, COCOMOAWET U3
k + 1 npoexmusHo He3G8UCUMDBIT MOYUEK, AEAHCAWUT 6 IMOT NAOCKOCTNU.

Besikast wiockoetb AM sBiisiercst MHOXKeCTBOM TOUEK, KOTOpbIE OIIpe-

JCJIAIOTCA PEHICeHUAMN CHUCTEMBI ypaBHeHHﬁ

CaooTo + ap1x2 + ... + QopTy = 0;
a10xr1 + ay1xrs + ...+ apxy = O; (4)

Ap—1T1 + Ap_pTo+ ...+ ap_pxy, = 0.

C apyroii cTOpoHbI, Jiiobast cucreMa Buja (4) 3a/1aeT MI0CKOCTh B TPOCTPAH-
cree A" Bynem roBoputb, 4TO ILJIOCKOCTH P* 3aJ1aeTCd B OJIHOPOJIHDBIX
KOOp/InHaTaX CUCTEMOIl (4), ecJIn KOOPJMHATHI JIFOOOM TOYKU 3TOM ILJI0CKO-
cTu 06paA3yIOT pereHne CucTeMbl (4) 1, ¢ JIPyroii CTOPOHbI, J11000e HEHYJICBOE
pelienne CUCTeMBI 4 TIpeICTaB/IsieT KOOPAMHATHI HEKOTOPOI TJTIOCKOCTH.

Teopema 8.4. Jlobas niockocms npocmpancmea P zadaemes 6 00nopoo-
HOLT Koopdunamazr cucmemot (4) u, obpamno, aobas cucmema (4) 3adaem
naockocmbsd npocmparcmea P

Teopema 8.5. Ecau dse naockocmu npoexmuenozo npocmpaHcmen nepece-
KAIOMCA, MO UX NEPECEUEHUEM ABAACMCA NAOCKOCTNDG.
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Onpenenenne 8.8. Xapaxrepucrukoii napsl miockocreit P* u P,k < I
IIPOEKTUBHOIO IIPOCTpaHCTBa P" HasbIBaeTCsI yIIOPsIOYeHHbBIT HADOP TnCe
(k,1,m, s), rae s — pa3sMepHOCTb MPOEKTHBHOI 000/109KHN MHOMKecTBa, PP U
U Py m — pasmepnoctb miockoctn PF N P! ecam 310 nepecedenme —
HeIyCToe MHOYKECTBO U 1m = —1, ecjim OHO IIyCTO.

Teopema 8.6. /laa 10601 zapaxmepucmuky (k, 1, m, s) umerom mecmo cie-
dyrowjue COOMMHOULEHUA:

—1<m<Ek<s<n; 0<Ek; (5)
s=k+1—m. (6)
Jlas mobozo nabopa ueavir wucen (m,k,l,s,n), ydosaemeoparowur coom-

nowenuam (5) u (6), 6 npocmpancmee P" cywecmeyem napa naockocmed
P* Pl ¢ zapaxmepucmurxoti (k,1,m, s).

Omnpenenenune 8.9. Penepom npoekTusHoro npocrpatctsa P Ha3biBaeTCs
YIOpsi/IOYeHHAsT CUCTEMa TOYeK

MOaMla"'7Mn+1 (7)

9TOr0 IIPOCTPAHCTBA TaKasg, 4TO JioOble 1 + 1 U3 9TUX TOYEK POEKTUBHO
HE3aBUCUMBI.

Teopema 8.7. Jhobyro cucmemy
Moy, My, ..., My,

NPOEKMUBO HE3ABUCUMBLT Mouer npocmparcmea P moorcro donoasnums do
PENEPA 2Mo20 NPOCMPAHCMEA.

Teopema 8.8. Ilycmv 6 npocmparncmee P" zadan penep (7). Toeda naii-
demcs eOUHCMBEHHAA CUCTEMA 00HOPOOHBLT KOOPAUHAM, 6 KOMOPOti MOUKU
(7) umerom caedyrousue KoopOUHAMDL:

Mo(l,o,,0,0),M1(0,1,,0,0),,
i My(1,0,...,0,1); Myi1(1,1,...,1,1).

3ajianne perepa B HMPOEKTUBHOM IIPOCTpaHCTBe P" HMPUBOJUT K OIHO-
3HAYHO OIIPEJIe/IEHHOI crcTeMe OJHOPOIHBIX KoopauHaT. OTHOPOIHbBIE KOOP-
juHaTel Touku M € P" B 3Toil cucteme KOOp/MHAT HA3bIBAIOTCA TaK »Ke
KOOPJAUHATAMU OTHOCUTEIHHO COOTBETCTBYIOIIETO PEIepa.

68



PaccmorpuMm mpoekTuBHOe mpocTpaHcTBO P 0OJHOMEPHBIX IOIIPO-
cTpaHcTB JmHeiiHoro npocrpancTsa V' nag momem F. Ilyers f — aBTo-
MopdusM mpoctpanctsa V. Tak kak npu aBroMopdusMe f oHOMEPHBIC
nojimpoctpanctsa V' nepexonar B OJIHOMEPHBIE_IIOJIIPOCTPAHCTBa, TO B
npocTpancTee P unjynupyercs npeodpasobaHue f.

Onpenenenne 8.10. IIpeobpasoBaHnue f : P" — P unaynupoBaHHOE aB-
TomopdusmoMm f mpoctpancTa V| HasbBaeTCa POEKTHBHBEIM Mpeobpa-

30BaHUEM, IIOPOXKJIEHHBIM aBToOMOpdu3Mom f.

IIycTb 3aja0 Oa3uc

60,61,...,€n (8)
npoctpancTsa V"L [Tpn mobom aBroMopdusMe, KOOPAUHATH T, T1, - - . , T
BekTopa & € V"M casamel ¢ koopamnatamu o'y, 7’1, . .., 2", obpasa 3TOro

BeKTOpa 1Ipu aBroMopdusme f popMyaMiu:

n
/ .
T = E Qi 5, ZIO,l,...,n,

J=0
det[a;;] # 0. PacemoTpum B IpOEKTHBHOM IpocTpaHcTBe TouKy M = 7(Z),
T.c. OZIHOMEPHOE TOJIIPOCTPAaHCTBO HpocTpancTBa V™ mopoxkaennoe Bek-
TopoM ¥ (ero MoxkHO omucarh Tak: {AF|A € F}. OnHOpo/HbIE KOOPIMHATHI
9TOIl TOYKH OTHOCHTEIHLHO Oasnca (8) paBHBI KOOD/MHATAM BEKTOpA T HJIH
01000r0 BEKTOpa (v, I'le (@ — OTJIMIHOEe OT HyJsl uncjao mu3 mous F. Ana-
JIOTUYHO OJIHOPOJIHBIME KoopauHaTtamu To9ku f (M) OTHOCHTETHLHO TOro Ke
basuca siBJistioTCst KoopAuHaThl BekTopa f (). CriesoBareibHO, OJJHOPOJIHBIE
KoopanHarel & — 0, x1, ..., 2T, Touku M cBA3aHBI ¢ OJJHOPOAHBIMU KOOP/INHA-
tamu x'g, 2’1, . .., 2, 006paza ITOI TOUYKN 1PN NPOCKTUBHOM NPe0OPa30BAHIN

f dopmyamu

n

)\x'i:Zaijxj, iIO,l,...,n, (9)
j=0

rzie detfa;;] # 0, a A — IpoU3BOJIBHOE, HEHYJIEBOE UNC/IO U3 HOJA F.

C apyroii cTopoHbl, Jiroboe Ipeobpa3oBaHue IIPOEKTUBHOIO IIPOCTPAH-
cTBa, 3ajantnoe dopmynamn (9), sBisieTcst TPOeKTUBHBIM. 13 911ux hopmyt
TakK »Ke BUJIHO, 9TO ecJin jBa aBroMopdusMma fi u fo CBsI3aHbI PABEHCTBOM
fo = Afi, TO OHM MHIYLMPYIOT OJIHO U TO K€ IPOEKTUBHOE IIpeodpa3oBaHIue.
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Teopema 8.9. Mnootcecmso ecex npoexmusHvlr npeodpasosaruti npoek-
muehozo npocmpancmea P", womopoe oboznavaemcs G(P") asasemca
2pyYnnoti OMHOCUMEALHO KOMNOZULUL NPeodPA306aHUL.

Onpegnesenne 8.11. ['pymma G(P™) Bcex MPOEKTUBHBIX MPE0OPA30BAHMI
IIPOEKTUBHOIO IPOCTPAHCTBA P™ Ha3bIBAeTCs IPOEKTUBHO I'PYIIION.

8.4. Kitacc mpoeKTnBHOE 3KBUBAJIEHTHBIX (PUTYP, CIIOXKHOE
OTHOIIIEHE YeThIpex TO4YeK

Omnpenenenne 8.12. Ourypoii B npocTpancTse P Ha3bIBaeTCs IIPON3BOJIH-
HOE MHOYKECTBO TOYEK 9TOro mpocrpancTsa. /IBe buryps! B nmpoctpancrse P
HA3bIBAIOTCS TTPOEKTUBHO SKBUBAJIEHTHBIMU, €CJIM CYIIECTBYET IMPOEKTUBHOE
npeobpa3oBaHne, MepeBojisdinee OHy U3 3TUX (GUryp B APYryIio.

Teopema 8.10. Bce penepwv. npocmpancmea P obpasyrom xaacc npoexmues-
MO IKGUGANCHMHOLT Puzyp. Jlaa mobvx deyx penepos cyuecmeyem edun-
cmeerHoe npoekmusHoe npeobpasosanue f, nepesodauiee nepsuiti penep 60
emopot. IIpu smom npoussoavnas mouka M, xomopas umeem 6 nepeom
penepe KoopouHamoL To, T1, . . ., Ty, nepexodum ¢ mouky f(M), xomopas 6o-
8MOPOM PENEPE UMEEM, KOOPOUHAMDYL AL, AL, . . ., ATy,

Teopema 8.11. /Jlaa dannozo k(0 < k < n) sce k-mepnvie naockocmu
00pasyrom KAGCC NPOEKMUBHO IKBUBAAECHIMHBLT PUYD.

Teopema 8.12. Bce napwvi naockocmeti npocmparncmea P™, xomopwie ume-
0m 00HY U MY JHCe TAPAKMEPUCTIUKY, 00Pa3yom KAACC NPOEKMUBHO IKEU-
BANEHMHBLT Puyp.

Teopema 8.13. Mnooicecmeo 6cexr npoekmusHuT Npeodpasosaruti npoek-
MUBHO20 NPOCMPAHCNEA, NEPEBOAUUL 8 CEOA COBOKYNHOCTND MOYEK, HECOD-
CMBEHHDBLT OMHOCUMENLHO HEKOMOPOT apdunnott Kapmol, uHIYuupyem Ha
amotl Kapme HeKomopyo apdurryro 2pynny.

[IycTh B IpOEKTUBHOM HpocTpancTBe P 3a1ana npsMasg P! u BeiOpana
CHCTeMa, OJHOPOJHBIX KOOP/INHAT. olIpejessieMast 0a3ucoM €y, €o, . . ., €, MIPO-
crpancrea V"', Kak 6blI0 MOKa3aHo paHee, Takas NpAMas MOMKET ObITD
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3a/laHa CUCTEMOIl ypaBHEHU

CaooTo + ap1x2 + ... + QopTy = 0;
ajpxi + anxz + ...+ apx, = 0;

(10)

Ap—2T1 + Ap2To + ...+ ap_2r, =0,
panr koropoit pasen n — 1. Ilycts (¢ — 0,q1,...,qn) 1 (70,71, .-, T0) —
dbyumamenTanbibie perrennsi cucreMbl (10), a @@ u R — coorBercTByIoIne
Toukn npsamoit Pl torma ans moboit Touku M(xg, 1, ..., T,) upamoit P!

HallIyTCs dyncaa (i, (o € F', Takue, 910
Ti = p1q; + por;, 1=0,1,...,n,

npuueM. ecji Touka M ormimdna ot Touek (Q u R, To g # 0 u g # 0.
[Iycrs S(sg, 81, .-+, 8n) 1 T(to,t1,. .., S,) — JiBe pA3IUIHbIE TOUKH MPSIMOTLi
P!, ormrunsie ot Touek @ n R. Torma

Sizo_qu‘_"O'ZTi; i=1,2,...,n,
ti:qui+727ni, i:1,2,...,n,
npuuem o1 # 0; 09 #0; 17 #0; 7 #0.

02 T2
Onpenenenne 8.13. Yucjo — : —77 Ha3BIBAETCSI CJOYKHBIM OTHOIIEHUEM
T2

o1
geTbipex Touek @, R, S, T u oboznagaercst (QRST).

Teopema 8.14. Caoorcroe omHoweHUE YEMBIPET MOYEK COTPAHACTNCA NPU
A1000M NPOEKMUBHOM NPEOOPA30BAHUL.
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9. AdbduaHOE N-MEpPHOE ITPOCTPAHCTBO

9.1. OnpeneseHne n-MepHOro MPOCTPAHCTBA

Onpenenenne 9.1. ApduHHBIM n-MepHBIM IPOCTPAHCTBOM R HaJ moJeM
P naszbiBaloT MHOXKECTBO, 9JIEMEHTAMU KOTOPOI'O SABJISIIOTCSI TOUYKHU U BEKTOPHI.
[Ipu 5TOM BBIIOJIHSIIOTCSI CJIEIYIONIIE AKCITOMBI:

1. MuoxkecTBO Beex BeKTOpoB R 0bpasyer jinHeliHoe TPOCTPAHCTBO HAI
mojieM P, KoTopoe Ha3bIBaeTCs IIPOCTPAHCTBOM BEeKTOPOB R 1 00bI9HO 000-
3nadator V.

2. Kaxjapim aBym Toukam A, B u3 npocrpancrsa R" cooTBeTCTBYeT
eJINHCTBEHHDIIT BEKTOD Uevn TaKoii, 9To: U= AB.

3. Eciin maH mpon3BOJIBLHBIN BEKTOD U u Touka A, TO cyIIecTByeT emH-
CTBEHHAst TOUKa B Takast, 4ro: U = A_B

4. Eem U = AB, V = BC, TOU+V AC.

CsoiicTBo 9.1. 1. ECJLU U = AB uwlU = At’, mo B = C.

2. Jlaa ar0boti mouwku A AA=0.

3. EcauU = AB =, Mo —U = BA.

4. Ecau U € V" mouwka B € R", mo cywecmsyem eduncmeerias
mouxa A € R" maxas, wmo: U= AB.

9.2. CucremMbl KOOp/IuHAT, N30MOP(PU3IM BCEX N-MEPHBIX
adpUHHBIX TPOCTPAHCTB MeXK/1y CcO0Ooil

Onpepenenne 9.2. CucreMoil KoopjuHaT B n-MepHOM ad@UHHOM IIPO-
CTPAHCTBE HA3bIBAIOT MHOXKECTBO, COCTOsIIee U3 HEKOTopoi Toukn O (Ha-
qaJI0 KOOpJIMHAT) U Gasuca €y, « - - , €, npocrpancrsa V". Koopanuarsl HeKo-
TOPOr0 BEKTOPA U B 31001 cucreme KOOPJIMHAT SIBJISIIOTCST KODDUITEHTAMI
Pa3JIOXKEHIST BEKTOPA, U 1o bazucy €1, -+ , €, U He 3aBUCAT OT BbLIOOpaA Hava-
s1a. Koop/mHaT. KoopmHaTel HeKOTOpofi Toukn M HasbIBaloT KoopuHATAMN
BEKTOPa OM. Koopaunars! BeKTOpa, 6yg:LeM oboznauars U (T1, X9, ,Tp).

Ecin jgan Kakoil-imbo BeKTop U = AB, KOTOPBII MMeeT KOOpIuHa-
ThI [j(m,xg, -, xy), a Touku A, B umeror koopauHatel A(aq, ag, -, ay),
B(by,bg, -+ ,by), 04 = 1,2,--+ ,n, x; = b; — a;, 970 cjejlyeT u3 CBOICTB
BEKTOPHOTO ITPOCTPAHCTBA.

Mrak, Kak 1 B 0OLIYHOM CJIydae KOOPJMHATHI BEKTOPa PaBHLI PA3HOCTH
MEZKJIy KOOpJMHATaMI KOHIIA 1 KOOpAnHATaMI Hadasa. [lepexo oT cucTeMbl
koopaunat Oy, - - - , €, K cucreme O'€), - - - , € 0CyIeCcTBAACTCS KAK U B CJIy-
qae MJI0CKOCTH (IIPOCTPAHCTBA) ¢ TTOMOIIBIO MATPUIIBI TIEPeXoia OT basuca K
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bazucy.

Tak HasbiBaeMoe apudMeTHIecKoe N-MEepHOE MPOCTPAHCTBO HAJL 110JIEM
P onpenesisiercs ciieiyommuM o0Opa3oM: 3JIeMeHTaMI STOI0 IPOCTPAHCTBA B~
JISTIOTCST TOYKK U BEKTOPBI, IIPUIEM TOUYKA U BEKTOP MOI'YT UMETH OJINHAKOBbIE
KOOPHATHI. BeKTophI U (1,29, -+, x,) 00pazyOT apudMeTHIECKOE JIMHEH-
Hoe rpocTpancTBo V™. CBsI3b MEXKIY TOUKAMU U BEKTOPAME OCYIIECTBIIACTCs
caemytonmM obpasom: touku A(aqy, as, -+, ay), B(bi, by, -+ ,by,) onpeness-
10T BEKTOD ﬁ(bl—al, bo—as, -+ ,by,—ay,), atouka A(a, as, -+ ,ay), 1 BEKTOD
(7(:61, T, ,Ty) OMPENENsoT TOUKy B(ay + o1, a9 + Ta, -+, 4y + Ty).

Ilycth janbl jBa addunabx npocrpancTsa A u B nHaji ogaum u Tem
’Ke I10JIeM U IIYCTb CYIIEeCTBYET B3aUMHOOIHO3HATHOE OTOOparkKeHne MHOKe-
CTBa BCEX TOYEK U BEKTOPOB IPOCTPAHCTBA A Ha MHOXKECTBO BCEX TOYEK U
BEKTOPOB COOTBETCTBEHHO IIpocTpaHcTBa B, KoTopoe siBiisgeTcst n130MOPQHBIM
oTOOpasKeHneM IpOoCTpaHCcTBa BeKTOpoB V" Ha mpocTpancTBo BeKTOpoB W™,
B3sITBIX 13 IIpocTpaHcTB A 1 B cooTBeTcTBEHHO, IIpUYeM, €CJIi IPU JAHHOM
orobparkeran Toukn A, Ay mepexonsaT cooTBeTCTBEHHO B TOUKN By, Bs, TO
BEKTOD U = AA, EPEXOIUT B BEKTOP V = B;B,. Takoe oTOOparkeHue
HA3BIBAIOT U30OMOPPHBIM 0mobpastcenuem apdurrozo npocmparcmea A na
agppurroe npocmparncmeso . [Ipocrpancrsa A u B HaszwBaior uzomopdhrovimi
meotcdy cobotl, ecim OJIHO U3 HUX MOYKHO M30MOPQHO O0TOOPa3sUThb Ha JIPY-
roe. ITockonbKy mpu 3TOM 0TOOparkeHUsT BEKTOPOB TaK K€ MU30MOPQHBI, TO
OYEBU/IHO, YTO M30MOPGHBIMU MOI'YT ObIThH TOJILKO aPUHHbIE IIPOCTPAHCTBA
OJTHOII 1 TOW Ke pasMepPHOCTH.

Hoxazkem obparnoe. IlycTh jaHo npousBosbHOe ad@dUHHOE N-MEepHOEe
npocrpanctso R". Ilycts Oe€y, -+ | €, — HEKOTOpas MIPOU3BOJIbHAS CHUCTe-
Ma, KoopjamuHaT npocrpancTBa R". Torma kKarkjasi TOUYKa U KayK/bIil Bek-
TOp HnpocTpaHcTBa R 0JIHO3HAYHO 3allMCHIBAIOTCSA C IIOMOIIBIO KOOPIMHAT
M(xy, o, -+, xy), ﬁ(xl, T, -+ ,Tp), TO €CTh U TOYKA U BEKTOP MOI'YT OBIThH
IIpeJICTaBJIEHbl KaK 3JIEMEHTbI apudMeTHIECKOr0 N-MePHOro IIPOCTPAHCTBA.

Taxum obpasom, adPuHHOE N-MepHOe IIPOCTPAHCTBO N30MOPGHO HEKO-
TOpOMY apudMETUIeCKOMY Nn-MepHOMY IpocTpaHcTBY. [TocKobKy n3omop-
dusm — orTobparkKeHne B3aMMHOOIHO3HAYHOE, TO OYEBHIHO, YTO JIHOObIE JIBa
apPUHHBIX N-MEPHBIX ITPOCTPAHCTBA M30MOPGHBI MEXKTy CODOII.

9.3. IIpsamas n nytockocTh B apUHHOM ITPOCTPAHCTBE

Omnpenenenue 9.3. IIycrs B n-mMepuom adduraOM 11pocTpancTse R j1aHb
touka A u Up(aq, -+ , o). llyers t € P. Torga cucrema ypaBHeHuit
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1 = aq —|—Oélt

T, = ap + ot

riae aj, -+ ,a, — KoopaumHarbl Touku A, a (x1,---,x,) — KOOpJUHA-
Thl TOUKKN M, ompejiesisieT HEKOTOPOe MHOXKECTBO TOUYEK, KOTOPBIE SIBJISTIOTCSI
KOHIAMI BekTopa tUy, ecim ux HadagaMu siB/stercst Touka A. Sajasast s
t pa3/jim4Hble 3HAYEHHsI, Mbl 1 IIOJIydaeM 3TO MHOYKECTBO TOYEK, HO MHOXKe-
cTBO BeKTOPOB LUy 06pasyeT oiHOMEPHOE BEKTOPHOE [IPOCTPALCTBO, TO €CTh
yKa3aHHOE MHOYKECTBO €CTECTBEHHO OIPEJIE/INTh KaK IPSIMYIO n-MEePHOIo ad-
dunHOIrO IpocTpancTBa R, a yKazaHHYIO CHCTEMY ypPaBHEHHII KakK IapaMer-
pUYecKoe ypaBHEHNE ITON MPAMOIL.

[TpsiMyT0 MOXKHO OIpPEJIESIUTD €IIe U O-JIPYTOMY.

Onpeaenenne 9.4. [Ipsamasi B n-mepHom acdbduaHOM 1IpocTpancTse R ecThb
MHOXKeCTBO To4ek M, 1oJjiydaeMbIX, €C/ii Kakasi-HuOy/b (PUKCHpOBaHHA
TouKa A SBJISIeTCST HA9aJI0OM BCEX BEKTOPOB AM, IPUHALJIEXKAINX HEKOTO-
POMY OJTHOMEPHOMY IOJIIIPOCTPAHCTBY IIPOCTPAHCTBA BEKTOPOB n3 R™.
Omnpenenenne 9.5. [Iycts R" — HekoTopoe adphuHHOE N-MEPHOE ITPOCTPAH-
CTBO M IIycTh V" — ero mpocTpaHcTBO BeKTOpoB. llycts V' — mexkoTopoe
r-MepHOoe ToApocTpancTBo npoctpanctsa V™. Ilyers Touka A(ay, -+, ap)
1 IIyCThb TOYKa A sIBJIsseTcst Ha9aI0M BCEBO3MOXKHBIX BeKTOopoB u3 V. Torma
MHOKECTBO TOYeK M SIBJISIIONIUXCS KOHIIAMU YKA3aHHBIX BEKTOPOB Ha3biBa-
ercs r-mepHoii 1mockoctbio II" adpdpunnoro n-mepuoro npocrpancrsa R,
BekTopsr npoctpancTBa V' Ha3bIBAIOTCA BEKTOPAMHU, JIEYKAIIIMI B IIJIOCKOCTH
[T". Eciin B inneiitnoM mpoctpancTBe V' j1an Kakoit-nuOyib 6a3uc [71, cee U}
1 JlaHa Kakasi-Tnbo To4YKa A, TO MOXKHO TOBOPHUTD, UTO T-MepHAasl IJI0CKOCTD
3aJ1aéTcst TOUYKOl A 1 JIMHEHO He3aBUCHMOIl CHCTEMOIi, COCTOsIeill us3 r-
BEKTOPOB (71, S ,ﬁr npoctpancTea V. IIpu 3ToM 1OJIyYeHHYIO IJIOCKOCTD
MOZKHO Ha3bIBATH I'~MEPHOM IUIOCKOCTBIO, HATAHYTOM Ha TOUKY A 1 BEKTODbI
U, .U,

Teopema 9.1. Beaxasa r-mepras niockocms npocmpancmea R", paccmom-
PEHHAA KAK MHOHCECMBO NEAHCAUUT 6 MHel MOUeK U BEKMOPOS AGAAECTCA
r-MePHOIM apPurHvLM nodnpocmparcmseom npocmparcmsea R,

[J IIycTh BekTOD VeVin nycte P € 11" (P — Touka u3 970l I10C-
koctu). Hykuo mokazars, uro touka @) € 11", rie V = PQ. TocKo/bKY
PQ = PA + AQ, 10 AQ = PQ — PA = PQ + AP. n

Moxkno ycranoBuTh n obparHoe yrBep:kjenue. Ilycts K" — r-mephHoe
adpurHOE TOIIPOCTPpaHCcTBO addunHoro npocrpancrea R™. Ilpunaras K
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Kakoii-11mb0 Touke A BekTOpbl n3 K, MOJyYnM B KadecTBe UX KOHIIOB BCE
TOUYKU HEKOTOPOIr'o MHOXKecTBa Takue uto M € K" = K" — r-mepHag 1110C-
KOCTb ITpocTpaHcTBa ™.

Eciu r = 0, To r-MepHasi 1JIOCKOCTh adp(PUHHOIO IIPOCTPAHCTBA, IIPEJI-
cTaBJjisieT coboit HeKoTopyto Touky. [Ipu r = n e uHCTBEHHOIT -MePHOIT I1J10C-
KOCTBIO sIBJISIETCsI caMo 1pocTpancTBo K. O IHOMEPHBIME IIJIOCKOCTSIMI ITPO-
crpancTBa R gaBisgiorces npsimblie. [1o onpeeseHnio r-MepHoii ILJI0CKOCTBIO,
HaTsanyToii Ha Touxky A u sekropwl Uy, - -+ , Uy, Bee €8 ToUKH M(xq,- -, xy)
VJIOBJIETBOPAIOT BEKTOPHOMY yPaABHEHUIO AM = tlffl + - trffr,

rae ty,- -+ , 1, — HEKOTOpPbIe HE3AaBUCUMBbIE JPYT OT JIPyra HapaMeTpbl 13
P. Torna ucnoJb3yst KOOp/IMHATHI BEKTOPA AM, MOJTYYMM TapaMeTpUiecKre
ypaBHEHHUsI IIJIOCKOCTU

T —a; = agl)tl + -4 ozgr)tr

To9g — Q9 = ozél)tl + -4 ozg)tr

Tn —ap = oWty + -+ a0,

rie (r1,- -+ ,,) — KoopauHarsl Touku M, (ai, -+ ,a,) — KOODUHATHI
TOUYKHI A.
Ompepenenne 9.6. Besikast n— 1-MepHast IJIOCKOCTH HEKOTOPOI'O N-MEPHOIO
acddunHOrO 1pocTpaHcTBa K" Ha3bIBAETCSI TUIIEPILIOCKOCTHIO.

9.4. FGOMeTpH‘{eCKH He3aBUCHUMbIE CUCTEMBbI TOYEK

Jlemma 9.1. Ilyemv 0 < p < r < n, 2de p,r,n € N. Bcakas p-mepras
naockocms 1P n-meprozo adgurmozo npocmparncmea R codeporcumces 6
HeKOMOPOl T-MepHOT NAOCKOCTU 9MO020 NPOCMPAHCMNEGE.

[] B camowm gete. ITyctn (71, cee ﬁp — HeKoTOpas JITHEHO He3aBUCUMAas
cucrema BektopoB u3 IIP. Tak kak p < r < n, TO KaK U3BECTHO U3 Kypca
JINHEIHOM aJiredphl 9Ta cucTeMa, MOXKET ObIThb JIOIOJIHEHa, JI0 HEKOTOPOIo 7-
MepHOro 0as3mca HEKOTOPOro IojipocrpancTa V' mpocrpancrsa V" Beex
BekTOpoB 13 R". IIponssenenne Ttoukn A n3 I1P n muoxkectBa BekTopoB u3 V7"
OIIPEJIE/ISIOT HEKOTOPYIO TIJIOCKOCTDL [I") B KOTOPOIt 1 cO/Iep:KUTCS TIJIOCKOCTD

I17. u
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Teopema 9.2. [lycmwv dano xoneuroe mmooscecmeo mouex Ag, Ar, -+, A,
agppurrozo npocmparcmea R". Toeda onpedeseno nexomopoe naumervuLee
YUCAO P, ABAANUEECA PAZMEPHOCTDIO NAOCKocU npocmparcmea R", co-
deporcaueti 6ce MU MOYUKU, MO YUCAO PAGHO HAUOONDULEMY HUCAY AU-
HETHOHE3ABUCUMDIT 6EKMOPOE, HAMANAO KOMOPHLT HATOOUMCA 6 HEeKOmopol
mouxe A;, 4 Konubvl — 60 6cex ocmarvHulr movwkax. Ipu smom cywecmey-
em eduncmeennas naockocms 1P, codeporcawas 6ce amu mouku, Komopas
UMEEM. PA3MEPHOCTD P U HA3BIBAECMCA NAOCKOCTBIO, HAMAHYMOU HA MOYKU
Ag, Aq, - LA,

L] [Iycts R™ — MHOXKeCTBO, COCTOsIIEE N3 KOHETHOro Ync/ia r + 1 Touek

AO) Al) e 7A7“(1)

[TompocTpancTBo, HOPOXKIEHHOE BCEMU BEKTOPAMU BUA A;élj 0603Ha-
anm depe3 V' (Ag, Ay, -+, A,), ero pazmeprocts depes p. Tak kax A;élj =
= A;élo + Aojélj = —AJAZ- — Aojélj, TO BCE BEKTOPLI A;élj JINHEeIHO BbIpa-
JKAIOTCSI Yepe3 BEKTOPLI, BEAyINNe U3 KAKOH-I100 TOUKM, HAIPUMED TOYKN
Ay, BO BCe octasbuble. 3uaqut, V ( Ay, Al, ,Ar) MOZKET OBITH 0Opa30BaHO
CHCTEMOI BEKTOPOB U, = AoAl, ,U AOA MakcumaJsibHOE YHCJIO JIU-
HEHHO HE3aBUCHMBIX CPEJIU HUX PABHO PasMEPHOCTU P BCErO IIPOCTPAHCTBA
V(Ag, A1, -+ L A))

CrenoBaresibho, p < r. Ilepenymepyem Touku (1) Takum odpasom, 9ToO-
6bl LIEPBbIE Cpejl BeKTopoB U; 06pasoBbIBa/IH JIMHEIIHO HE3ABIUCHMYIO CHCTeE-
MY, TO €CTb

U= AgAy, - U, = AO_;qT(2)

Torma p-mepHast miockocThb 1T = H(AO, B A,), naraunyTast Ha TouKy A

11 BEKTODBI (2), COJIEPKA BCE BEKTOPDI Uy, -, U, conepsKuT 1 Bee KOHIbI 9THX
BEKTOPOB, TO ecTh Bce Toukn (1). He cymectByer mrockocTn pasmMepHOCTH
MeHbIIIe P, KOTOpast cojieprkasia Obl BCe TOUKHU, IIOCKOJIBKY CHCTEMa BEKTOPOB
(2) numeiino nesaBucnma. Bestkast 2Ke MII0CKOCTB, cojiepzKarnias Bee ToIkn (1)
COJIEPKUT TOUKY Ag 1 BEKTOPBI (2), 3HAYUT COJAEPKUT U ILIOCKOCTH 11, Ha
HUX HATSIHYTYIO. |
Yucesio p U3 TOJIHKO YTO JIOKA3AHHON TEOPEMOil PE30HHO HA3BIBATEH MEPOIi
He3aBucuMOCTI Toukek Ag, Ay, -+, A,.
Onpepesienne 9.7. Eciu jisg Touek (1) p = r, To Touka (1) nazbiBaercs
reOMETPUYIECKN HE3aBUCUMON B rpocTpancTse R
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Toukn (1) Torma u TOJBKO TOTJA TEOMETPUIECKH HE3ABHCHMBI, KOTJIA
BeKTOpBI AgAy1, - -+, AgA, JUHEHO HE3ABUCHMBI, TO €CTh Koryia Touku (1) He
JIeyKaT HU B OJTHOI TIJIOCKOCTH Pa3MEPHOCTH MEHBIIIE T.

9.5. bapunenrpudyeckne KOOpPANHATHI

[Iycrs A(ay, -+ ,ay), B(b1, by, - -+, b,) — J1Be MPOU3BOJIBLHBIE TOUKU TTPO-
crparcTBa R". ITocTponm npsiMyto, MPOXOISINYIO Yepe3 TOUKY A 1 nMeronyto
B KauecTBE HAIIPABJISIONIEIO BEKTOD AB. Torma eé nmapamMeTpudeckoe ypab-
HeHne OYIyT UMETh B/

r1 = Qq + t(bl — al)
T9 = a9 + t(bg — CLQ)

T, = ap + t(b, — ay,)

IIpu t = 0 nmosyunm koopiuuatsl Toukn A. [lpu ¢ = 1, nosaydum Ko-
opauHaThl Toukn B. Toukn mpsamoii, kKoTopble noaydatored npu 0 < ¢ < 1
HA3bIBAIOTCSI OTKPBITHIM OTPe3KOM A B; TOUKH MPsMOii, KOTOPBIE MOJIyYaroT-
ca mpu 0 < t < 1 Ha3bIBaeTCs 3aMKHYTBIM oTpe3koM AB.

Ecmm mosoxkuth s = 1—1, To mapamMeTpuieckoe ypaBHEHNE TIePEITIIIeTC s
B BUJIE:

r| = saj + tbl
To = SQ9 + tbg

T, = sa, + tb,

Kparko 1o moxkuO 3ammcath Tak: M = SA+B,0<s,t <1,s+t=1.
Yucsa s,t Ha3BIBAIOTCS bapuueHmpuueckumu koopouramamu movwku M B
cucreMe OApPUIEHTPUYECKUX KOOPJIMHAT, COOTBETCTBYIONMX ToukaM A u B.
B mexannke ropopsT, 9To TOouKa M ecTh B3BelleHHast cymMMa Touek A n B,
rjie s,t — Beca TOUEK cooTBercTBeHHO A 1 B.

Bo Bestkoit r-MepHoii m1ockocTu mpocTpancTBa R MOXKHO BBIOpATh He3a-
BHUCHUMYIO cucremy u3 7+ 1 Todyexk. Besikast He3aBucumast cucreMa u3 r+ 1 To-
YeK COJIEPXKUTCS B €JIMHCTBEHHON 7-MEPHOIl IJIOCKOCTU 3TOT'O IMPOCTPAHCTBA.
Paccykiast aHaJIOrMIHO KaK U BBIIIE, B39B B IIpocTpaHcTBe R HEKOTOpYIO
HE3aBUCUMYIO crucTeMy u3 r + 1 Touek Ay, -+, A, 1 0003HAUUB eIUHCTBEH-
HYIO 7-MePHYIO IIJIOCKOCTh, COJIePKaIyo 3T TouKH depe3 [1”, moydaum, 910
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mockocTh 1" mHargnyra Ha Touky Aoy m BekTrOpnl U; = AgAy,--- U, =
= ApA,. Torna koopaunarst joboit Touku M (zq, -+, x,) 9TOH MIOCKOCTH
OJIHOZHAYHO 3AITUCBIBAIOTCS B BUJlE ), = a+ A1(a; —ah)+ Ao(ai —al)+- - -+

+A-(a} —al), tue Touku Ag, Aq, -+, Ay IMEIOT COOTBETCTBEHHO KOOD[MHATDI

(a?)... 7a(1))7 (a%’... ’a%)j I (a"lq’... ’a"lq)'

BajaBast st A1, A9, - -+ , A\, pa3IUUHbIe 3HAYEHUsI MbI OyJIeM I0JIy4aThb
passumunble ToUKN 11ockocTu II7. Oboznaumm A\g =1 — A\j — Ag — -+ - — A,
Torma M = AgAy + M AL+ MAs+ - - - + N\ A, — napamMerpudecKkne ypabHe-
HUsI B BEKTODHOM 3amucu. 3HAUYUT Touka M ecTh B3BellleHHas CyMMa TOYeK

Ag, -+, Ay, B3ITBIX COOTBETCTBEHHO C BECAMU Ao, A1, ** , Ay, JJIsI KOTOPBIX
Ao+ A1+ -4+ A\ =1 1 Bce oHM HEOTPULIATEIbHEI.

C ipyroit CTOPOHBI, BCSIKOMY HADOPY Ag, A1, - -+ , Ay COOTBETCTBYET €/IMH-
CTBEHHAsI TOUKA.
Onpenenenne 9.8. KosdpdunmeHntor Mg, A1, -+ , A\, Ha3bIBaOTCA Oapu-

[EHTPUUIECKUMI KOoOpJAnHaTaMu TOYKA M OTHOCUTEJHLHO CHCTEM TOYEK
Ag, -, A, B r-mepHoii mwiockoctu 117,

9.6. CuMILJIEKCHI W BBIMMYKJIbIe MHO>KECTBA.

MuoxkecTBo Bcex Tex Touek M € 11", GapuneHTpudeckne KOOpIMHA-
Thl KOTOPBIX 1OJIOKUTEIbHBI HA3BIBACTCs '~-MEPHBIM OTKPBITHIM CHMILIEKCOM
¢ BepmuHamu Ag, - -+, A,. Touxkn, KoopnHATE KOTOPBIX HE OTPHUIATE/IbHBI
HA3bIBAIOTCSI 3aMKHYTBIM CHMILIEKCOM ¢ BepiuHamu Ag, - -+, A,. 3aMKHY-
THIN CHUMILJIEKC, OUEBUJIHO, COJIEPKUT B cede OTKPBITHII CUMILIEKC C TEMU YKe
BepruHaMi. OTPe30K SABJSIETCS OJITHOMEPHBIM CUMILIEKCOM.

[Tycth jan HekoTopbiit 2-MepHbIil cuminieke Ag, A1, As. Torma on orpe-
JleJIIeT HEKOTOPYIO JIBYMEPHYIO IIJIOCKOCTb, TO €CTh IJIOCKOCTH B OOBITHOM
CMbICJIE. DTU TOYKH OYEBUIHO 00pas3yioT TpeyrojbHuk. [lycts M — Heko-
TOpasi BHYTPEHHsIs TOUYKa 3TOTO TpeyrojibHuKa. Torjga oHa dBJISETCS BHYT-
penneii Toukoii Hekoroporo orpeska AgM’, rme M’ — BHyTpeHHsST TOUYKa
orpeska Ay Ay. 3nagur

M = NAy + N M'(3)

M = N[ A1 + M\, A5(3))
[Togcrasum (37) B (3). Homyunm M = AgAg + N (A A1 + Ay As). Cure-
noBarebHo, M = NgAg + A1 A1 + AAs. Tlpu s1om, Tak Kak Mg, A, A, A)

HEeOTpHUIATEIbHBL U Ag + lambda’ = 1 = A + A, To HeorpunarejabHo 1
)\/' /12)\1; )\/- /22)\2.
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Kpome toro, A\g + A1 + Ay = Ag + N(A] + Ay) = Ao + X = 1. Cregona-
TEJBHO, Ao, A1, Ay — OapuIleHTprIecKre KoopAuHaThl Touku M u 6oj1ee Toro
M — Touka cumiuiekca Ag, Ay, As.

HyCTb TEIEPb M = )\0A0+>\1A1 —|—)\2A2, )\0, )\1, )\2 2 0, )\0+)\1 —|—)\2 =1.

A A
=M = )\OAO+()\1+)\2)()\1 +1>\2A1-|— " _1_2>\2A2) = )\0A0+()\1—|—>\2)()\/1A1+

T MAs). Becn X+ X = Ly 2

Kpowme toro, ouesmito Aj, Ay = 0. Ilosyuaem, uro M’ = N[ Ay + A A
eCcTh BHYTpeHHsist TouKa orpeska AjAs. Kpome toro, M = MAp + (A +
+ Ag) M’ mpuaem Ag(A + Ao) = 0um A\g+ (A + Ag) = 1, 0 ectb M —
BHYTPEHHsId TouKa orpeska AgM’, ciegosaresbno M — BHyTpeHHAS TOUYKA
TpeyrosibauKa AgA1As.
Teopema 9.3. Kaotcdas n-mepras naockocmsd AGAAEMCA NEPECEMEHUEM T, —
— K 2unepnaockocmetl.
Omnpenenenue 9.9. MuoxecrBo X Touek n-MepHoOro npocrpancrsa R Ha-
3bIBAETCsI BBIIYKJIBIM, €CJIn Jijisi JiIoObiX Touek P, Q) € X: P(Q) € X.
Teopema 9.4. [lepecevenue HEKOMOPO2O YUCAL BVINYKADIT MHOHCECTNG A6~
AAEMCA BOINYKADIM MHOHCECTNEOM.
Onpegenenne 9.10. [Iycrs X — #exkoropoe MHO)kKecTBO ToueK u3 R, Ile-
pecedeHne BCeX BBINMYKJIBIX MHOYKECTB, cojepzKaiinx X Ha3bIBAETCs BBITYK-
JIBIM 3aMbIKQHHEM WM BBIIYKJIOH 000/109K0il MHOY)KecTBa X . OHO sIBJIsSIeTCsI
HAUMEHBIITIM BBIITYKJIBIM MHOXKECTBOM, CojiepKalimm X .
Teopema 9.5. [lycmv X — Hekomopoe MHONCECMBO 2€0MEMPUMECKU HE3 M-
sucumvr mover 6 npocmpancmee R™. Toz2da ewvinykioe 3amvikarue MHo-
otcecmea X ()Z' ) ecmv 3aMEHYMOLT CUMNAEKC C BEPUUHAMU, COCTROAULUMU
u3 mouex mmoocecmea X .

10. IIpoekTBHAasi MJIOCKOCTH

10.1. ITonsaTEe IPOEKTUBHOII MJIOCKOCTU

Onpegenenne 10.1. Cpsaskoii ¢ meaTpoMm () Ha3bIBAETCSI MHOXKECTBO BCeX
HIPSIMBIX U IJIOCKOCTEH, IPOXO/SIINX Yepe3 HeKOTopyio Touky () npocTpaH-
CTBA.

[IycTh B mpocTpaHCcTBe JaHa HeKOTOopast IJIOCKOCTh 11, KoTopast mpoxoauT
yepe3 1nenTp O HeKOTOPOIi cBsI3KU. Tora jirobast mpsiMast U3 CBI3KH KOTOPas
He napaJuiesibHa 11ockocTu 11 nepecekaer 3Ty IJIOCKOCTh B HEKOTOPOil TOUKe
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M. JIya OM naszwiBaercs Ayuom ceazku. [osopat, uro aya OOM u Touka
M naxojdTcs B HEPCHEKTUBHOM COOTBETCTBUU. Ecjm jyan CBA3KM JiexKaT B
OJIHO¥ TLJIOCKOCTH, TO MM TIEPCIEKTHBHO COOTBETCTBYET HEKOTOPAas IMpsMasi
a Ha 1iockocTu II, 1mosaToMy roBopsIT Tak »Ke o ILI0ckocTH cBsizku Oa 1 0
MEePCIeKTUBHOM COOTBETCTBUU MEXKITY IJI0CKOCTHIO Oa 1 PsAMOil a.
Omnpenenenne 10.2. JIyd cBsI3KU U IJIOCKOCTH CBSI3KI HA3BIBAIOT WHITHICHT-
HBIMU, €CJIN JIYY JIEYKUT B JAHHOI 1mtockocTu. Touka u npsMasi Ha3bIBAIOTCS
WHITUCHTHBIMHI, €CJTH TOYKa JICYKUT Ha JAHHOM MpIMOil.

Bce jmn j1y4n u IJI0OCKOCTU-CBSA3KI UMEIOT IlepecedeHne ¢ II0CKOCThIo 11

Her, miockocrs 11, koropast napasiienbha miockoctu I (oHa HasbiBaeT-
cst 0CODOI TIJIOCKOCTHIO) He UMeEeT TOUeK IepecedeHust ¢ miockocThbio I1. Jlyan
JIezKaliye B 0co00i IIJIOCKOCTH Ha3bIBAIOTCsI 0cOObIMU. B Kark10ii 11J10CKOCTH-
CBsI3Ke, KOTOpas He SIBJIsIeTCsA 0CODOM, JIeYKUT OCOOBIl JIyH.

IIycts gBe HeocoOble 1mockocTu-cBsa3kun Oay; n Oas mepeceKkaroTest 110
ojiHoMy ocobomy Jiyay. Torjna uM WHIMACHTHBI MPSAMbIE @1 U G Ha MJIOCKO-
ctu 1. ITpejosoxKim, 9T0 IpsIMbIe a1 U a9 lepeceKaroTcst. Torga MI0CKOCTH
Oaq n Oas umeroT B m1ockocTH [I HeKOTOpyTIo 0OIIyI0 TOUKY, HO MHOYKECTBO
ToueK repecederus 1iockocTeit Oa; nu Oay COCTABIAIOT YKA3aHHBIN BbIIIE
0cobbiit sty4. CreoBaTesbHO, TOJIyIaeM, YTO OCOOBIH JIyd IepeceKkaeT I1J10C-
kocTh [I. Ilosydennoe nmpoTuBopevne MoKa3bIBAET, UTO MPsIMbIe a1 U G HE
[IePEeCceKaloTCs, TO €CTh MapaJljie/IbHbI.

Beiém Terneph NCKYCCTBEHHO B PACCMOTpPEHNE TaK Ha3bIBaeMble HECOb-
crBeHHble TOUKU Moo. Moo Torima u ToJILKO TOIa MHIMIEHTHA IPSIMO a,
korjta Jiya OMoo unnumyaenten miockoctn Oa. Kaxkiomy necoOCTBEHHOMY
JIydy MHIUJIEHTHA CBOsSI HECOOCTBEHHAsI TOUKA. SHAYUT, €CTECTBEHHO MHOXKE-
CTBO BCEX HECOOCTBEHHBIX TOYEK ONPEJIE/NUTH KAK HECOOCTBEHHYIO MPSIMYIO.
Takum obpaszoM, Jirodasi HecoOOCTBEHHAsI TOYKa, MHIUJIEHTHA HeCOOCTBEHHOI
IIPAMOIL.

Uraxk, mirockocts I1 momosinsiercs HecoOCTBEeHHBIME d/1eMenTamu. [losry-
YeHHasl IJI0OCKOCTh Ha3bIBAETCs IIPOCKTUBHON 1 0003HAYAETCS 0. [Tepcrex-
TUBHOE COOTBETCTBHUE MEXKJY CBS3HON U IJIOCKOCTBHIO Il siBsieTcs: B3anMHO-
OJIHO3HATHBIM.

Teopema 10.1. Beakue dse npamuie ay U as nepecexaomcs 6 eduncmeertot
mouke npoexmueHoti NAOCKOCMU.

[J Ec/in mpsiMble ap U ae He TapaJIe/IbHbI, TO UX TOYKA MepPecedeHIsI-
Touka 11ockoctn I1. Ecin aq u ag mapasuiesibHbl, TO UM 00€MM COOTBETCTBYET
eJIMHCTBEHHAsT 0cobast TOUKa- TOUYKA, KOTOpas WHIUJICHTHA €NHCTBEHHOMY
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0CcoOOMY JIy4dy, sIBJISIIOIIEMYCS JIMHUEl Iepecedennst 1ockocTein csaskn Oaq

u Oay. 3HAUNUT NPSIMBIE 4] U (9 HEPECEKAIOTCSI B HEKOTOPOIl 0C000I TOUKeE.

Ecin oiHa u3 npsiMbIX HeCOOCTBEHHAsl, TO OHa, IIEPECeKaeTcsl ¢ COOCTBEHHOI

NpAMOI B €€ €JJUHCTBEHHON TOYKE. |
DTy TeopeMy MOXKHO IepeopMy/InpoBaTh TaK.

Teopema 10.2. /i mobvx mouex A, B cyuecmeyem eduncmeennas nps-

MaA, KOMOpoti 0be amu mouku UHYUIeHMMbL.

10.2. OgHOpOHBIE KOOPANHATHI TOYEK HA IIJIOCKOCTU W JIYYU B
CBA3Ke

Omnpenenenne 10.3. [Iycrs na miockoern 11 nana Hekotopast cucrema ad-
dunnbix Koopunatr Oeiésy. I[lycrs M — npousBosibHast ToUKa 11ockocT 11
u mycTh (2,y) — eé KoopauHatel B cucreme (€16, Besikast Tpoiika dncest
(21, T2, T3), KOTOPBIE MPOMOPIHOHAJIBHBI TpPOiiKe (1, ¥y, 1) Ha3bIBaeTCST TPOTi-
KOit offHOpOIHBIX KoopuuaT Touku M. Ilycts (x1, 29, x3) — OJHOPOIHBIE
KOOpAMHATHI TOUKH M, Torjia, 04eBuIHO,

z="ty="22(1)
L3 L3

- addbunnnie KoopauHarhl Toukn M B cucreme Oe€pésy. IlonsTHo, 910 y
Kazk 101t Toukn M rrockoctn I mmeercst 6eckonedHOE MHOYKECTBO OJHOPO/I-
HBIX KOOPJIMHAT.

Omnpenesienne 10.4. Tpoiiky (x1, 9, T3) OJHOPOJHBIX KOODJNHAT HA30BEM
00OBIKHOBEHHOIT, eciin x3 # 0 u eciim x3 = 0, TO 0CcOOOI.

MHO2KecTBO BCeX YHCJIOBBIX TPOEK pa3duBaeTcs, TaKuM o0pa3oM, Ha
HeIepeceKalonnecs KaacCchbl 0OBIKHOBEHHBIX TPOEK U KJyrace 0coObIX. [Ipmaém
Cpejin HUX HET Tak HasbiBaeMoil 3amperénuoii Tpoitkn (0,0,0). OgeBu/iHo,
9TO 0cobast TpoiiKa He SBJISIETCS OJJHOPOSHBIMEI KOOPIMHATAME KAKOii - JTH00
toukn M € II. B orHomennn oObIKHOBEHHBIX TOUYEK CIIPABE/JINBO YTBEPK Ie-
HIIE.

Teopema 10.3. Touku naockocmu Haxo0amcs 60 63aUMHO0OHO3HAMHOM CO-
OMBEMCMBUL C MACCAMU 0DBIKHOBEHHDIL YUCAOBDIL MPOEK.

[IycThb HEHTD CBSI3KH SIBJISIETCSI IIEHTPOM HEKOTOPOro pernepa (€] €x€3 Ta-
KOI'O 4TO €], €y JiexKaT B 0c00oii mwiockocTu 11,

Onpenenenne 10.5. [IycTb jaH npousBoOJIbHBII JIyd cBsI3KU. Tpoiika Koop-
muHaT (X1, To, T3) MPOU3BOJILHOTO HAIIPAB/ISIONIErO BEKTOPA TOTO JIyda Ha-
3BIBAETCS TPOIKOI OJHOPOIHBIX KOOPAMHAT 9TOro jy4da B cucreme (J€|€€e3.
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DTO olpejiesieHe eCTeCTBEHHO, TaK KaK JJjIsI JII00Oro Jiyda CyIIecTBYeT
OeCKOHEUHOEe MHOYKECTBO HAIIPABJISIONINX BEKTOPOB. 3allpeliéHHasi Tpoiika
He MOKET OIIpeessiTh HU TOUYKY, HU TeM OoJiee JIyd.

Takum 00pa3oMm, Kak U B cjiydae ¢ TOYKAMHU MHOXKECTBO TPOEK MOYKET
ObITH pa3buTo Ha KJacchl. Jlormauo ocobble Tpoiikn Buga (1,2, 0) ompe-
JIEJINTh KaK KOOP/MHATHI HAIIPABJIAIONINX BEKTOPOB OCOOBIX JIyUeli- JIydei,
JIeXKaIux B 0000 IJI0OCKOCTH.

Takum oOpas3oM, clipaBe//InBa TEOPEMA.

Teopema 10.4. Touku npoexmusHoti naockocmu I1 nazodamen 60 63aummo-
00HO3HAYHOM COOMBEMCMBUL C KAACCAMU BCEBO3MOHCHBLT YUCAOBHLT MPOEK,
cpedu Komopulr Hem 3anpeu,eHHbLT.

[Tycts pmanma mmockocrs II n cucrema xoopaunar (O€1€y Ha IJIOCKOCTH
IT. Ilycre Oéjese3 — Hekoropasi aduHHasT cUCTEMa KOOPJNHAT B CHCTEME
KOOpAuHAT B npocTpancTBe: O # 0, e1, €5 Te ke, ag = Qo. Cucrema €] €5€3
HA3BIBAETCs CHUCTEMOI, €CTeCTBEHHO CBsA3aHOM ¢ cucremoii O€]es. ILmockocTn
IT B cucreme O¢€}€>€3 nmeer ypapHenune xry = 1.

10.3. IIpamasg Ha MJIOCKOCTU B OAHOPOJHBIX KOOPIMHATAX

[Tycts na mnockoctn 11 mpsamas a 3ajana ypaBHEeHIEM
a1z + agy + az = 0(2)

D10 ypaBHeHUe B cucTeMe KoopauHar ()€ €xes.

Kak Ob110 oKa3aHo BbIIIe, KOOPAMHATEI J1I000ii Touky M BbIpasKaioTcst
gepe3 OJIHOPOHbBIE OJHO3HATHO.

CrenoBaresibHO, (2) puMeT BT

a1x1 + asx9 + az3xrs3 = 0(3)

Eciu onHopoabie KoopanuaTel Touku M yaoBieTBopsior (3), To eé adbdun-
Hasi KOOpJHATA yI0BIeTBOpsieT (2). 3uaduT, Touka M B cucTeMe KOOPJAMHAT
O€1€5 jiexkuT Ha npsimoii (2).

[Iyctb Tenepsb x3 = 0, TO ecThb 1, T9, 0 — KOOpIMHATHI HEKOTOPOiT HECOO-
crBernoil Touku. [lyctsh onu ynosiersopsiior ypasuennuio (3). Tora

a1 + asxs = 0(4)

CiiejoBaTesbHO,
1 as
a1r; = —ATo, — = ——
xo ai

BHauuT, eJIMHCTBEHHAs] TOUKa, VJIOBJIETBOPAIONIAs YPABHEHUIO (3) 1 SIBJISTIO-
AsiCsl HeCOOCTBEHHON — TOUYKA ¢ KoOpuHaTamu (—ag, aj, 0). Tpoiiku Takoro
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BIJA U TOJBLKO OHU SIBJISIIOTCS KOOPJMHATAME €JIMHCTBEHHOIO HEeCOOCTBEH-
HOTO JTyda, Jiezkarero B miockoct Oa. 3uaqut (—ag, aq,0)- eIMHCTBEHHAST
TOYKa (HecOOCTBEHHAsI) MHIMICHTHAs TpsAMoii a. [lockosibKy Bece HecobCTBeH-
Hbie Toukn [ onpejesistiores: 0coBbIMiI TPOHKAMI, TO UX MOMKHO OIPEICIUTh
ypasuenueMm x3 = 0. C npyroii croponsl, ecin a; = 0, ap = 0, To Tak Kak
ag # 0 nosydaem, uro xz = 0.

10.4. KoopamaaTbl ipsiMoii, apudMeTndeckasi IIPOeKTUBHAST
IJIOCKOCTb.

[To anajioruu ¢ OJJHOPOIHBIMEI KOOP/IMHATAMU TOUYKU U BEKTOPA MOZKHO
OIIPE/ICIUTh U OJIHOPOJIHbIE KOOPJAUMHATHI HpsMOil. Takum o0pasoM, MexKIy
KJIACCAMHU MTPOTIOPITMOHAIBHBIX YHUCIOBBIX TPOEK (3arperreHHas TPOHKa -
KJIFOUAETCST) U MHOYKECTBOM BCEX MPSIMBIX MOYKHO YCTAHOBUTH B3ANMHOOIHO-
3HAYHOE COOTBETCTBUE.

Hamnpumep, oaHopogabIMI KOOPANHATHI HPAMBIX ¢y = 2x; £ = 3; © = (

NI COOTBETCTBEHHO MPAMBIX —2x1 + X9 = 0; 1 — 3x3 = 0; 1 = 0 Oyuayr
(—2,1,0);(1,0,—3); (1,0,0). Hecobcrernast mpsiMast, KOTOpast OMpe/ie/isier
ypasuenne r3 = 0 umeer xkoopanaats! (0,0,1).
Omnpenenenne 10.6. Apudmerndeckoil TPOEKTUBHON IJI0CKOCTHIO HA3bIBA~
eTCsl BCSIKOE MHOXKECTBO, COCTOSIIEE U3 3JIEMEHTOB JIBYX POJIOB: apudMeTu-
YeCKUX TOYEK M IPSIMBIX, KOTOPhIE IIPEJCTaB/IsIIOT cO00il KJIACChI IIPOIOP-
IMOHAJILHBIX MEXK/Iy CODOM 9mc/IOBBIX Tpoek. Ilpn sToM pasimdHbie TOYKH
(21, 2, x3) n upsimbie Uy, Us, Us. MexK 1y TOUKAME ¥ TIPSIMBIMI YCTAHOBJIEHO
OTHOIIIEHNE NHIMACHTHOCTH. [Ip1 9TOM TOUYKa 1 MpsiMasi MHIMIEHTHBI MEXK LY
cOo0OIi:

UliCl + UQSCQ + U3£173 = 0(5)

Onpenenenne 10.7. [IpoekTUBHOI IJIOCKOCTBIO HA3BIBAETCSI BCSIKOE MHO-
JKeCTBO, COCTOSIIIEE M3 9JEMEHTOB JIBYX POJIOB: TOUEK I MPSIMBIX, MEYKIY KO-
TOPBIMU CYIIECTBYET OTHOIIEeHNE HHIAeHTHOCTH. [Ipn 9TOM ToUKa 1 mpsimast
UHIUJICHTHBI MEXK/Iy COOOM TOT/Ia U TOJILKO TOTJIA, KOIJ/Ia MHIIMJIEHTHBI COOT-
BETCTBYIOIIIE JIyYI U IJIOCKOCTH CBA3KM. B 9wacTHOCTH IPOEKTUBHOM ILJIOCKO-
CTBIO sIBJISIETCS U caMa CBS3Ka, ec/iu e€ JIydu Ha3bBaTh "Toukamu'"; a Iioc-
KocTu — "mpambivn".

Bce npoekTuBHBIE IIJIOCKOCTH T30MOP(MHBI CBI3KE 1, 3HAYNUT, N30MOPd-
HBbI MexK 1y coboit. Kpome Toro, Besikast poOeKTHBHAST JIOCKOCTh N30MOpPgQ Ha
apupMeTIIECKOI.
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Ocobble JIy4n CBSI3KM BO3HUKAIOT JIAIIb TOIJA, KOTJa OJIHO3HAYHO BbI-
opana crucrema kKoopjaunar (Jé|€ses.
Onpenenenne 10.8. KomiuiekcHoit apudmeTnieckn IPOEKTUBHOMN IIJIOCKO-
CTBIO HA3bIBAETCsI MHOYKECTBO, COCTOSAIIEE I3 KOMILIEKCHBIX apudMeTHIecKIX
TOYEK U KOMILIEKCHBIX apUPMETHIECKIX MPAMBIX, KOTOPBIE MPEICTABIAIOT
c000IT KJIACCHI IIPOITOPIINOHAILHBIX MEZK/Iy CO00I TPOEK KOMILIEKCHBIX UICELI.
Omnpepesienne 10.9. Touka (mpsimast) HA3BIBAETCSI BEIECTBEHHOI , €CJTH Cpe-
JII TPOEK e€ KJjiacca CyIIeCTBYeT XOTs Obl O/HA, COCTOSMINAS 13 BEIIeCTBeHHBIX
JUCET.

10.5. IIpunun ABOIICTBEHHOCTHU JJId IIPOEKTUBHOI IIJIOCKOCTH

[TocKOIbKY TOUKHM U IPsIMbIe B IPOEKTUBHOM IIPOCTPAHCTBE 3a/1al0TCs
PABHOIPABHBIME 00BEKTAMHU, TO 3AMEHIUB B YCJIOBUH WHINJACHTHOCTH (5) KO-
OPJIMHATHI TOUKM Ha KOOPJUHATHI IPAMOIl 1 HA0OOPOT, CHOBA IIOJIYUUM TOXK-
JIECTBO.

D10 1aéT ocHOBaHue CPOPMYINPOBATL TAK HA3BLIBAEMbIH IIPUHIUIL JTBOII-
CTBEHHOCTH JIJIsI IIPOEKTUBHOM IIJIOCKOCTH.

[IycTb BepHO Kakoe-JnhO yTBep:K/IeHUE JIJId TOYEK, HPSIMbIX U OTHOIIIe-
HIEe MHIIEHTHOCTH IPOEKTUBHOI IJIOCKOCTH. TOr1a IIOMEeHSIB MeCTaMu CJI0BO
TOYKa U IPsIMasi, MbI [TOJIyIUM BEPHOE YTBEP K IeHHe.

Teopema 10.5. Ko scarxum dsym pazauanvim moukam A u B npoexmuenot
NAOCKOCTIU UMeEMCsA eduHcmeertas npamas AB um unyudenmmas.
Teopema 10.6. /[as 1100612 06YT PA3AUMHBLT NPAMBIE NPOEKMUBHOT NAOC-
KOCU UMEEMCA eOUHCMBERHAA MOYKA UM UHUUICHMHAA.
Teopema 10.7. ITycmov (1,22, x3), (a1,a9,a3), (by,ba, b3) — xoopdunamo
Kaxur-aubo mpéx mouex. Heobrodumvim u docmamounvim ycarosuem OAL mMo-
20, 4MOOLL MU MPU MOYUKU ObLAU UHUUIEHMHBL 00HOT U MOt HCe NPAMOT
ABNAEMNCA YCAOBUE

Ty T2 T3

a; as az | = 0. (6)

br by b3

Teopema 10.8. ITycmov

(xla X9, $3)7 (a17 as, a3)7 (b17 b27 b3)

HEKOMOPBIE NPOU3BONOHBIE KOOPOUHAMDBL KAKUT-AUO0 MPET npamvir. Heob-
TOOUMBIM U JOCNAMOYHDLM YCAOBUEM OAA MO0, YIMOOLL IMU MPU NPAMBLE
nepecexkauct 6 00notl mouke asasemcs ycaosue (6).
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10.6. IIpoekTuBHasi cucTemMa KOOPANHAT B CBA3KeE

[Io anaJiorun ¢ OJIHOPOJHBLIMHU KOOPJUHATAMU MOYKHO paccMaTpPUBaTh
Tpoiiky adpOUHHBIX KOOPJAMHATHBIX CUCTeM B cBsizke. IIycTb

HEKOTOpas MPON3BOJibHas adduHHAsA CUCTeMa KOOPJIMHAT B NPOCTPAHCTBE,
TOT/JIa OYEBUJIHO, YTO

OXejNéxNes

Tak ke cucremMa adpPUHHBIX KOOPJMHAT B IIPOCTPaHCTBe. BoJjiee Toro, ecjm
HEeKOTOpast TouKa F, B mepBoil cucreme mmeer KoopauHatbl F(rq, T, T3),

TO BO BTOpOI cucreMe €€ KOOPJIMHATHI MOTYT ObITh HalijIeHbl OJIHO3HAYHO
xr1 T2 X3
E(

)

Onpegenenne 10.10. Cucrembr Oé1éa€3 u ONEIAEAE3 HABBIBAIOTCH
aPUHHO-9KBUBAJIEHTHBIMH.

Onpepesenne 10.11. 3ajarh IPOEKTHBHYIO CUCTEMY KOOD/MHAT B CBSA3KE
- BHAYNT 3a/1aTh B 9TOf CBA3KE 3 HEKOMIIJIAHAPHBIX KOOP/IMHATHBIX JIy 4. X X1,
Xg, X3 1 4eTBEPTHIN Iy E HEKOMILJIAHAPHDIN HU ¢ OJTHUM U3 JIydeit Xl, XQ,
X;.

Onpenenenne 10.12. Tpoiiku KOOPAUHAT HPOU3BOJIBHOIO Jy4da cBA3KH O
B adpdbunHoll cucreme KoopuHaT (J€1€9€3 W, UTO TO K€ camoe, B JH00Oil
adbUHHOIT KOOPAMHATHON crcTeMe, SKBUBaJIeHTHOI cucreme (J€1€2€3 HABDI-
BaIOTCSI MPOUKAMU NPOEKMUBHIL K0OpAuHam STOTO Jiyda B IPOEKTUBHOIL
cucremMme Xl, Xg, Xg, E

JIrobast Tpoiika Koadpdunuenton Uy, Us, Us 11006010 ypaBHEHUsI

Urx1+Usxzo+ Usxs = 0 mpon3BoIbHOI IIJIOCKOCTHU CBSI3KH OTHOCHTEIHLHO
cucteMbl KoopauHaT (J€]€5€3 SIBJISIETCsI 110 ONPEJICJICHIIO TPOMKOM TPOEKTHB-
HDBIX KOOPJUMHAT 9TOH IIOCKOCTH B [IPOEKTUBHOf CHCTeMe KOOpAHHAT X1, Xo,
X, E.

IlycTh nana nHekoropasi adgpdunnas cucrema KoopuHat ceasku O. IIpo-
BEJIEM Uepe3 TOYKH T, To, L3, KOTOPbIE SIBJISIOTCS KOHIIAMHU COOTBETCTBEH-
HBIX eJMHIIHBIX BeKTOpOoB ItockocTu II. Torma MoyKHO BBECTH B pacCMOT-
perne 110ckocTh 1. TpeyrosbHUK ¢ BeplIMHaMU T, Tz, T3 HPUHATO Ha-
3BIBATD KOOPOUHAMHBLM MPEY20AbHUKOM, & BEPIINHBI T, Lo, L3 — GEPULU-
Hamu Koopdunammozo mpeyeosvhukra. CTOPOHBI TPEYrOJbHUKA — OTPE3KH
T1T9, ToT3, T3T1 TEJIECO00PA3HO OINPEJIENTh KaK CIMOPoOHb, K00PIUHAMHO20
mpey20abHuKa. JeTbipe TOUKH X1, T, T3, IV HA3bIBAIOTCS (hyHlamenmanbHvi-
MU MOUKAMU.

85



—

Ecsm mpoekTuBHasg cucreMa KOOpIUHAT )Z'l, )Z'Q, )Z'g, E onpenenena
BepIINHAMU KOOPJAMHATHOIO TPEYTOJbHUKA U €JIUNHUYIHOI TOYKON, TO Ta-
Kasl CHCTeMa KOODJIMHAT HAa3bIBAETCS 00HOPoOHOT cucmemots koopdunam,
COOTBETCTBYIOIIEH HEKOTOPOil ad@dUHHOI crucTemMe 0’5162, KOTOpasi Ha II0-
IIOJIHEHHOM IIJIOCKOCTHU SIBJIETCSI CUCTEMOil OJIHOPOJIHBIX KoopauHatT. Bep-
IIMHA X3 CTAHOBUTCSI HAYAJIOM KOODPIMHAT CHUCTEMBI 0’5162, a ocu I, Ty -
ocsimu OX u OY coorBercrBeHHO. Touku 1, T9, T3 UMEIOT KOOPIMHATHI.
x1(1,0,0),25(0,1,0),23(0,0,1). Touka F umeer koopauuats! (1,1,1). B cu-
cTeMe Ke 0’5162 Touka F mmeer koopjmnatel r = y = 1. I[lpamas xixs
SIBJISIETCSI HECOOCTBEHHOM IIPSIMOIT TLJIOCKOCTH I1. Boisicnwm KOOPIMHATHI I1Psi-
MbIX 19, X92X3, L3X1.

Bce onn ynosserBopsitor ypasaenuto Uyxy + Usxg + Usxz = 0.

Hnst x1x3 Uy = Uz = 0 CireroBaresibHO, KOOPAUHATHI IIPSIMON X1T3 =
= (0,1,0). Ananornano xoxs = (1,0,0), 122 = (0,0, 1). Takum obpazom,
OTOKJIECTBJISAS KazKIyI0 TOUKY I1ockocT I ¢ Kimaccom Tpoek eé 0 HOPOIHBIX
KOOPJIMHAT MbI II0JIy4aeM CUCTeMY OJIHOPOJIHBIX KOOPJIMHAT Ha apudMeTnie-
CKHU IIPOEKTUBHOMN ILJIOCKOCTH.

[lycTb HaM JIaHBI JIBe IPOEKTUBHBIE KOOPIMHATHbBIE CHCTEMbI X 1)?2)235
n X! X} XLE

[Iycts B crapoit cucreme koopaunar (XX X3F) HOBast cucreMa Koop-

zh = (c11, 12, €13)
I
mnar (X! X, X!E') sanana koopaumaramu 4 2 (ca1, 22, €23)
g i) san s rh = (c31, 32, C33)
E' = (e1,€2,€3)

Toryia BO3MOKHBI JIBe CHTYyaI[IH:

1) cucrema 6e3 X1 Xo X3 E u X {XgX 3B siBnsiercs adbdUHHO-9KBUBAIEHTHOI.

2) cucrema 6e3 X1 XoX3E n X{X;X:QE’ He sBidercd addUHHO-
SKBHUBaJICHTHOII.

Ucnonb3yst HecsioxKHble ajrebpandecKne pacCyzkJIeHns n Ipeodpa3oBa-
HISL MOZKHO I10Ka3aTh, ITO (hOPMYJIbI [IEPEX0/ia OT HOBOII CHCTEMBI K CTapOii

3
HMEIOT B 9TOM Cjlydae B ATy = Y ¢;i%;,% = 1,2,3, rje x; n x)- Koop-
j=1

JIMHATBI B CTapoil m B HOBOIl cucreme, A — KoM MUIMEHT, CBSI3bIBAIOIINIT
9KBUBAJIEHTHBIE CHCTEMbI.
Ecnu cucrema He sBisiercss adpPUHHO-9KBUBAJIEHTHOMN, TO (DOPMYJIbI TIe-
3
pexoia OyjlyT uMeTh BUJL T; = Y Ajci;xy, i = 1,2,3, m71e A; — 910 K03hhu-
J=1
_ =~
[IUEHTEI, CBA3BIBAIOIINE KOODJAUHATHI €; = A€,
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